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PREFACE 


My aim has been to write a book on the general theory of chemical 
equilibrium, including its statistical development, and displaying 
its numerous practical applications, in the laboratory and industry, 
by means of problems. It is hoped that the book may be equally 
useful to students in their final years of either a chemistry or 
a chemical engineering degree. 

- Thermodynamics is a subject which needs to be studied not once 
_but several times over at advancing levels. In the first round, usually 
taken in the first or second year of the degree, a good deal of attention 
is given to calorimetry, before going forward to the second law. In 
the second or third rounds—such as I am concerned with in this book 
—it is assumed that the student is already very familiar with the 
concepts of temperature and heat, but it is useful once again to go 
over the basis of the first and second laws, this time in a more logical 
sequence. 

The student’s confidence, and his ability to apply thermodynamica 
in novel situations, can be greatly developed if he works a consider- 
able number of problems which are both theoretical and numerical 
in character. Thermodynamics is a quantitative subject and it can be 
mastered, not by the memorizing of proofs, but only by detailed and 
quantitative application to specific problems. The student is therefore 
advised not to aim at committing anything to memory. The three or 
four basic equations which embody the ‘laws’, together with a few 
defining relations, soon become familiar, and all the remainder can 
be obtained from these as required. . 

The problems at the end of each chapter have been graded from 
the very easy to those to which the student may need to return 
several times before the method of solution occurs to him. At the 
end of the book some notes are given on the more difficult problems, 
together with numerical answers. 

Questions marked C.U.C.E. are from the qualifying and final 
examinations for the Cambridge University Chemical Engineering 
degree, and publication is by permission. The symbols which occur 
in these questions are not always quite the same as in the text, but 
their meaning is made clear.. 

In order to keep the size of the book within bounds, the thermo- 
dynamics of interfaces has not been included. The discussion of gal- 
vanic cells and the activity coefficients of electrolytes is also rather 
brief. 
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Part I contains the basis of thermodynamics developed on tradi- 
tional lines, involving the Carnot cycle. Part II contains the main 
development in the field of chemical equilibria, and the methods 
adopted here have been much influenced by Guggenheim’s books, to 
which I am greatly indebted. Part III contains a short introduction 
to statistical mechanics along the lines of the Gibbs ensemble and 
the methods used by R. C. Tolman in his Principles of Statistical 
Mechanics. 

It is a great pleasure to acknowledge my gratitude to a number of 
friends. In particular, my best thanks are due to Dr Peter Gray, 
Professor N. R. Amundson, Dr J. F. Davidson and Dr R. G. H. Watson, 
for helpful criticism and suggestions, and to Professor T. R. C. Fox, 
for stimulating and friendly discussions on thermodynamics over 
several years. Finally I wish to express my appreciation of the good 
work of the Cambridge University Press, and my thanks to Messrs 
Jonathan and Philip Denbigh, for help with the proof correcting, and 
to my wife for help in many other ways. 

K. G. D. 
CAMBRIDGE 
October 1954 
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PART I 


THE PRINCIPLES OF 
THERMODYNAMICS 


CHAPTER 1 


FIRST AND SECOND LAWS 


¢ 


1-1. Introduction 


One reason why the study of thermodynamics is so valuable to 
students of chemistry and chemical engineering is that it is a theory 
which can be developed in its entirety, without gaps in the argument, 
on the basis of only a moderate knowledge of mathematics. It is 
therefore a self-contained logical structure, and much benefit—and 
incidentally much pleasure—may be obtained from its study. Another 
reason is that it is one of the few branches of physics or chemistry 
which is largely independent of any assumptions concerning the 
nature of the fundamental particles. It does not depend on ‘mech- 
anisms’, such as are used in theories of molecular structure and 
kinetics, and therefore it can often be used as a check on such 
theories. . 

Thermodynamics is also a subject of immense practical value. The 
kind of results which may be obtained may perhaps be summarized 
very briefly as follows: 

(a) On the basis of the first law, relations may be established 
between quantities of heat and work, and these relations are not 
restricted to systems at equilibrium. 

(b) On the basis of the first and second laws together, predictions 
may be made concerning the effect of changes of pressure, tem- 
perature and composition on a great variety of physico-chemical 
systems. These applications are limited to systems at equilibrium. 
Let x be a quantity characteristic of an equilibrium, such as the 
vapour pressure of a liquid, the solubility of a solid, or the equilibrium 
constant of a reaction. Then some of the most useful results of thermo- 
dynamics are of the form 


 feln Olnx _(A characteristic heat quanisy): 
“OT RT? 


dlnx _(A characteristic volume) 
OP RT 


The present volume is mainly concerned with the type of results 
of (6) above. However, in any actual problem of chemistry, or the 
chemical industry, it must always be decided, in the first place, 
whether the essential features of the problem are concerned with 
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equilibria or with rates. This point may be illustrated by reference to 
two well-known chemical reactions. 

In the synthesis of ammonia, under industrial conditions, the! 
reaction normally comes sufficiently close to equilibrium for the 
applications of thermodynamics to prove of immense value. Thus) 
it will predict the influence of changes of pressure, temperature and : 
composition on the maximum attainable yield. By contrast in the’ 
catalytic oxidation of ammonia the yield of nitric oxide is determined, | 
not by the opposition of forward and backward reactions, as in. 
ammonia synthesis, but by the relative speeds of two independent. 
processes which compete with each other for the available ammonia. 
These are the reactions producing nitric oxide and nitrogen respec- 
tively, the latter being an undesired and wasteful product. The useful 
yield of nitric oxide is thus determined by the relative speeds of these: 
two reactions on the surface of the catalyst. It is therefore a problem | 
of rates and not of equilibria. 

The theory of equilibria, based on thermodynamics, is much | 
simpler, and also more precise, than any theory of rates which has yet | 
been devised. For example, the equilibrium constant of a reaction | 
in a perfect gas can be calculated exactly from a knowledge only of 
certain macroscopic properties of the pure reactants and products. 
The rate cannot be so predicted with any degree of accuracy for it 
depends on the details of molecular structure and can only be cal-. 
culated, in any precise sense, by the immensely laborious process of | 
solving the Schrédinger wave equation. Thermodynamics, on the 
other hand, is independent of the fine structure of matter,} and its » 
peculiar simplicity arises from a certain condition which must be 
satisfied in any state of equilibrium, according to the second law. 

The foundations of thermodynamics are three facts of eee 
experience. These may be expressed very roughly as follows: 

(1) bodies are at equilibrium with each other only when they have. | 
the same degree of ‘hotness’; 

(2) the impossibility of perpetual motion; 

(3) the impossibility of reversing any natural process in its ccreaye| 

In the present chapter we shall be concerned with expressing these | 
facts more precisely, both in words and in the language of mathe- 
matics. It will be shown that (1), (2) and (3) above each gives rise to 
the definition of a certain function, namely, temperature, internal | 
energy and entropy respectively. These have the property of being 
entirely determined by the state of a body and therefore they form 


t In making this statement we are regarding thermodynamics as having | 
its own secure empirical basis. On the other hand, the laws of thermodynamics | 
may themselves be interpreted in terms of the fine structure of matter, by the | | 
methods of statistical mechanics (Part ITT). | 
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exact differentials. This leads to the following equations which contain 
the whole of the fundamental theory: 

dU =dq—duwu, 

dS=dq/T, | for a reversible change, 

dS>0, for a change in an isolated system, 

dU =TdS—PdV + 2p,dn,. 


Subsequent chapters of Parts I and II will be concerned with the 
elaboration and application of these results. The student is advised 
that there is no need to commit any equations to memory; the four 
above, together with a few definitions of auxiliary quantities such as 
free energy, soon become familiar, and almost any problem can be 
solved by using them. 

In conclusion to this introduction it may be remarked that a new 


branch of thermodynamics has developed during the past twenty: 


years which is not limited in its applications to systems at equi- 
librium. This is based on the use of the principle of microscopic 
reversibility as an auxiliary to the information contained in the laws 
of classical thermodynamics. It gives useful and interesting results 
when applied to non-equilibrium systems in which there are coupled 
transport processes, as in the thermo-electric effect and in thermal 
diffusion. It does not have significant applications in the study of 
chemical reaction or phase change and for this reason is not included 
in the present volume.t _ 


1-2. Thermodynamic systems 


These may be classified as follows: 

Isolated systems are those which are entirely uninfluenced by 
changes in their environment. In particular, there is no possibility of 
the transfer either of energy or of matter across the boundaries of 
the system. ; 

Closed systems are those in which there is the possibility of energy 
exchange with the environment, but there is no transfer of matter 
across the boundaries. This does not exclude the possibility of a 
change of internal composition due to chemical reaction. 

Open systems are those which can exchange both energy and matter 
with their environment. An open system is thus not defined in terms 


} For an elementary account of the theory see the author’s Thermodynamics 


of the Steady State (London, Methuen, 1951), or de Groot’s more comprehensive — 


monograph Thermodynamics of Irreversible Processes (Amsterdam, North- 
Holiand Publishing Co. 1951). Also Prigogine’s recent Introduction to the 
Thermodynamics of Irreversible Processes (Blackwell, 1955). 
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of a given piece of material but rather as a region of space with 
geometrically defined boundaries across which there is the possibility 
of transfer of energy and matter. 

Where the word body is used below it refers either to the isolated 
or the closed system. The preliminary theorems of thermodynamics 
all refer to bodies, and many of the results which are valid for them 
are not directly applicable to open systems. 

The application of thermodynamics is simplest when the system 
under discussion consists of one or more parts, each of which is 
spatially uniform in its properties and is called a phase. For example, 
a system composed of a liquid and its vapour consists almost entirely 
of two homogeneous phases. It is true that between the liquid and 
the vapour there is a layer, two or three molecules thick, in which 
there is a gradation of density, and other properties, in the direction - 
normal to the interface. However, the effect. of this layer on the ther- 
modynamic properties of the overall system can usually be neglected. © 
This is because the work involved in changes of interfacial area, of 
the magnitudes which occur in practice, is small compared to the 
work of volume change of the bulk phases. On the other hand, if it 
were desired to make a thermodynamic analysis of the phenomena 
of surface tension it would be necessary to concentrate attention on 
the properties of this layer. 

Thermodynamic discussion of real systems usually involves cer- 
tain approximations which are made for the sake of convenience 
and are not always stated explicitly. For example, in dealing with 
vapour-liquid equilibrium, in addition to neglecting the interfacial 
layer, itis customary to assume that each phase is uniform throughout 
its depth, despite the incipient separation of the components due to 
the gravitational field. However, the latter effect can itself be treated 
thermodynamically, whenever it is of interest. 

Approximations such as the above are to be distinguished from 
certain idealizations which affect the validity of the fundamental 
theory. The notion of isolation is an idealization, since it is never 
possible to separate a system completely from its environment. All 
insulating materials have a finite thermal conductivity and allow 
also the passage of cosmic rays and the influence of external fields. 
If a system were completely isolated it would be unobservable. 


1-3. Thermodynamic variables 


Thermodynamics is concerned only with the macroscopic properties 
of a body and not with its atomic properties, such as the distance 
between the atoms in a particular crystal. These macroscopic pro- 
perties form a large class and include the volume, pressure, surface 
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tension, viscosity, etc., and also the ‘hotness’. They may be divided 
into two groups as follows: 


The extensive properties, such as volume and mass, are those which | 


are additive, in the sense that the value of the property for the whole 
of a body is the sum of the values for all of its constituent parts. 

The tntensive properties, such as pressure, density, etc., are those 
whose values can be specified at each point in a system and which 
may vary from point to point, when there is an absence of equi- 
librium. Such properties are not additive and do not require any 
specification of the quantity of the sample to which they refer. 

Consider the latter class and let it be supposed that the system 
under discussion is closed and consists of a single phase which is not 
undergoing a chemical reaction. For such a system it is usually found 
that the specification of any two of the intensive variables will deter- 
mine the values of the rest. For example, if J,, Ig, ..., Jj, ..., [,, are the 
intensive properties then the fixing of, say, J, and J, will give the 
values of all the others. Thust 


T,=f(Iy,I,) (j=3,4,..-,2). (11) 


For example, if the viscosity of a sample of water is chosen as 0-506 
centipoise and its refractive index as 1-3289, then its density is 0-9881, 
its ‘hotness’ is 50°C, etc. In the next section, instead of choosing 
viscosity and refractive index, we shall take as our reference variables 
_ the pressure and density, which are a more convenient choice. On 
this basis we shall discuss what is meant by ‘hotness’ or ‘temperature’ 
(which it is part of the business of thermodynamics to define), and 
thereafter we shall take pressure and temperature as the independent 
intensive variables, as is always done in practice. . 
What has just been said, to the effect that two intensive properties 
of a phase usually determine the values of the rest, applies to mixtures 
as well as to pure substances. Thus a given mixture of alcohol and 
water has definite properties at a chosen pressure and density. On 
the other hand, in order to specify which particular mixture is under 
discussion it is necessary to choose an extra set of variables, namely, 
those describing the chemical composition of the system. These vari- 
ables depend on the notion of the pure substance, namely, a substance 
which cannot be separated into fractions of different properties by 
means of the same processes as those to which we intend to apply our 
thermodynamic discussion; for example, the simple physical processes 


¢ The equation means that /,, I,, etc., are all functions of I, and J,. Thus 
I,=f(1,, I,) might stand for I,= 714, I,=1,/13, etc. A simple relation of this 
kind is T = constant p/p for the temperature of a gas as a function of its pree- 
sure and density. However, for most substances and properties the precise 
form of the functional relationship is usually unknown. 
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such as vaporization, passage through a semi-permeable membrane, 
etc. If there are m pure substances present, the composition may be 


expressed by means of m— 1 of the mole fractions, denoted ~,, 7, .. 
_ my. Thus in place of the previous relation we have 


T= f(y, Iq, 0, Bq, +++) Gm—y)- (1-2) 


These considerations apply to each phase of the system. 

Turning now to the extensive properties it is evident that the choice 
of only two of these is insufficient to determine the state of a system, 
even if it is a pure substance. Thus if we fix both the volume and mass 
of a quantity of hydrogen, it is still possible to make simultaneous 
changes of pressure and of ‘hotness’. An extensive property of a pure 
phase is usually determined by the choice of three of its properties, 
one of which may be conveniently chosen as the mass (thereby deter- 
. mining the quantity of the pure phase in question) and the other two 
as intensive properties. For’ example, if #,, Hy, ..., #, are extensive 
properties, then any one of them will usually be determined by the 
same two intensive variables, J, and J, as chosen previously, together 
with the total mass M. Thus 


By=Mxf(l, hy) (¢=1,2,..5p). (1:3) 


This equation expresses also that H, is proportional to 1, since H, is 
additive. It will berecognized that the quotient #,/M, of which specific 
volume is an example, is a member of the group of intensive variables. 

Such quotients are called specific properties. In the case of a phase which 
is a mixture it is also necessary, of course, to specify the composition: 


E; =M xf(L: qi, 1, Xg, eeey Tent) (1-4) 


It may be remarked that thermodynamics provides no criterion 
with regard to the minimum number of variables required to fix the 
state of a system. There are a number of instances in which the 
remarks above with regard to two intensive variables fixing the 
remainder are inapplicable. For example, we can find pairs of states 
of liquid water, one member of each pair being on one side of the point 
of maximum density and the other member on the other side, each of 
which have the same density and the same pressure (chosen as greater 
than the vapour pressure) and yet do not have identical values of 
other properties, such as viscosity. This is because the density does 
not vary monotonously with the other variables, but passes through 
- & Maximum. 

In other instances it is necessary to introduce an extra variable of 
state. For example, in the case of a magnetic substance it will be 
necessary to specify, say, the field intensity together with pressure . 
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and ‘hotness’. Similarly, in the case of colloids, emulsions and fine 
powders the properties are greatly affected both by the total inter- 
facial area and by the distribution of the particles over the size range. 

The minimum number of variables of state, whose values determine 
the magnitudes of all other macroscopic variables, is thus an em- 
pirical fact to be determined by experience. In any particular applica- 
tion, if it is found that the system does not appear to obey the laws of 
thermodynamics, it may be suspected that an insufficient number of 
variables of state have been included in the equations. 


1-4, Temperature and the zeroth lawt 


In the last section only passing reference was made to the property 
of ‘hotness’. It is part of thermodynamics to define what is meant 
by this, whereas the mechanical and geometrical concepts, such as 
pressure and volume, are taken as being understood. 

- -Nowit is a fact of axperience that a set of bodies can be arranged in 
_ & unique series according to their hotness, as judged by the sense of 
touch. That is to say, if A is hotter than B, and B is hotter than C, 
then A is also hotter than C. The same property is shown also by the 
real numbers; thus if n,, 2, and 7, are three numbers such that n, >, 
and 2, >7,, then we have alson, >n,. It follows that the various bodies 
arranged in their order of hotness, can each be assigned a number such 
that larger numbers correspond to greater degrees of hotness. The 
number assigned to a body may then be called its temperature, but 
there are obviously an infinite variety of ways in which this numbering 
can be carried out. 

The notion of temperature must clearly be placed on a more exact 
basis than is provided by the sense of touch. Furthermore, in order to 
avoid any circularity in the argument, this must be done without any 
appeal to the notion of heat, which follows logically at a later stage. 

The definition of temperature now to be obtained depends on what 
happens when two bodies are placed in contact under. conditions 
where their pressures and volumes can be varied independently. 
For this purpose each body must be enclosed by an impermeable wall 
which can be moved inwards or outwards. 

Nowtwo types of impermeable wall may be considered, according to 
the two. logical possibilities: when the wall surrounding each body 
is motionless, either the bodies are able to influence each other through 
the wall, or they are not. In the latter case we shall speak of an 
adiabatic wall and in the former case of a non-adiabatic wall. In brief an 


_ | The discussion of temperature and the first law is based on that of Born, 
Phys. Z. 22 (1921), 218, 249, 282; also his Natural Philosophy of Oause and 
Chance (Oxford, 1949). 
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adiabatic wall is one which, when it completely surrounds the body and 
when all parts ofit are motionless, prevents the state of that body being 
changed from outsidet (apart from the possible effect of force fields). 

Experience shows, however, that changes of state of an adiabatic- 
ally enclosed body can be achieved when we allow motion of the wall, 
or parts of it, for example, when we compress or expand the enclosed 
body, or shake it about inside the wall, as in Joule’s experiments 
shortly to be described. In short, changes of state can occur when we 
do work on the enclosed body. 

The definition which has been made does not depend on any previous 
knowledge of heat. Similarly, we shall speak of any change taking 
place inside an adiabatic wall as being an adiabatic process. Bodies 
will also be said to be in thermal contact when they are either in direct 
contact (e.g. two pieces of copper) or in contact through a non- 
adiabatic wall (e.g. two samples of gas). Their final state, when all 
observable change has come to an end, is called thermal equilibrium. 

Now it is a fact of experience that if bodies A and B are each in 
thermal equilibrium with a third body, they are also in thermal 
equilibrium with each other. This result is so familar that it is regarded 
almost as a truism. However, there is no self-apparent reason why it 
should be so, and it must be regarded as an empirical fact of nature 
and has become known as the zeroth law of thermodynamics. It is the 
basis of the scientific concept of temperature, which may now be 
outlined as follows. 

We consider two bodies, each of them a homogeneous phase in a 
state of internal equilibrium, which are in contact through a non- 
adiabatic wall. The thermodynamic state of each body may be com- © 
pletely specified by means of two variables only, and these may con- 
veniently be chosen as the volume per unit mass and the pressure. 
These variables will determine the property called ‘hotness’, together 
with all other properties. Let the variables be » and v for the one body 
and P and V for the other. When they are brought into contact in this 
way, at initially different degrees of hotness, there is a slow change in 
the values of the pressures and volumes until the state of thermal 
equilibrium is attained. Let p’, v’, P’ and V’ be the values of the 
variables at the state of equilibrium. If the first body is momentarily 
removed it will be found that its pressure and volume can be adjusted 
to a second pair of values, p” and v", which will again give rise to a 
state of equilibrium with the other body, which is still at P’ and V’. 
In fact, there are a whole sequence of states (p’,v’), (p”,v"), (p”,v"), 
ete., of the first body, all of which are in equilibrium with the state 
(P’, V’) of the other. 


+ A good example of the adiabatic enclosure of a body is by placing it in 
a Dewar flask. 
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We can thus draw a curve (Fig. 1a), with co-ordinates p and », 
which is the locus of all points which represent states of the first 
body which are in equilibrium with the state (P’, V’) of the second. 

’ According to the zeroth law all states along such a curve are also in 

equilibrium with each other; that is to say, two replicas of the first 
body would be in equilibrium with each other if their pressures and 
volumes correspond to any two points along this curve. 

A similar curve (Fig. 16) can be drawn for the second body in ite 
own P, V co-ordinates—that is, there is a curve which is the locus of 
all states which are in equilibrium with a given state of the first body, 
and therefore in equilibrium with each other. There are thus two 


vy 


(6) 
«Aig. 1. The curves are not drawn to the equation pv= constant 
because the discussion is not limited to perfect gases. 


curves, one for each body, and every state on the one curve can be 
put into equilibrium with every other state on this curve, and also 
with every state on the other curve. Such states thus have a property 
in common and this will be called their temperature. It is consistent 
with our more intuitive ideas that such states are found also to have 
the same degree of hotness, as judged by the sense of touch. How- 
ever, from the present point of view, this may now be regarded as 
being of physiological rather than of thermodynamic interest. 

The existence of the common property along the two curves— 
which may now be called isothermals—can be seen more clearly as 
follows. The equation to a curve concerning the variables p and v 
can be expressed in the formt 


f(a, v)=t, 


t For example, the equation to a straight line is y—ax=constant; the 
equation to a circle whose centre is at the origin is z*+ y*= constant. 
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where ¢ is a constant for all points along the curve of Fig. 1a. Similarly 
for the other body we have 


F(P, V)=constant, 


along the curve of Fig. 1b. By inclusion of a suitable pure number in 
one or other of these functions the two constants can be made numeri- 


cally equal. Therefore f(p,v)=F(P, V)=t. (1-5) 


There is thus a certain function, ¢, of the pressure and volume of a phase 
which has the same value for all states of the phase which are in 
thermal equilibrium with each other and it is equal also to a function 
(not necessarily of the same form) of the pressure and volume of a 
second phase which is in thermal equilibrium with the first. It is this 
function which is called the temperature. | . 
For example, if the first phase is a perfect gas the equation to the 
curve of Fig. 1a is simply pv=constant, and if the second phase is a 
gas which departs slightly from perfection, the curve of Fig. 1b can 
be represented by the equation P(V—b)=constant, where b is also 
a constant. Thus (1:5) may be expressed 
po _P(V—b) © 


constant - constant _ 


Returning to the earlier discussion, there are, of course, states of 
the first phase which are not in thermal equilibrium with the second 
one in its state (P’, V’). Let equation (1-5) be rewritten 


f( Pr %) =F(P, V;) =h, 
then there are a whole sequence of new states (p53), (p%, 0%), ete., 
each of which gives rise to a state of thermal equilibrium with the 
second body in the states (P3, V;), (P3, V3), etc. These states define 
two new curves, one for each body, which satisfy the relation 


fi (De, U2) =F (Ps, V2) =t, 
and thus define a different value of the temperature t,. In fact, there 
is an infinite family of isothermals, some of which are shown in Fig. 2, 
such that all states on corresponding curves are in equilibrium with 
each other and thus define a particular temperature. 

It follows that if we choose any one homogeneous substance, e.g. & 
sample of gaseous nitrogen or liquid mercury, as a reference phase we 
can define an empirical temperature scale by means of its appropriate 
function, F(P, V), together with some convention for the numbering 
of its isothermals. The reference phase is called a thermometer. 

The temperature is therefore any function of the pressure and 
volume of the reference phase which remains constant when the 
phase passes through a sequence of states at equilibrium with each 
other. For example, if we choose 1g of nitrogen as defining our 


t. 
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standard thermometer it would be permissible to take the value of 
any of the following functions as being the numerical value of the 
temperature, since all of them are constant along a given isothermal 
(provided that the thermometer is operated at a fairly low pressure): 


(a) PV, (d) (PV), 
(0) PV/constant, (e) —PY, 
(c) 1/PV, and so on. 


It is a matter of convention which of these we adopt, and also the 


way in which the isothermals are numbered off. It may be noted that . 


temperatures defined on scale (c) would correspond to decreasing 


v 
Fig. 2. Isotherms of two bodies. 


values of ¢ with increasing values of the ‘hotness’, whilst the scale 
(e) would give values of ¢ which are negative. There is no objection 
to such scales, except as a matter of convenience. On the other hand, 
a function such as sine(PV) must be rejected, since it does not in- 
crease monotonously with increase in hotness. 

This question need not be pursued any further because we shall 
shortly obtain a definition of an absolute temperature having the 
important properties: (a) it is independent of any particular substance 
(b) the temperatures are always positive numbers and increase with 
increasing degrees of hotness. This scale may be shown to be identical 


with the scale (6) above. . 
One further point may be made at this stage. Therelationt = F(P, V) 
can be rewritten as V=F'(P,t) 


(where F and F’ are different functions). Thus as soon as the value of 
the temperature has been defined by means of the reference phase, we 
can start to use the temperature as a variable of state. For practical 
purposes it is customary to regard pressure and temperature as being 
the independent variables, rather than pressure and volume. 
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1:5. Work | 


The notion of work is not regarded as being in need of definition in 
thermodynamics, since it is a concept which is already defined by the 
primary science of mechanics. 

An infinitesimal amount of work, dw, can either be done by the 
system of interest on its environment, or by the environment on the 
system. It is conventional to take dw as being positive in the former 
case and negative in the latter, that is, positive work is done by the 
system. Provided the changes take place slowly, work can usually 
be expressed in the form dw=ydz, | 


orasasumofsuchterms dw=)>\y,dz,, (1-6) 
q 


where the y,; and 2, are generalized forces and displacements 
respectively. ; 

For example, the work done by a body in an infinitesimal increase — 
in volume, dV, against an opposing pressure, P, is PdV. Similarly, 
the work done by a homogeneous phase when it increases its surface 
area by dA is —ydA, where y is the surface tension against the 
particular environment. If a system such as a galvanic cell causes 
dQ coulombs of electricity to flow into a condenser between whose 
plates the potential difference is H volts, the work done by the galvanic 
cell on the condenser is HdQ joules. (Simultaneously, the cell does 
an amount of work PdV on the atmosphere, where dV is the change 
in volume of the cell during the chemical process in question.) Similar 
expressions may be obtained for the stretching of wires, the work of 
magnetization, etc.t 

It may be noted that all forms of work are interchangeable by the 
use of simple mechanical devices such as frictionless pulleys, electric 
motors, eto. The correct usage of the term ‘work’ implies that the 
particular type of work which is under discussion may always be 
expressed in terms of the raising of a weight. In most kinds of chemical | 
system, apart from the galvanic cell, the work of volume change is 
the only form of work which is of appreciable magnitude. However, 
the possibility that other forms may be significant must always be 
borne in mind in approaching a new problem. In such cases it may 
be necessary to introduce additional variables of state, e.g. the 
surface area of the system or the magnetic field strength. 

In using expressions of the form dw=ydz it is usually necessary to 
specify that the process in question is a slow one, as otherwise there 
may be ambiguity about the value of the force y. For example, when 


¢ A very clear account of work terms is given by Zemansky, Heat and 
Thermodynamics (New York, McGraw-Hill, 1951). 
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& gas rapidly expands or contracts its internal pressure is not equal to 
the external force per unit area, and both of these quantities may be 
difficult to measure, or even to define. These difficulties disappear when 
the changes are very slow, since the opposing forces then approach 
equality. This point will be discussed more fully in a later section. 


1°6. Internal energy and the first law 


The first law is based mainly on the series of experiments carried 
out by Joule between 1843 and 1848. The most familiar of these 
experiments is the one in which he raised the temperature of a quan- 
tity of water, almost completely surrounded by an adsabatic wall, by 
means of a paddle which was operated by a falling weight. The result 
of this experiment was to show an almost exact proportionality 
between the amount of work expended on the water and the rise in 
its temperature. This result, considered on its own, is not very 
significant ; the really important feature of Joule’s work was that the 
paddle-wheel experiments gave the same proportionality as was 
obtained in several other quite different methods of transforming 
work into the temperature rise of a quantity of water. These were 
as follows: 

(a) the paddle-wheel experiments ;} 

(b) experiments in which mechanical work was expended on an 
electrical machine, the resultant electric current being passed 
through a coil immersed in the water ;{ 

(c) experimentsin which mechanical work was expended in the com- 
pression of a gas in a cylinder, the latter being immersed in the water ;§ 

(d) experiments in which the mechanical work was expended on 
two pieces of iron which rubbed against each other beneath the 
surface of the water. || 

The scheme of Joule’s experiments was thus as follows: 


bulent motion of water - Temperature 
rise of water (773) 


| Electric current -> a aaa rise of 
Mechanical wont water (838) 


Compression of gas > Temperature rise of 
water (795) . 


Friction of iron blocks -> Temperature rise 
of water (775) 


+ Phil. Mag. 31 (1847), 173; 35 (1849), 583. 
¢ Ibid. 23 (1843), 435. § Ibid. 26 (1845), 369. || Ibid. 35 (1849), 583. 
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The figures in brackets show the number of foot-pounds of work 
needed to raise the temperature of 1Ib. of water by 1° F. The result 
of the most accurate series of experiments, those with the paddles, 
is equivalent to 4-16 joules/cal (15°C), which is close to the pre- 
sent accepted value of 4-186. However, the significant conclusion 
is that each of the four different methods of transforming work into 
a temperature rise gives essentially the same result—at any rate 
to within the accuracy which could be attained in these early 
experiments.f 

Now in each of the experiments the water was enclosed by an 
- approximately adiabatic wall (as previously defined), apart from 
certain openings necessary for the introduction of the paddle shaft, etc. 
By including not only the water. but also certain other items in the 
total thermodynamic system under discussion, each of Joule’s experi- 
mental arrangements may be regarded as consisting of an adiabatic 
enclosure together with an external source of work; the adiabatic wall 
is set into motion and creates a change of state within the enclosure. 
Therefore, the conclusion to be drawn is that the performance of a 
given amount of work, on a quantity of adiabatically enclosed water, 
causes the same temperature rise (i.e. the same change of state), by 
whatever method the process is carried out. 

This important empirical result has, of course, been confirmed by 
many later workers and using several substances other than water. 
Without discussing the great mass of evidence, we shall therefore make 
a preliminary formulation of the first law of thermodynamics as follows: 
the change of a body inside an adiabatic enclosure from a given initial 
state to a given final state involves the same amount of work by 
whatever means the process is carried out.{ 

It will be recognized that statements similar to this are met with 
in other branches of physics. Thus the work required to lift a weight 
between two points in a gravitational field, or to move a charge 
between two points in an electric field, is the same whatever is the 
path. In both of these examples it is possible to define a potential 


{ The student should consider carefully why it is that the work expended on 
the water in Joule’s experiments is not equal to the integral of PdV, where 
P is the pressure exerted by the atmosphere on the water and dV is the change 
in volume of the water accompanying its rise in temperature. The answer is 
implicit in the last paragraph of §1-5. 

} The student should convince himself that if this law were erroneous it 
would be possible to construct a perpetual motion machine. 

The question whether the law of the conservation of energy is soundly based 
on experiment or whether it is really an act of faith has been discussed in 
detail by Meyerson, Identity and Reality, transl. Loewenberg (London, Allen 
and Unwin, 1930) and by Bridgman, The Nature of Thermodynamics (Harvard, 
1941). 
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- function, ¢, such that the work done in taking the body from an 
initial state A to a final state B is equal to ¢,—¢,, where ¢, and ¢, 
depend only on the states A and B—i.e. they are independent of the 
‘ail. ae 

In taking the work as equal to the change in potential energy it is 
tacitly assumed, of course, that the body does not undergo any change 
of its internal state; the potential energy is simply that part of the 
energy of a body which is due to its position. But the essential result 
of Joule’s experiments is that it now allows an application of the 
same kind of idea to the field of thermal phenomena, involving changes 
of temperature and pressure. For this purpose we construct a new 
function U, the internal energy, which depends only on the internal 
state of a body, as determined by its temperature, pressure and com- 
position (and in certain cases additional variables such as surface 
area). Thus consider the change of a body within an adiabatic en- 
closure from a state A to a state B, its kinetic and potential energies 
remaining constant.t Then the first law, as stated above, allows us 
poyee w= —(U,—U,), (1-7) 
where U, and Uz depend only on the states A and B—this follows 
immediately from the fact. that w is independent of the path and 
may thus be written as a difference. 

The first law may now be re-expressed as follows: the work done 
by a body in an adiabatic process is equal to the decrease in a quantity U, 
which is a function of the state of the body. It follows that if a body is 
completely isolated (i.e. it does no work, as well as being adiabatically 
enclosed) the function U remains constant. The internal energy is 
thus conserved in processes taking place in an isolated system. 


1-7. Heat 


In the discussion of Joule’s experiments we were concerned with 
the change in state of a body contained within an adiabatic enclosure. 
However, it is known from experience that the same change in state 
can be produced, without the expenditure of work, by putting the 
body into direct contact (or through a non-adiabatic wall) with some- 


{ In a composite process involving changes dU, d¢ and dT of the internal, 
potential and kinetic energy of a body respectively, the total energy change is 


dH=dU +d¢+dP. 


The law of conservation of energy in its complete form refers, of course, to the 
constancy of # in an isolated system. In thermodynamics attention is con- 
centrated on the changes in U, since it is this form of energy which depends on 
the internal state of the system. In most processes of interest it also occurs 
that ¢ and T are constant, due to an absence of bulk motion. - 
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thing hotter than itself. That is to say the change of internal energy, 
U,—U,, can be obtained without the performance of work. We are 
therefore led to postulate a mode of energy transfer between bodies 
different from work and this is called heat. Our senses and instruments 
provide us with no direct knowledge of heat (which is quite distinct 
from hotness). The amount of heat transferred to a body can thus be 
determined, in mechanical units, only by measuring the amount of 
work which causes the same change of state. 

For example, from experiments such as those of Joule it is found 
that the expenditure of 4-186 x 10’ ergs of work on 1 g of water causes 
the change of state: (latm, 14:5°C)>(latm, 15-5°C). The same 
change can be obtained by contact of the water with a hotter body, 
and it has become customary to describe this process as the transfer 
of lcal (15°C) of heat into the water. The work equivalent of this 
arbitrarily defined heat unit is thus 4-186 x 10” ergs. 

In brief, if we obtain a certain increase of internal energy U,;—U, 
when a quantity of work w is done on a body adiabatically, and if 
we can obtain the same increase U, —U, (as shown by the same changes 
in temperature and pressure) without the performance of work, then 
we take U,—U, as equal to g, the heat absorbed by the body. It 
follows also that the same amount of heat has been given up by some 
other body. Thus the two bodies together may be regarded as forming 
an isolated system, whose total internal energy is therefore constant; 
the increase in the internal energy of the first body must thus be equal 
to the decrease in the internal energy of the second, and it follows from 
the above definition of heat that the heat gain of the first body is 
equal to the heat loss of the second. 

Consider now a type of process A->B in which a body X both 
absorbs heat and performs a quantity of work w. In this process let 
its change of internal energy be Ug—U,. We shall suppose that the 
heat comes from a heat bath, that is, a system of constant volume which 
acts as a reservoir for processes of heat transfer, but performs no 
work (e.g. a quantity of water at its temperature of maximum 
density). Let its change of internal energy in the above process be 
U;,—U/,. Then for the body X and the heat bath together we have 


w= —[(Ug—U,) + (Up—U4)], 


the right-hand side being the total change in internal energy. But 
according to the above definition U;— U!, is equal to the negative of - 
the heat lost by the bath and is equal therefore to the negative of the 
heat gained by X. If we denote this heat by g, we therefore have 
q= —(U,—U%). Substituting in the previous equation we obtain 


U,—-U,=q-—w (1:8) 
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as a statement of the first law for a body which absorbs heat gq and 
performs work w, during the change A — B. This law therefore states 
that the algebraic sum of the heat and work effects of a body is equal 
to the change in the function of state, U, i.e. the algebraic sum is 
independent of the choice of path A -> B. 


1-8. Expression of the first law for an infinitesimal process 
The differential form of equation (1-8) is 
dU =dg—du, (1-9) 
which means that the infinitesimal increment in the internal energy 


of the body is equal to the algebraic sum of the infinitesimal amount 


of heat which it absorbs and the in- 
finitesimal amount of work which it ? 
performs. Thus, whereas dU is the 
increment in the already existing in- 
ternal energy of the body, dg and dw Ps, Vp 
do not have a corresponding inter- 
pretation, and for this reason some 
authors prefer to use a notation such 
as dU =Dg— Dw. 

The essential point is that dU is 
the differential of a function of state 


(6) 


and. its integral is U,;,—U,, which 
depends only on the initial and final 
states A and B ; dg and dw, on the 
other hand, are not the differentials 
of a function of state, and their in- 
tegrals are g and w respectively, whose 
magnitudes depend on the particular 
path which is chosen between the A 
and B states—unleas, of course, one of 
them is zero as in Joule’s experiments. 


Vv 
Fig. 3. (a) is an arbitrary path. 
(6) is @ path made up of two iso- 
thermals and an adiabatic. (c) is 


also & special type of path—the _ 


gas is first cooled at constant V, 
then heated at constant P, and 
finally heated at constant V. If 


. the initial cooling were such that 


P was reduced effectively to zero, 
this would be a zero work path. 


As an example, consider the change in state of a substance: 


(latm, 51.) (2 atm, 151.).¢ This change can be made in an infinite 
variety of ways, each occurring with different heat and work effects, 
but all having the same algebraic sum of these effects. Some of the 
possible paths are shown in Fig. 3, and for each of them, if carried out 


{ There will, of course, be a definite change in temperature, as well as of all 
other intensive and extensive properties. Thus if the substance in question is 
a perfect gas, the ratio of the initial to the final temperatures on the absolute 
scale are as 1x 5:2x15=5:30. It may be noted that a change of state, 
(1 atm, 51., 250°K)—+(2 atm, 151., 100°K), is an impossibility—too much 
has been specified. 
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slowly, the work is equal to [P dV, the area under the curve. This work 


obviously varies enormously between one path and another. 
As we have seen, the integral of dU between states A and B is 
U,—U,. If we consider the change A > B->C we have 


B Cc 
A B 
=U,— U, 


=| av. 


The overall change of U is thus independent of the intermediate 
state B, as noted previously. If we now choose the final state C as 
being identical with the initial state A we therefore have 


gav=0, 


where @® denotes integration round a cycle. The same statements are 


not correct for the integrals of dganddw. _- 

The above property of U, which is the essential content of the first 
law, may also be expressed by the statement: dU is an exact differ- 
ential in the variables of state. The word ‘exact’ meray means that 
the integral is independent of path. 

There is clearly nothing in the above treatment of the first law which 
requires us to think of energy as a ‘thing ’— it is the fact of conserva- 
tion which tempts us to regard it as some kind of indestructible fluid. 
In dealing with the second law we meet a second quantity, the 
entropy, wliich is also an extensive quantity and a function of state, 
but is not conserved. In this case, therefore, the notion of a thing- 
like quality is quite inappropriate and would lead to errors. As 
Bridgmant{ has remarked, it would be preferable, but for the need 
for economy of words, to speak always of the ‘energy function’ and 
the ‘entropy function’ rather than of the energy and entropy. They 
are not material entities but are mathematical functions having 
certain properties. 

However, it is always permissible to speak of the energy or entropy 
content of a body (relative to some other state), in a way in which it 

{ This is not the same thing as saying that a differential, or differential 
expression, is ‘complete’. .For example, 

dU =(0U/éT) dT +(dU/aP) dP 
would be complete only if T and P completely determined the state of the | 
system; in general, U depends also on the size and composition and extra 
terms must be added. 

{ Bridgman, The Nature of Thermodynamics (Harvard, 1941). 
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is not permissible to speak of its heat or work content. Heat and work 
are modes of transfer of energy between one body and another. 


1-9. Adiabatically impossible processes 


In this section we shall give a preliminary discussion of the basis 
of the second law. This basis is the impossibility of transforming heat 
into an equivalent amount of work, i.e. the impossibility of carrying 
out Joule’s experiments in reverse. It is not merely that we never 
observe, as a spontaneous event, the water becoming cooler and the 
weight rising from the floor, but that this can be made to occur in 
no manner whatsoever, without taking some of the heat from the water 
and passing it into a second body which 13 at a lower temperature. 

If this were not the case it would be possible to construct a device 
for taking heat from a region of the earth at a uniform temperature 
and using it as a, continual source of mechanical power. This has never 
been achieved, and there seems good reason from molecular and 
statistical considerations to believe that it never will be achieved. 

The impossibility of which we have spoken may also be expressed 
as follows. Let state A of Joule’s system correspond to a height h, 
of the weight and a temperature ¢, of the water. Similarly, let state 
B correspond to hg and ts. If tg>t, (and hg<h,) then it is possible 
for state A to precede state B, but tt 13 not possible for state B to precede 
state A, within an adiabatic enclosure. 

There are, of course, a great many other examples of processes 
which are impossible under adiabatic conditions, and some of these 
are shown in Table 1. The first column shows a particular state A of 
the system, as defined by its temperature, volume and composition, 
and the second column shows another state B, characterized by 
different values of some or all of these variables. In each case experi- 
ence shows that it is impossible to carry out the process B-> A without 
a transfer of heat to some other body. 

Now all of the processes which we have said are impossible are 
entirely consistent with the first law. To take the first example in 
Table 1, the transfer of heat between two blocks of metal takes place 
at constant total energy and thus is possible in either direction, 
according to the first law. It seems therefore that there must be some 
condition, in addition to the conservation of energy, which must be 
fulfilled by those processes which actually take place. In fact, it is 
the knowledge that certain processes are impossible in an adiabatic 
system which enables us to discover a new function of state, the 
entropy, which provides a criterion of whether a process is a possible 
one or not. Anticipating somewhat the more systematic discussion of 
§1-11, the reason for the existence of this function may be seen as 
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TABLE 1 


Two equal blocks of copper are con- 
nected by a wire. One block is at 20°C 
and the other at 30°C 


A dilute gas at a temperature ¢ occupies 
one half of an adiabatically enclosed 
vessel and the other half is a vacuum 


A dilute gas X occupies one half of an 


adiabatically enclosed vessel and a 
dilute gas Y occupies the other half. 
The temperature is ¢ 


An adiabatically enclosed vessel con- 
tains hydrogen and oxygen and a 
catalyst. The volume is V and the 
temperature is ¢ 


State B 


The blocks are each at 25°C 


The gas at the same tempera- 
ture ¢ occupies the whole of 
the vessel 


The gases are uniformly mixed 


throughout the vessel and the 
temperature has the same 
value ¢ 


The vessel contains the same 


amount of hydrogen and 
oxygen, combined as water, 
together with the catalyst. 


The volume is V and the tem- 

perature exceeds ¢ by an 

amount corresponding to the 
‘ heat of reaction 


follows: The possibility or impossibility of the processes A> B and 
BA depends entirely on the nature of the states A and B and is thus 
determined by the values of the variables, such as temperature and 
pressure, at the beginning and end of the process. We may therefore 
expect to find a function of these variables whose special characteristic 
48 to show whether it ts the process A -> B which is the possible one, or the 
converse process B-> A. Thus if S is the expected function it will be 
found that S(P,,¢,) differs in value from S(P,, ts). 

The impossibility of the processes B-> A of Table 1 is by no means 
independent of the impossibility of reversing Joule’s experiment. 


In fact, if the latter is made the basis of the second law, it may be 


shown as a deduction (using also certain equations of state in some 

of the examples) that the other processes are also impossible. 
Finally, it may be remarked that when we speak of a possible or 

impossible process the notion of time’s passage is implicit. It is a 


. question of whether a state A can precede or succeed another state B, 


in an adiabatic enclosure. The decision which of these states is ‘later 
than’ or ‘earlier than’ the other is based ultimately on the subjective — 


- time sense of the human observer—science itself provides no indepen- 


dent criterion and the principle of increasing entropy always refers 
to an increase relative to the human sense of the direction of time.t 


t Denbigh, Brit. J. Phil. Sct. 4 (1953), 188. 
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1°10. Natural and reversible processes 


Changes which take place in a system spontaneously and of their 
own accord are called natural processes. Examples are the equaliza- 
tion of temperature between two pieces of metal, the mixing of two 
gases and all processes which can occur spontaneously within an 
adiabatic enclosure. From what has been said in the last section it 
seems that such changes can never be reversed in their entirety, for 
it is known from experience that the system in question can be re- 
stored to its original condition only by transferring a quantity of. 
heat elsewhere. In this respect natural processes are said to be 
irreversible. In brief, a cycle of changes A->B->A on a particular 
system, where A -> Bis a natural process, cannot be completed without 
leaving a change in some other part of the universe. 

It seems possible, however, that there may exist other types of 
change, involving a different pair of specified states, say, A and B’, 
of the system under discussion, such that it is possible to carry out 
the cycle A->B'-> A without leaving more than a negligible change 
in any other body. Such changes of state will be said to be reversible. 

A reversible process will therefore be defined as one which can be 
reversed without leaving more than a vanishingly small change in any 
other systém. If the change 4-> JB?’ involves a heat absorption q it 
must be possible to carry out the reverse change B’ >A rejecting an 
equal quantity of heat into the same heat bath. (The work effects on 


the two paths will then be automatically equal, since bau =0.) 


For the purpose of the detailed discussion of the second law in the 
next section it is necessary to postulate that reversibility can be 
approached, under limiting conditions, in real processes. We must 
now give some justification that such a state of affairs is a possible one. 

Consider the isothermal expansion of a fluid in contact with a heat 


bath. The work done by the system is [p. dV, where P, is the external 
pressure on the piston. If the fluid is now brought back to its original 
state by isothermal compression the work done on the fluid is [r,a y, 


where P, is now the pressure of the fluid itself. These two integrals 
will be equal only if the expansion and compression are carried out 
slowly, whereby the pressure of the fluid and the pressure on the 

+ For example, after hydrogen and oxygen have spontaneously combined 
the water can be decomposed once again into these gases—but only by leaving 
changes in other bodies such as electrical accumulators and heat reservoirs. 
These can be restored only by leaving changes somewhere else and so ad 
‘int ié : : 
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piston never differ more than infinitesimally. Under these conditions 
the work is equal along the two pathsand, since @dU =0, the quantities 


of heat absorbed from and rejected to the heat bath are also equal 
and the whole process is reversible. 

Another example is a chemical reaction in a galvanic cell, the 
e.m.f. being balanced almost exactly against some mechanical force, 
through the agency of a frictionless motor. Under such ideal condi- 
tions the reaction can be carried out, first in the one direction and 
then in the reverse, by infinitesimal alteration in the opposing force, 
and without leaving more than a vanishingly small change in the 
environment. 

In view of these examples we may tentatively expect that rever- 
sible processes are those in which there is never more than an in- 
finitesimal departure from equilibrium; they represent the limiting 
condition of natural processes. However, this statement is actually 
a consequence of the second law and will be discussed in §1-13. For 
the present all that we need is the postulate that such processes are 
at least feasible. - 

Much confusion in the discussion of irreversibility, whenever we 
are concerned with systems which are not adiabatically isolated, is 
due to the forgetting of the changes in the environment. Between the 
same initial and final states of such a system the change can be carried 
out either reversibly or with varying degrees of irreversibility; such 
processes differ in regard to the resulting changes in state of the environ- 
ment. 

For the complete specification of a process it is necessary to state 
the initial and final state of all bodies which are affected (i.e. all of 
those which form an adiabatic total system); when this is done ‘it 
remains true, as stated in the last section, that certain changes, those 
in which there is appreciable displacement from equilibrium at each 
instant, can never be reversed. 


1-11. Systematic treatment of the second law 


Much of the preliminary discussion above has been somewhat 
lacking in precision. However, all that we require for a systematic 
treatment of the second law is the fact, which is securely based on 
experience, that it is impossible to carry out Joule’s experiment in 
reverse (Statement A below). As a postulate, to be justified later, we 
shall also assume the existence of reversible paths. On this basis the 
development of the second law may be carried out in several different 
ways. In the following we shall describe the traditional method, as 
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used by Clausiust and Poincaré,{ which depends on the use of heat 
engines. The main alternatives are the methods of Planck,§ which 
depends on the existence of perfect gases, and of Born and Carathéo- 
dory, || which is based on the properties of Pfaffian differential expres- 
sions. 

StatEMENT A. Ié ts impossible to make a transfer of heat from a heat 
bath, at a uniform temperature, and obtain an equivalent amount of work, 
without causing a change in the thermodynamic state of some other body. 

Some comments on the phrasing of this statement may be 
added. 

(a) ‘...at a uniform temperature....’ A heat bath which consists 
of two or more parts, each at different temperatures, is really equi- 
valent to two or more heat baths. By taking heat from one of them 
and transferring a smaller amount of heat into a second one which is 
colder, it would be possible to operate a heat engine, as in the Carnot 
cycle shortly to be described. The net heat extracted from the com- 
pound system is equal to the work done; the reservation concerning 
uniform temperature is therefore essential. 

(6) *...equivalent....’ This word is redundant and has been 
inserted only for clarity. If no other body is affected, all the heat 
removed must appear as work, by the first law. 

(c) The last clause of Statement A is essential and is equivalent to 
the previous statement that certain processes are impossible wnder 
adiabatic conditions. For example, it is entirely possible to take heat 
from a heat bath and convert it completely into work, provided we 
have an auxiliary body, namely, a perfect gas, in thermal contact 
with the heat bath. The gas is expanded reversibly, and the trans- 
fer of heat, referred to in the first clause of Statement A, takes 
place between the bath and the gas. Since at constant temperature 
the internal energy of a perfect gas remains constant, the whole 
of the heat withdrawn from the reservoir is converted into work. 
However, in this process the ‘other body’, namely, the perfect 
gas, has changed its thermodynamic state, as shown by its increase 
of volume. 


{ Clausius, The Mechanical Theory of Heat, transl. Hirst (1867). 
t Poincaré, Thermodynamique (Paris, Carré, 1892). See also Keenan, 
Thermodynamics (New York, Wiley, 1941). 
§ Planck, Treatise on Thermodynamics, transl. Ogg (London, Longmans 
Green, 1927). ' 
|| Born, Phys. Z. 22 (1921), 218, 249, 282. An excellent account in English 
is given by Chandrasekhar, Introduction to the Study of Stellar Structure 
(Chicago, 1939). Shorter versions of the Carathéodory treatment are given by 
‘Buchdahl, Amer. J. Phys. 17 (1949), 41, 44, by Born, Natural Philosophy 
of Cause and Chance (Oxford, 1949) and by Hisenschitz, Science Progress, 43 
(1955), 246. 
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Statement A will now be used to prove the following four pro- 
positions: 

(1) If a body performs a reversible cycle, absorbing heat qh at 
temperature ¢, and heat g, at temperature ¢,, then the ratio q,:q, is 
a function only of ¢, and t,. Thus 


91/9a=F (ty ta). 
(2) The last-named ratio can be expressed in the form 
%1/93= T/T, 


where 7’, and T, are defined as the absolute temperatures. 
(3) The entropy, 8, which is defined by 


dS = (dq/T)rev., 

is a function of state. 

(4) The entropy change of an adiabatically isolated system is 
always positive for a natural process and zero for a reversible one. 

The first and second of these propositions are associated with the 
names of Carnot and Kelvin respectively. The third and fourth are 
due mainly to Clausius and are the final form of the second law. - 

For the proof of these propositions it will be supposed that we are 
concerned with closed systems in a state of internal equilibrium such 
that their thermodynamic states can be specified by means of two 
variables, such as pressure and volume or pressure and temperature. 
The proofs depend also on certain properties of the adiabatic and 
isothermal curves on a P-V diagram. These properties may be readily 
proved by means of Statement A and are quoted as problems below.t 


(a) Proof of proposition 1. In Fig. 4 let AB and CD be portions 
of two isothermals of a body X, the isothermals corresponding to the 
‘empirical’ temperatures /, and ¢, respectively (#,>+,),{ a8 measured 
by the use of any reference substance as a thermometer (§ 1-4). Let 
AD and BC be portions of two adiabatics. If the cycle ABCD is 


{ Problem. Prove the following statements concerning the adiabatics and 
isothermals of a particular body (which may be a gas, a liquid or a solid): 

(1) an isothermal and an adiabatic cannot intersect more than once: 

(2) an isothermal and an adiabatic cannot touch each other without inter- 


section ; 


(3) two adiabatics cannot intersect; 

(4) in each infinitesimal portion of an isothermal the heat absorbed by a 
body has the same sign for the same direction of movement along the curve. 
(Hint. Assume that the statements are false and show that in this case State- 
ment A would be contravened.) 

$~ The temperature scale is here chosen such that a larger numerical value 
of ¢ corresponds to greater hotness. 
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carried out under reversible conditions, it is said to be a Carnot cycle,t 
and it follows from the propositions in the problem that the cycle 
must be of the form shown in the diagram, i.e. consisting of four parts. 

We shall suppose that the cycle is carried out in the direction shown 
by the arrows, so that the body X does a positive quantity of work, w. 
Let q, and qg, be the quantities of heat absorbed by X from the heat 
baths which are needed to maintain it at constant temperature along 
the isothermals ¢, and ¢, respectively. At the completion of the cycle 
we have from the first law w=q,+9,, and therefore one or both of 
these heat quantities must be positive. Now q, must be positive and 


V 


‘Fig. 4. Carnot cycle in P-V co-ordinates. 


q, must be negative, i.e. the body receives heat from the hotter bath 
and gives it to the cooler one. For consider either of the alternatives: 
(1) g, and g, are both positive, or (2) g, is negative and q, is positive. 
If either of these were the case we could, after completing the cycle, 
put the hotter bath into contact with the cooler one for a time suffi- 
cient to give to the latter just as much heat as it has, by supposition, 
given to the body X. The cooler bath would then be in precisely the 
same state as at the beginning of the cycle. The net effect would have 
been the removal of a quantity of heat from the hotter bath and its 
conversion into work, without leaving a change i in any other body, 
and this is contrary to Statement A. 

For convenience we shall therefore reverse the sign of g, so that 9, 
is the positive quantity of heat rejected by the body into the cooler 


{+ Being reversible, a cycle of this kind, if carried out in the reverse direction, 
will exactly nullify the effects on the heat baths of carrying it out in the for- 
ward direction. 
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bath. Thus w=q,—q,. It must now be shown that the ratio ¢,/q. 
depends only on #, and é,. For this purpose let it be supposed that we 
have two entirely different bodies X and Y each of which makes a 
Carnot cycle in an arbitrary region of its P, V co-ordinates. The only 
limitation is that we shall assume that both bodies share the same pair 
of heat baths, and therefore the upper and lower operating tem- 
peratures, é, and ¢, respectively, are the same for both bodies. We shall 
choose the cycle for body X as. being clockwise, as in Fig. 4, so that 
positive work is done, and the cycle for the other body as being in the 
reverse direction. The heat effects per cycle are as follows: 

Body X: absorbs q, from the bath att, and rejects q, into the bath att, ; 

Body Y: rejects Q, into the bath att, and absorbs Q, from the bath 
at ¢,. 

Now by putting X through n complete cycles and Y through NV 
complete cycles, it can be arranged that ng,=NQ,. That is to say, 
whatever is the size and nature of the two bodies and the region in 
the P, V co-ordinates, we can always find integral numbers of opera- 
tion of the two cycles such that the total heat rejected by X into the 
cooler bath is equal to the heat absorbed by Y from this bath. 

Therefore, after completion of the n cycles on X and the N cycles 
on Y, the cooler bath is in the same state as originally, and this applies 
also to the bodies themselves. It follows that we must also have 
q,=NQ,, i.e. the total heat absorbed by X from the hotter bath is 
equal to the heat rejected by Y into this bath. For if this were not 
the case, we could have chosen the direction of the cycles (which are 
carried out reversibly) in such a way that a net amount of heat was 
taken from the hotter bath and completely converted into work, 
contrary to Statement A. © 

In brief, if we choose the numbers of cycles to satisfy 


ng, =NQ,, 
then we must also have N,=NQz. 
Dividing the one equation by the other 


M1 Q 
Yo Qs" 

The ratio g,/q. is thus the same for all bodies making reversible 
cycles between the same pair of isothermals, and is independent also 
of the particular pressures and volumes occurring in the cycles, 
since we could evidently have chosen these variables arbitrarily 
without affecting the result. This ratio can therefore be a function 
only of the temperatures ¢, and f,: 


a = f(t,,t,). (1-10) 
VE) 
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_ Since the work done by body X in each cycle is g,—q,, the result 
we have obtained can also be written in the form 


w 
2 Bh 1 —f(i, te), 
and the fraction of the heat absorbed from the hotter bath which is 


converted into work thus depends only on the temperatures of the 
baths. 


(b) Proof of proposition 2. Fig. 5 shows three isothermals ¢,, t, 
and ¢, (numbered to correspond to increasing degree of hotness), and 


Fig. 5. 


also two adiabatics, of a particular body. Using the result of equation 
(1-10) we have the relations 


cycle DCEF  4,/42=f(t ta), 
eycle ABCD q2/43=f(ta, ts); 
cycle ABEF = 4,/93=f(t,ts)- 
Dividing the third of these relations by the second we eliminate g, 
and obtain f 
nh F(t, ts) 
Yo ~ least) (ta, ts)’ 
and comparing this with the first relation we have 
f, ts) 
Fi\taste)’ 


Now this equation is true whatever is the value of t,. It follow 
therefore that ¢; must cancel between the numerator and denominator 
of the right-hand side of this equation. This requires that the functions 


f (4, t.) = 
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f(t, ts), ete., are of the forms f(t,)/f(t,), etc.,} that is, they are expres- 
sible as a ratio of functions of each separate temperature. Thus 


bile ca Q1/da=F (4) /f (ta), 
Ge/Ga=S (ta) /F (ts), 
91/98 = S(t) /f(ts)- 
It is also evident that Ys> a> Qs 


for if we choose to go round one of the cycles in the clockwise direction, 
& positive amount of work is done by the body and thus the heat 
absorbed from the warmer bath is greater than the heat rejected into 
the colder one. If we go in the anti-clockwise direction, work is done 
on the body and again a greater amount of heat is rejected into the 
warmer bath than is removed from the colder one (refrigeration cycle). 
Hence from the above equations we have 


(ts) > f(ts) > f(4). (1-11) 


Now #,, t, and t, are merely ‘empirical’ temperatures, as defined by 
any chosen reference body as a thermometer, in accordance with 
§1-4. It is evident that f(t,), f(t,) and f(t.) are just as good a measure of 
temperature as are t,, t, and ¢, themselves. 

The necessary criteria of any measure of temperature are: (a) it is 
equal for bodies which are at thermal equilibrium and (5) it changes 
monotonously with increase in hotness. The first of these conditions 


+ A partial differentiation of the above equation with respect to ft, gives 
Of (tes ts) f(t, 
Sty ;) —— ity fa) 2 3) = Ein) 3) 
3 
and by substituting in this relation ae the original equation we obtain 
a In f(és, ty) Q In f(t, ty) 
~ Oty at, 

It is clear that each side of this equation must be a function of é, only. Writing 
each side separately equal to the same function of t, and integrating, we obtain 
In f(ty, ts) = $(ts) + 1n f(t), 

In f(ts ts) = O(¢,) + 1n f(é,), 
where the second terms on the right-hand sides are integration constants for 

integration at constant ¢, and ¢,. Hence 


Slés: te) =flés) exp Plés), 
S(ty #3) =f(ts) exp H(ts), 
and dividing the second equation by the first 
S(t» ts) _ f(t) 
Hits ts) F(t)’ 
Therefore /(t,, ¢,) is of the form f(t,)/f(t,). 
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is obviously satisfied by f(t), because if two bodies have equal values 
_ of ¢ they also have equal values of f(#). The second condition is also 
satisfied since we have just proved the relation (1-11), that is, f(t) 
increases monotonously with increase of ¢ and thus with increase of 
hotness. 

The functions f(t) may therefore be chosen as a measure of tem- 
perature and will be denoted 7’. We thus define a scale of absolute 
temperatures to satisfy the relation 


T,/ T= 91/%as (1:12) 


where T', and 7’, are positive numbers and q, and q, refer to the heats 
rejected and absorbed respectively by a body carrying out a Carnot 
cycle between these two temperatures. The temperatures are called 
absolute because it has been shown in the previous proposition that 
the ratio ¢,/g,. is independent of the choice of the body which makes 
the cycle. 

To complete the setting up of the absolute scale it is now necessary 
merely to decide on the size of the degree. Let 7, be the absolute 
temperature of saturated steam at 1 atm pressure and let 7’; be the 
absolute temperature of melting ice at the same pressure. Then the 
size of the degree is chosen so that 


T. = T;, = 100°. 


We shall not seek to discuss the experimental procedures by means of 
which 7’, and 7’, are actually determined by means of equation (1-12). 
For the present purpose it is sufficient to assert that if a body were put 
through a Carnot cycle absorbing heat g, from the steam and rejecting 
heat q, into the ice, we should obtain the result 


92/91 = 1-366, 
and therefore T/T; = 1-366. 


Solving between the above equations we find 7;=273-2° and 
T,=373-2°. (More accurately, the accepted value} for the ice-point 
is 273°16°.) | 

As a corollary to the above we obtain 


poli: Cn: atid id (1-128) 


+ See, for example, Zemansky, Heat and Thermodynamics (New York, 
McGraw-Hill, 1951), Roberts and Miller, Heat and Thermodynamics (London, 
_ Blackie, 1951). 

¢ Following a suggestion of Giauque (Nature, Lond., 143 (1939), 623), the 
value 273-16°K is now generally accepted as the ice-point by convention. 
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This ratio should be called the ‘conversion factor’ and not the 
‘efficiency’ of the cycle. The reversible Carnot cycle is as efficient as 
any cycle can possibly be, when operating between the given pair of 
temperatures, and should thus be regarded as 100 % efficient. Any 
irreversible cycle has a lower conversion factor and may thus be said 
to be inefficient relative to the reversible one. 

It can also be readily shown that the absolute temperature, as 
defined by (1-12), is the same as the perfect gas temperature. (See 
Problem 8 on p. 59.) However, it will be recognized that this coin- 
cidence plays no essential role in thermodynamics—the basic theory 
can be developed, as in the present chapter, without any reference 
to the existence of perfect gases. 


(c) Proof of proposition 3. In this proposition we consider the 
properties of the differential dS which is defined by 
| dS = (dg/T)rey. (1-13) 
where dq is the heat absorbed by a body at an absolute temperature 7’, 
in a reversible change. The definition applies specifically to ‘bodies’ 
and not to open systems. The properties of S were discovered by 
Clausius, and it was named by him ‘entropy’ from the Greek word 
for transformation. He regarded it as a measure of the ‘transforma- 
tion content’ of a body, meaning presumably its capacity for change. 
In the present proposition we seek to prove that S is a function of 
state. Consider first of all the type of reversible cycle already dis- 
cussed, consisting of two isothermals 7’, and 7’, and two adiabatics. 
The entropy changes along the isothermals are obtained from (1-13) 


and are dg, _& 
m TT, 
dg, : 
and. i T, *T, respectively. 


(Here we have returned to the normal convention of taking g, and q. 
as being positive for heat taken in by the body.) Along the adiabatics 
it follows from (1-13) that the entropy changes are zero. Hence over 


the whole cycle we have 
pasate 
Now pocorsing. to (1-12) our absolute temperatures are chosen to 
satisfy th T, . 
Ts 


Therefore . gas =0. 
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It must now be proved that the same result applies to any type of 


reversible cycle, not necessarily consisting of two isothermals and 
two adiabatics. 

A cycle involving the generalized force y and the generalized dis- 
placement x is shown by the closed curve in Fig. 6. Let PQ be any 
portion of the path. Through P and @Q the lines RS and 7'U represent 
two adiabatics. Between these adiabatics we can draw an isothermal 
—the curve V W—in such a position that the area under the zigzag 
path PV W@Q is the same as under the actual path PQ. The work is 
thus the same along both paths, and so also must be the heat effect, 


Fig. 6. 


since the change of internal energy is independent of the path. Thus 
the heat absorbed by the body along the isothermal V W is the same as 
along the actual path PQ. Similarly, an isothermal YX can be drawn 
between the same adiabatics in such a position that the heat absorbed 
along this isothermal is the same as along the actual path NM. 
The whole of the cycle represented by the closed curve can thus 
be made equivalent, as regards its heat and work effects,} to a 
number of Carnot cycles. This is indicated in Fig. 7. Considering 
_t However, it is only in the limiting case, where the adiabatics are only 
y separated, that the heat supplied along the curved path PQ 
is supplied at the same virtually constant temperature as along the isothermal 


path VW. Thus the curved and zigzag paths become completely equivalent, as 
regards their thermodynamic effects, only in the limit, and it is this which 


justifies equation (1-14). 
3 DCE 
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the Carnot cycle ABCD farthest to the left in this diagram we have 
_ from equation (1-12) | das | baa 


oe Vo 


where dq, is the heat absorbed by the body in passing from A to B 
and éq, is the heat it absorbs in passing from C to D. Similarly we have 


Adding as many of these equations as the number of Carnot cyclesinto 
which we have chosen to divide up the actual cycle, we obtain 


s() =o, 
(7 Tey. 


and this result is valid, of course, for the complete zigzag path 
ABEF...A. — 

Thus in the limit, when the adiabatics are only infinitesimally far 
apart, we have for the whole of the closed zigzag cycle 
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Returning now to Fig. 6 it is evident that when the adiabatics RS 
and 7'U are only infinitesimally distant, the temperature change 
along the curved path PQ approaches zero. Thus dq/T' for the zigzag 
path PVWQ becomes the same as dg/7’ for the curved path PQ. 
Hence the result of the last equation applies not merely to the zigzag 
cycle but also to the cycle represented by the closed curve. 
Using the definition (1-13), we thus obtain for the arbitrary cycle 
the important result . 
$as,=0. (1-14) 


The subscript s has been added in order to make it clear that d89, is 
the entropy change of the system which takes in the heat dq, and it 


does not include the entropy change of the heat reservoir which gives ° 


up this heat. 

The result (1-14) shows that the entropy is a function of state for 
the body. Thus if we consider the change of state, (T',, P,)-> (7's, Px), 
by a particular path a, and the return to state A by the path f, we 
have for the whole cycle A-> B> A 


. B 4 
| Span a+ { DSpatn ¢ = 0, 
A B 


B B 
and therefore | ASpath a -| ASpatn g- 
A A 


The change of entropy of a body is thus the same for all paths be- 
tween given initial and final states and is determined entirely by these 
states. 

What has just been said must, of course, be true even if the chosen 
path does not correspond to reversible conditions, i.e. if it is a ‘natural 
process’. The entropy change of the body (i.e. the system in question) 
is precisely the same, because it has been shown to be a function of 
state. However, it will be shown in §1-12, that the equality (1-13) 
must then be replaced by the inequality 


In other words, for a given change of state of a body the entropy 
change is constant, but the heat taken in is less for the irreversible 
path than for the reversible one. This implies, of course, that the two 
types of path do not give rise to the same changes of state in the 
environment. 

‘The entropy has been shown to be a property of a body and is also 
clearly a member of the extensive class. Thus suppose that a body 
consists of n parts, each at the same temperature 7’. If these various 
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parts absorb the quantities of heat dq,,dq,,...,dg, under reversible . 
conditions, their entropy changes are 


respectively. The sum of these is 72dqp and since Xdq, is the total 
heat, dg, absorbed by the whole body, we find that the sum of the 


entropy changes of the various parts is equal to the overall entropy 


change. 
From a mathematical standpoint the present proposition amounts 
to the demonstration that the absolute temperature 7’ is an inte- 


‘grating denominator for dg in a reversible change, i.e. dS = (dq/T’)rev. 


is an exact differential. The possibility of defining 7’ depended, in its 
turn, on the use of Statement A, concerning the impossibility of 
achieving a conversion of heat into work by use of a heat bath and 
no other body.t 


(d) Proof of proposition 4. In this proposition we are con- 


. cerned with the magnitude of the change of entropy, S,;—S,, between 


a state A and a state B of a system within an adiabatic enclosure. The 
change A->B may be a change of composition, due to chemical 
reaction, or any other change of a closed system, such as those shown 
in Table 1. Let it be supposed, for the moment, that it is not known | 
whether the change in question is reversible or not. 

Now the defining equation (1:13) for an entropy change is only 
applicable under reversible conditions. We shall therefore suppose 
that, after the original process 4->B has taken place within the 
adiabatic enclosure, the reverse change of state B- A is carried out 


+ The fact that the second law is concerned with the heat and work relation- 
ships of two bodies is seen very clearly in Born and Carathéodory’s formulation. 
For a single body undergoing a reversible change of temperature ¢ and volume 
V we have from the first law: 


oe + (Gp) 27} 2 


An equation of this form, in which there are only the two independent vari- 
ables ¢ and V, always has an integrating denominator. However, for two 
bodies, 1 and 2, at the same temperature, the equation must be written 


(0+ U,) 00, 

aca waa Gr 
‘This equation has an integrating denominator (namely, the absolute tem- 
perature) only when a certain condition is satisfied. This condition is the 


impossibility of certain changes of state, under adiabatic conditions, as 
discussed in § 1-9. 


oU, 
+P,) dVi+ (ri+Ps) aV;. 
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under conditions which are known to be reversible. In the general 


case, as we have noted previously, this return process cannot be 
carried out adiabatically. Let it be devised in such a way that any 


heat, gp_,,, Which must be absorbed by the system is taken in from 
a singlet heat bath at a temperature 7' (Fig. 8).- 

Denoting by w,.,, and wg,, any work which is done on the 
outward and return paths respectively, we have from the first law 


Vp» a = Wyg->pt Wp-ras- 


Now 93,4; the heat absorbed by the system, must clearly be either 
negative or zero. For if it were positive it would correspond to the 
removal of a positive quantity of heat from the heat bath and its 


Vv 

Fig. 8. Illustrating an irreversible adiabatic gas expansion, from A to B, 
along the dotted curve, and a return path along two reversible adiabatics 
BC and DA, and the reversible isothermal DC. The only heat effect in the cycle 
is the heat q,_,, absorbed along CD. 


complete conversion into work, without leaving a change in any other 
body. (The system itself has completed a cycle.) By definition the 
entropy change of the system in the reversible return path is 


8,—S_= 224, 
and must therefore be either negative or zero. The entropy change 
S,;—S, on the original outward path is equal and opposite to that on 
the return path, according to the third proposition, and is therefore 
esther positive or zero. 

The second of these two possibilities clearly corresponds to the 
case where the original process A->B was also a reversible one—for 


+ This condition can always be attained even if the return path cannot be 
devised in the simple manner of Fig. 8. For example, use may be made of a 
heat engine which absorbs heat from the prescribed heat bath at 7' and delivers 
heat into the system at any necessary sequence of temperatures. 
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if a process is both reversible and adiabatic the entropy change is 
zero by the defining equation (1-13) (and qz-_,4 must also be zero).f 

The other possibility, where S,—S, is positive, corresponds to the 
case of an irreversible process, and its irreversibility lies in the fact 
that the system has been restored to its original condition only at the 
cost of transferring heat into a heat bath. 

Thus the inevitable result of an irreversible process is the creation 
of entropy, and the system can be restored to its original condition 
only by the removal of heat. That is to say, the created entropy must 
be transferred to some other body, such as a heat bath, which thereby 
undergoes a change of state. If the heat bath, in its turn, is restored 
to its original condition, it necessitates a gain in entropy of some third 
body, and so ad infinitum. As remarked already in §1-10, natural 


_ processes can never be reversed in their entirety. It is only in the limiting 


case, where the changes are carried out under reversible conditions, 
that the overall entropy change of the system and its environment 
approaches zero. 


1-12. Final statement of the second law 


As a result of the last two propositions, the second law can now be 
expressed as follows: | 

(a) the entropy S, defined by dS =(dq/7’)rev., is a function of state; 

(6) the entropy of a system in an adiabatic enclosure can never 
decrease; it increases in an irreversible process and remains constant 
in a reversible one. 

This second result must apply to each infinitesimal stage of a 
process, as may be seen by applying the last proposition to an in- 


finitesimal change of an adiabatic system, instead of to a finite change. 


We can therefore writet dS 20, 


where § refers to the total entropy of an adiabatic system. Alter- 
natively, if we sum the entropy over all parts of a system which are 
in thermal contact, we have xdS, >0. 


{ If gs-4 is zero it means, of course, that we are able to make the return 
path B->A under adiabatic conditions and this may seem contrary to State- 
ment A and the discussion of §1-9. The answer to this paradox is that if the 
change A—>B takes place adiabatically and reversibly it does not give rise to 


‘the same final state B as if it took place adiabatically and irreversibly, i.e. the 


final state should be denoted B’. Tho final states B which were specified, in 
regard to their temperatures, etc., in Table 1 are those obtained by entirely 
uncontrolled processes of mixing, reaction, etc., within the adiabatic enclosure. 
t This equation might be written more explicitly as 
dS/dét> 0, 
where dé is an infinitesimal increase in time. However, in thermodynamics 
d# is alwaya taken as being positive. 
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For many purposes it is convenient to convert this relation into an 
equality by defining a quantity co: 
xd8;=de, : ~ (1-15) 

and do is clearly the amount of entropy which is created in the given 
process. According to the second law it is positive for an irreversible 
process and zero for a reversible one. It can never be negative. 

As a corollary to the above, consider a thermodynamic system 
contained within a heat bath. The two together are an adiabatically 
isolated system, and therefore from (1-15) we have 


dS,+d8,=de, 


where its subscripts s and r stand for the system and the heat bath 
respectively. Let it be supposed that any irreversible changes taking 
place within the system are fairly slow, so that the heat bath main- 
tains a uniform temperature 7,. If the system absorbs heat dq, the 
same amount of heat is lost by the bath and its entropy change is 


dS, = —dg/T,. 
Between the last two equations we obtain 
dS, —-dq/T,=de, (1-16) 
or, expressed in an alternative manner, 
dg/T, < d8,, 


where the equality sign refers to the reversible path and the in- 
equality sign to an irreversible one. Now in any change of a system 
between two states, A and B, the entropy change is the same irrespec- 
tive of whether the path is reversible or not. It follows from (1-16) 
that it is the heat effect which is different, there being a smaller 
intake of heat along an irreversible path than along a reversible one 
(or, in the case where heat is evolved, it is greater). 

It may be remarked that the principle that entropy can only 
increase or remain constant applies only to a closed system which is 
adiabatically isolated. Whenever a system can exchange either heat 
or matter with its environment, an entropy decrease of that system is 
entirely compatible with the second law. Living organisms, for 
example, are ‘open’ to their environment and can ‘build up’ at the 


+ The meaning of the term heat bath or heat reservoir was discussed pre- 
viously in §1-7. It signifies a body which acte merely as an acceptor or donor 
of heat whilst’ remaining of constant volume and undergoing no internal 
irreversible changes such as mixing, reaction, etc. It is only when this latter 
Pear is satisfied, i.e. when there is internal equilibrium, that we can write 

dS, = —dg/T,. For in this case the change of state of the heat bath is entirely 
by the heat transfer dq and dS, is therefore the same whether this 
transfer is reversible or not. 
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expense of the foodstuffs which they take in and degrade. Astro- 
nomical bodies, such as the sun, are continually losing thermal energy - 
or radiation and may also be gaining matter in the form of dust. The 
entropy of such bodies may be either increasing or decreasing. 


1:13. A criterion of equilibrium. Reversible processes 


As we have seen, the only changes which can take place in an 
adiabatic system are those in which the entropy either increases or 
remains constant. The same applies, of course, if the system is com- 
pletely isolated, that is, if it does no work, as well as being within an 
adiabatic enclosure, so that the internal energy is constant. Thus 
whenever a system could change 
from a state of lower to one of 
higher entropy, within an enclosure 
of constant volume and energy, it 
is possible, in a thermodynamic 
sense, for this change to occur. §$ 
For example, consider the reaction 

A+B=C 
taking place in an isolated vessel. 
If we start with one mole of A 
and one mole of B, the formation 
of C may be expected to continue 
for as long as the entropy of the 
system increases. There will-be a certain mixture of A, Band C beyond 
which no further increase of entropy takes place. The same mixture 
will be obtained, also with increase of entropy, if we were to start 
with pure C. The formation of an equilibrium mixture is thus attended 
by an increase of entropy whether it is attained from the left or right 
of the chemical equation. In the equilibrium state the entropy is 
therefore a maximum. In general, for systems of constant energy and 
volume, the condition of equilibrium is the attainment of the maxi- 
mum entropy consistent with this given energy and volume. Any 
variation about the equilibrium state could only decrease the entropy. 

The trend towards equilibrium is shown diagrammatically in 
Fig. 9. It does not follow, of course, that when an increase in entropy 
is possible, the change will necessarily take place at an observable 


Time 
Fig. 9. The trend to equilibrium. 


speed, This is shown by the example of a hydrogen-oxygen mixture 


and many other thermodynamically metastable systems which may 
persist for centuries without visible change. Thermodynamics has 
nothing to say about the rates of processes. 

In § 1-10 a path between two states A and B of asystem was defined 
as being reversible if the cycle A -> B > A could be completed without 
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leaving a change in any other body. The total entropy of the system 
and its environment must therefore remain constant throughout the 
cycle, any entropy change in the system being compensated by an 
equal and opposite change in the entropy of the environment. The 
reversible path is evidently one which passes through a continuous 
sequence of states, none of which differs more than infinitesimally 
from a condition of equilibrium. That this is the case may be seen 
more clearly by considering two examples. 


Thermal equilibrium. If the only process which a body undergoes is 
the addition or removal of heat the effect of this addition or removal 
is to cause a definite change of state (since in this case dg=dU) and 
thereby a definite change of entropy. The equation _ 

dS = dg 


T 


is therefore applicable to. processes of pure heat transfer, even when they 
are not carried out under reversible conditions, provided that the tem- 
perature remains sensibly uniform throughout the body.f (See also the 
discussion on the heat bath in a footnote on p. 39.) 
Consider the transfer, under the above conditions, of a quantity of 
heat dq from a body at a temperature 7’, to another body at the tempera- 
_ture 7',. The overall entropy. change is 


dS =dS,+d5, 
_dg_ dg 


TF, 
=dq(T,—1;)/T, Ty 


Since dS must be positive or zero, 7, >, and thus the heat flows from 
the hotter to the cooler body, in agreement with experience. The creation 
of entropy in the system continues for as long as 7, exceeds T, and the 
state of equilibrium requires equality of these temperatures. This is in 
accordance with the meaning of temperature as discussed in §1-4. 
A reversible transfer of heat thus requires that there shall be only an 
infinitesimal temperature difference. Thus if 7,—7, is an infinitesimal, 
the value of dS in the above equation becomes equal to dgdT'/7" and is 
of the second order of smaliness. 

The above theorem, like all those which have appeared so far, is based 
on the supposition that there is no exchange of matter between the 
bodies. If such an exchange takes place the notion of heat flow becomes 
ambiguous and we ean speak only of the total energy flow. 

Mechanical equilibrium. If a fluid, at a pressure P, expands by an 

-amount dV against an external pressure (P~ éP), the work done by the 
fluid is (P-—é8P)dV. The corresponding recompression of the fiuid 


{ This condition would be approximately satisfied by carrying out a heat 
transfer between two bodies through a very thin wire, whose entropy change 
may be neglected. 
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requires a pressure, (P+éP), which is larger than P, and the work done 
on the fluid is (P+éP)dV. These two quantities of work become equal, . 
and the processes thus satisfy the definition of reversibility, only in the 
limit where 6P approaches zero. It will be noted that the same condition 
maximizes the work done by the fluid during expansion and minimizes 
the work done on the fluid during compression. 

It will be shown in more detail in § 2-9 that the condition of mechanical 
equilibrium requires equality of pressure across any movable interface, 
provided that no changes of interfacial area are involved. 


1-14. Maximum work 


Consider a change of a system from state A to state B. From the 
first law 

U, Bo U, =q-—w. 
As noted previously g and w vary according to the nature of the path 
between the two states—it is only their algebraic sum which is con- 
stant. It will now be shown that the second law places a restriction on 
the maximum amount of work which may be obtained. 

It has been shown already that if a system absorbs heat dg from a 
heat reservoir at temperature 7',, the entropy change of the system 
is given by equation (1-16): 

dq 
dS,= Tr, +de, 
where do is the created entropy and is positive or zero. Subscripts 
8 and r denote the system and the heat reservoir respectively. Now 
from the first law 


dg=dU,+dw, 
and therefore dS,= (dU, + dw)/T,+de, 
or dw=T,dS,—dU,—T,do. (1-17) 
Expressed alternatively : 
dw <T,d8,—dUy, (1-18) 


where dw is the work done by the system. 
Let it be supposed that the heat bath is a ae one. In this case 
T,remains constant and we obtain by integration of the above relation 


w<T,(S3—S4) —(Ug—U,). 


Now for passage between the assigned states A and B the right-hand 
side of this expression has a definite value since U and S are functions 
of state. It follows that the work w which is done by the system cannot 
be larger than a certain quantity, which may be denoted w,,,,, and 
this is obtained in the reversible type of process, which corresponds 
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to the equality. sign in the above equation. If the process is not | 


reversible it yields a smaller amount of work and there is a corre- 

spondingly smaller intake of heat, as follows also from equation (1-16). 
Conversely, the work which must be done on a system, in order to 

obtain a given change of state, is least for the reversible path. In any 

irreversible change a greater amount of work must be.done on the 

system and there is also a larger positive heat evolution—energy i is 
‘dissipated’ as heat. 

Consider the case where the only form of work is a volume change 
dV,, and let it be supposed that the process is carried out under 
’ reversible conditions. The pressure acting on the system is therefore 
equal to the pressure P, within the system (§1-13). Similarly, the 
temperature 7’, of the reservoir must be equal to the temperature 7’, 
of the system in contact with it. Therefore under these conditions 


(1-18) may be written PAV,=7,a8,—dU,. 


Since all symbols now relate to the system itself, the subscript s may 
be deleted and the equation rearranged to give 


dU=TdS—PdV. (1-19) 


As an example we shall consider the expansion of two moles of a perfect 
gas from the state (0-51., 300° K) to the state (51., 300° K). 

Consider first of all the case where the expansion is carried our rever- 
sibly, the external pressure being adjusted at each moment to be only 
infinitesimally smaller than the pressure of the gas itself. Thus at any 
moment when the volume is V the pressure is nRT/V, where n is the 
number of moles. The temperature being held constant at 300° K, the 
work which is done by the gas is 


- i} PdV=nRTInJ,/V, 


= 2 x 1-986:x 300 In (5/0-5) 
= 2740 cal. 


This is equal to the heat taken in, since the internal energy of a perfect 
gas remains constant at constant temperature. The entropy change of 
the gas is therefore 2740/300 = 9-13 cal/°C. The corresponding entropy 
change of the body which supplies the heat is —9-13cal/°C and the 
‘overall entropy change is zero. 

Consider the case where the gas expands against a zero pressure, 
e.g. by opening & tap which admits the gas into a vacuum chamber. In 
this case no work is done by the gas on expansion. For the same initial 
and final volumes and temperatures, the entropy change of the gas is 
the same as calculated above, + 9-13 cal/°C, since the change of state is 
the same. However, in this instance, since no work has been done, no 
heat has been taken in and the entropy.change of the environment is 
zero. Therefore there has been a creation of entropy of 9-13 cal/° C. 
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In any intermediate type. of expansion, in which the gas expands 
against a preesure which is greater than zero, but less than that of the 
gas itself, the entropy creation will lie somewhere between zero and 
9-13 cal/°C. It would be calculable if a measurement were made of the 
actual amount of work done. It is only in the extreme case of zero work 
that the entropy creation can be calculated accurately by means of the 
type of calculation carried out above. 


1-15. The fundamental equation for a closed system 


Equation (1-19) is the basic equation for a closed system, i.e. one 
which does not exchange matter with its environment. It may be 
derived more directly as follows. From the first law 


dU =dg—duw, 
and for a reversible change we can substitute 
‘dg=Tds, . 
dw=PdV, 
and thus dU=TdS—Pd¥J, .: 


This equation is applicable only when volume change is the only 
form of work. It is also applicable only to closed systems which are 
in a state of internal equilibrium, since all our considerations so far 
have been based upon these. However, the equation is entirely 


applicable to a system which changes its composition due to internal 


chemical reactions, provided that these take place reversibly and also 
that no work is performed other than that due to volume change. 
As regards the application of the equation to irreversible paths the 
following may be said. The derivation was based above on a reversible 
change, since it is only for such a change that we can, in general, write 
dp=T dS. The resultant equation gives the change, dU, in the internal 
energy of the system, which is at a particular temperature 7' and a 
particular pressure P, in terms of the corresponding changes of entropy 
and volume, All of these quantities are functions of state. Moreover, 
provided that there are no irreversible changes of composition,t the choice 
of any two of the variables will determine the state of the system and 
therefore will determine the values of the other three variables. Thus, 
if we consider a change between a, defined initial state and a defined 


t If the system in question consists of two or more homogeneous phases 
whose pressures are not equal, due to the presence of rigid barriers or curved 
interfaces, then (1:19) must be written for each phase separately. 

¢ Such as would be caused either by diffusion or chemical reaction taking 
place in an irreversible manner within the body, i.e. an absence of internal 


equilibrium. 
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final state, the integral of the equation must be valid even if the path 
is not a reversible one (but excluding irreversible changes of com- 
position). Thus, as we go from an initial state (P,,7',) to a final state 
(Ps, Ty), the changes of U, V and S all have definite values, depending 
only on these states, and it is of no interest how this change takes 
place. This may, perhaps, be seen more clearly by rewriting the 
equation in terms of 7’ and P as independent variables: 


os os 
av=1{ (55) a+ (55), aP| 


-P{(=r) 2+ (Gp), 27) Per 


Despite what has just been said, the terms 7'dS and PdV can be 
_ identified as heat absorbed and work done, only in the case of a rever- 
sible path. Thus we can write 


dq—dw=dU = TdS~—Pay, 


but whenever the process is irreversible dq is less than 7'dS and dw 
is less than PdV. (It is to be emphasized that P in the above equation 
refers to the pressure of the system siself, and therefore, in an irrever- 
sible expansion, it is larger than F,, the external pressure against which 
the work is done.) . . 

Finally, it may be noted that in a cyclic process we have 


dU =0, 
and therefore from (1-19) | 
| ppd V= pras. 
The work performed in a reversible cycle may thus be obtained 


either as an area on the P-V diagram or as an area on the 7’. diagram 
of the particular substance which passes through the cycle.f 


1-16. Summary of the basic laws 


It is useful to summarize, in outline. the argument of the present 
chapter. The state of a system was regarded, at the beginning, as 
being determined by the two variables, pressure and volume, whose 
nature was taken as being understood. The experimental knowledge 

embodied in the zeroth law was then used to show the existence of 


{ Line integrals such as | PdV are not zero when taken round a closed path 
because P is not a function of V only. 


PRES es On ete a a SMe ad ct aaa abe La ee ee Ue dad la hn evant 


Svs, 


oT RE Rn reine 


46 Principles of Chemical Equilibrium [1-16 
& certain function of the pressure and volume, ¢=i(P, V),} which 
determines whether or not two bodies are in thermal equilibrium. 
This function was called the temperature, which thereby becomes an 
extra variable of state. We can invert the relationship and write 
V=V(t, P) or P=Pt(t, V). 

It was then shown, as a result of Joule’s experiments, that the total 
work expended on a body in.an adiabatic process depends only on 
the initial and final states. This work can therefore be expressed as 
equal to the change in a quantity U, which is again a function of 


state: U=U(P,V) or U=Utt,P). 


Finally, we discussed the fact that certain changes are impossible 
under adiabatic conditions. The possibility or impossibility of the 
change A ->B depends on the characteristics of the states A and B. 
There was thus shown to be a new function of state, the entropy, such 
that if S,>8, the change is a possible one, within an adiabatic 
enclosure. The same empirical basis allowed also of the definition of 
an absolute temperature, 7’, which is independent of the properties 
of any particular substance. 

Thus, in brief, the whole of the fundamental part of thermo- 
dynamics may be regarded as the discovery of the quantities T, U 
and §. Their importance lies precisely in the fact that they are func- 
tions of state.[ That is to say, they form exact differentials and their 
changes are independent of the path which is taken between assigned 
initial and final states. It would not be possible to develop an adequate 
thermodynamics on the basis of heat and work only, because their 
magnitudes depend on the details of the path, 

From a rather different point of view, the importance of U is that 
it is a quantity which remains constant in an isolated system. On 
this basis it is possible to establish the useful and familiar ‘energy 

+ This symbolism means simply that ¢ is a function of P and V. 

} It may be asked, what are these functions? Thermodynamics alone does 
not supply the answer, which can be obtained only by using additional know- 
ledge concerning the behaviour of the molecules of which the system is com- 
posed. It is part of the programme of statistical mechanics to obtain U, V 
end § as explicit functions of 7’ and P, but so far this has been achieved only 
in the simplest instances. For example, in the case of a perfect monatomic 
gas, we have per mole 


V=RT/P 
_3RT 
a a 
MATH 5 27\t RE 


where his Planck’s constant, Nis the Avogadro number and M is the molecular 
weight. (See Chapter 12.) 


117 First and Second Laws 47 
balance’ of a process. However, the great value of thermodynamics 
is its application to systems in which there is an additional restriction, 
namely, a state of equilibrium. For such systems the entropy is also 
constant, and it is from this result that the most useful relations may 
be obtained. 


TABLE 2 


Characteristic 


T Determines thermal equilibrium 
U Determines the algebraic sum of heat and work 
Determines which of two states precedes the other 


1-17. Natural processes as mixing processes 


The reason for the irreversibility of natural phenomena and the 
significance of entropy can be made much clearer as soon as we have 
recourse to the atomic theory of matter. A discussion on these lines 
is actually quite foreign to pure thermodynamics, but it is so helpful 
to the understanding that a preliminary account will be given in this 
section, and also the following one, and will be followed up in more 
detail in Part III. 

As soon as it is accepted that matter consists of small particles 
which are in motion it becomes evident that every large-scale natural 
process is essentially a process of mixing, if this term is given a rather 
wide meaning. In many instances the spontaneous mixing tendency 
is simply the intermingling of the constituent particles, as in the 
interdiffusion of gases, liquids and solids. It arises because at the 


interface between two phases there are always a certain number of — 


atoms or molecules whose direction of movement tends to carry them 
across the boundary. Similarly, the irreversible expansion of a gas 
may be regarded as a process in which the molecules become more 
completely mixed over the available space. 

In other instances it is not so much a question of a mixing of the 
particles in space as of a mixing or sharing of their total energy. For 
example, if blocks of tin and copper are placed in contact there is, 
on the one hand, a slow diffusional mixing of the atoms themselves 
and, on the other hand, a very much more rapid exchange of energy, 
taking place through the mechanism of the atomic vibrations at the 
interface. The irreversible process of temperature equalization may 
thus be regarded as a mixing of the available kinetic energy. Similarly, 
in the irreversible process of friction, the kinetic energy of a body as 
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a whole is converted into the random energy of its component 
molecules. . 

Rather less obvious is the example of chemical reaction. Here it is 
a question of the mixing or ‘spreading’ of the total energy of the 
system over the whole range of quantized energy levels of the re- 
actants and products. The occurrence of the reaction causes a larger 
number of these quantum states to become accessible, namely, those 
corresponding to the products. The final equilibrium composition of 
an adiabatically isolated reaction system is the composition at which 
the available energy is distributed over the various quantum states 
in the most completely random manner. By computing the state of 
the system for which this ‘mixing’ is most complete it is possible to 
calculate the equilibrium constant of a reaction in a perfect gas from 
a. knowledge of the energy levels of the various molecules (Chapter 12). 

There are thus two rather distinct types of mixing process; the 
first is the spreading of particles over positions in space, and the 
second is the sharing or spreading of the available energy of a system 
between the particles themselves. In certain instances these two 
factors may oppose each other. We have spoken of the tendency of 
two liquids, A and B, to mix, but miscibility is not always complete. 
If the relative magnitude of the A-A, B-B and A-B molecular forces 
are such that complete mixing would cause an increase in the potential 
energy of the system, this energy would have to be withdrawn from 
the kinetic energy of the molecules (translational, vibrational and 
rotational motion). There would thus be a smaller amount of energy 
to be distributed over the quantum levels of these states of motion. 
In brief, complete mixing would increase the spatial or configurational 
randomness of the system, but would decrease its thermal randomness. 
The degree of miscibility at equilibrium is determined by the com- 
position of the two phases at, which the overall randomness is a 
maximum. \ 

In order to extend the mixing idea a little further it is instructive 
to carry out some calculations on the slow interdiffusion of two | 
crystals. We shall suppose that we place in contact two crystals, 
composed of atoms A and B respectively, which are sufficiently 
alike in lattice structure so that the atoms may be interchanged 
without any change in the energy states of the crystals (in thermo-— 


- dynamic terms the resultant mixed crystal of A and B would be 


called an ‘ideal’ solid solution). Under such conditions we are 
concerned only with a mixing over positions in space, and not with 


‘any randomization of energy over energy states, since the latter are 


assumed to be unchanged. 
For ease of calculation it will be supposed that the crystals each 
contain four atoms only. Initially all A atoms are to the left of the 
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plane P, and all B atoms to the right of this plane, as shown in Fig. 10. 
Bearing in mind the indistinguishability of the A atoms amongst 
themselves and the similar indistinguishability of the B atoms, there 
is just one arrangement in the initial state of the system. Thus 


Oy: 9= ’ 


where ,., stands for the number of arrangements of the type in 
which there are four A atoms to the left and none to the right of 
the plane. 

Consider the state of the system in which there is one A atom to the 
right of the plane and one B atom to the left. The A atom can be 
placed on any one of the four right-hand sites and the B atom on any 
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Fig. 10. Mixing of two perfect crystals. 


one of the four left-hand sites. There are therefore 16 arrangements 
of this type, all of which are physically distinguishable. Thus 


:1= 16. 


The number of arrangements in which there are two A atoms to 
the left and two B to the right is rather less obvious. One such arrange- 
ment is shown in Fig. 11. The first A atom moved to the right can 
occupy any one of four sites and the second one can occupy any one 
of the three remaining sites. However there are not 4x 3 arrange- 
ments, but only 4 x 3/2!, since the interchange of the two A atoms 
between themselves on the same sites does not give rise to a new 
arrangement which is physically distinguishable from the old one. 
The 4 x 3/2! arrangements of the A atoms on the right-hand side can 
be combined with any of the 4x 3/2! arrangements of the B atoms 
on the left-hand side. Thus the total number of physically distinct 
arrangements or ‘complexions’ of this type is | 


O..3= 36. 
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Proceeding in this way we can construct Table 3 as shown. The total 
number of complexions of all types is 

| Q=70, 


which is equal to 8!/4!4!, the number of ways of distributing four A 
atoms and four B atoms between eight sites, allowing for the indistin- 
guishability of the A atoms amongst themselves, and of the B atoms 
amongst themselves. 


CSG Faye ac nee 


Atoms to left ; 
of plane Number of complexions 


ixl= 1 
4x4=16 

(4x 3/2!)?=36 
(4x3 x 2/3!)?=16 
(41/4!R= 1 


We come now to the point of the calculation. In the absence of any 
reason to the contrary, it seems sensible to assume that any one of the 
seventy complexions is as likely to occur as any other. Therefore, 
after the two original crystals have been in contact for a very long 
time, we may expect to find the system, with equal probability, in 
any one of the seventy arrangements. If it is separated into two parts 
at the original dividing plane, the probability is 1/70 that the left-hand 
crystal will contain four A atoms, it is 16/70 that it will contain 
three A atoms and one B atom, and it is 36/70 that it will contain two 
atoms each of A and B. The last of these is what would be called the 
‘most completely mixed state’ (relative to the chosen reference plane), 
and it is seen to be the most probable end-state of the mixing process 
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simply because it is made up of a much larger number of arrangements 
than any of the others. 

It may be noted, however, that the system having attained one of 
the 36 configurations belonging to the ‘well-mixed’ class, it can still 
momentarily return to any of the other configurations of the system, 
such as the initial one itself, All that we have shown is that we are 
much more likely to find our system in a mixed condition than in an 
unmixed one, after it has been left in isolation for a time long enough 
to allow the atoms to wander into any of the sites. The probability 
of a return to the original condition becomes progressively less as 
we consider larger and larger numbers of atoms. For example with 
six atoms each of A and B there are altogether 924 complexions; 
400 are of the 3 : 3 type; 225 each are of the 4: 2 and 2 : 4 types; 36 each 
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are of the 5:1 and 1:5 types and there is only one each of the 6:0 
and 0:6 types. 

Further consideration shows that the plane which was assumed to 
separate the two crystals has played an important role in the above 


discussion. This may be seen by considering the atomic arrangement — 


shown in Fig. 12. Relative to a division at the vertical plane, as used 
previously, it is one of 36 equivalent arrangements of the 2:2 type. 
Relative to the horizontal plane Q it is of the 4:0 type and is the only 
arrangement of its kind. The calculation of the number of arrange- 
ments of a given class, e.g. 4:9, thus always presupposes a statement 
on how that class is defined. On the other hand, the total number of 
complexions, Q=70, is not dependent on any choice of a reference 
plane, but only on the number of atoms of each type and on the limits 
of our possible knowledge concerning distinguishable arrangements. 
Summarizing the above, it seems that a natural process is one in 
which there is an increase in ©, the number of complexions which are 
accessible to a system. Thus, in the above example, Q increases from 
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unity, corresponding to the initially known condition of the system, 
to a value of 70, the number of configurations in any one of which it 

might exist. As we shall see in the next section, the deeper significance 

of the irreversible process is that we cannot predict which of the 70 

complexions the system will actually occupy at a given moment. 

Under conditions of adiabatic isolation (i.e. in the absence of a fresh 

experimental determination of where the atoms actually are) there is 

thus a loss of knowledge during the irreversible change. 

We come now to the relationship of the above ideas to the entropy 
of thermodynamics. The adiabatic mixing of the two crystals would 
certainly be attended by an increase in entropy and, as we have seen, 
it is also accompanied by an increase in 0, which measures the 
decrease in our knowledge concerning the actual state of the system, 
as compared to the initial state. We may therefore expect a relation- 
ship between § and 2. 

The latter quantity must first be defined more closely, so that it 
may be applied to examples other than the one which has been 
discussed. Q is the total number of distinguishable micro-states, or 
‘complexions’, which are confined within a given macro-state of a 
system, this macro-state being characterized by fixed values of the 
energy, volume and numbers of particles of specified kinds. Thus 


2=Q(U,V,N,), 


where N, is the number of particles of the ith kind. In other words, 
~ Qis the number of independent quantum states which are accessible 
to a system. To compute changes of Q we need to know the number of 
atoms of various types and the number of distinguishable positions 
in, space which they can occupy. If it is a question of randomization 
over energy states, as well as over spatial positions, we shall also need 
to know what are the distinguishable energy states. 

In the absence of any reason to the contrary, all of the OQ quantum 
- states of a system (compatible with the given values of U, V and N;) 
are assumed to be equally probable, i.e. have equal weight. This is 
the basic assumption of statistical mechanics. 

We shall now put forward the hypothesis, which derives from 
Boltzmann, that the entropy of a system is related to its Q by the 


equation g=khnQ, (1-21) 


where k is a constant. The correctness of this hypothesis must be 
judged by its quantitative success. (see Part ITI), but we shall put 
forward the following preliminary points in its favour. In the first 
place, both S and Q are properties of the system and are functions of 
state, being determined by U, V and the N;. Secondly, they both 
tend to increase in an irreversible process. Thirdly, the assumed 
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logarithmic form of the relationship is the only one which will make 
the multiplicative properties of Q compatible with the additive pro- 
perties of entropy. Thus suppose that we consider two parts, 1 and 2, 
of a system, each having fixed values of its energy, volume and com- 
position. Each of the Q, complexions of the first part can be chosen in 
combination with any of the Q, complexions of the second part. The 
total number of complexions for the combined system is therefore 


Q=0,Q,. 


Taking logarithms and applying equation (1-21), we obtain for the 
total entropy of the system mets 


S=kiInQ 
=kinQ,+knQ, 
= 8, +8). 


The functional relationship (1-21) thus makes the entropy additive, 
as it should be. 

If (1-21) is applied to the process of mixing of two crystals as 
discussed above we obtain 


AS=kIn70—kIn1=kIn 70, 


In the more general case where one crystal contains NV, atoms of A 
and the other contains N, atoms of B, we obtain 
(Na+)! , 

AS =kIn WN,! (1-22) 
It will be shown in a later chapter that this result is in exact agree- 
ment with the value obtained by pure thermodynamics for the 
entropy of mixing of an ideal solution. It must be noted, however, 
that the above calculation is based on the supposition that the inter- 
diffusion of the A and B atoms does not affect the energy states of 
the system. The calculated entropy change, kn 70, is the change in 
the configurational entropy of the system, and it is a correct result for 
the total change in entropy only when there is no additional change 
in Q arising from a redistribution of the energy of the system over 
changed energy levels.f Thus in the initial state of the system, as 
shown in Fig. 10, it would be incorrect to write S =~ kIn 1 =0 as an ex- 
pression for its total entropy; the atoms are in a state of vibration 
about their lattice points, and the crystal has a value of Q due to the 
number of ways in which the energy can be arranged over the energy 
levels. This number is very large at room temperature. 


} For further discussion on this point see §11-12 and Chapter 14. 
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Another preliminary example of the application of (1-21) is the 
isothermal expansion of a perfect gas from a volume V,, to a volume V3. 
For the ith molecule let 2.,; be the number of complexions or quantum 
states accessible to this molecule before the expansion and let Q,, be 
the corresponding number after the expansion. It is reasonable to 
suppose (and provable in quantum theory) that the ratio Q4,/Q,, is 
equal to V,/Vz. In fact, the former ratio may be regarded as equal 
to the probability that the given molecule is still present in the 
smaller volume V, after the larger volume Vz has become available 
to it. Since the molecules are independent we can obtain the overall 
value of 2,/Q, by multiplying the value of Q4,/Q,,; for the ith 
molecule by the corresponding values for all other molecules. Thus 
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where JN is the total number of molecules. Thus from (1-21) 


Qs, Vp 
as alas eae is a 
Now in the problem discussed in §1-14 it was seen that a purely 
thermodynamic result for the entropy increase in the isothermal 
expansion of one mole of a perfect gas is 


S,—S,=R wV3/V4. 


The equation (1-21) is therefore consistent with the thermodynamic 
result if we identify Boltzmann’s constant, k, with R/N, where N is 
the Avogadro number. 

As a result of the above discussion what can be said about the 
meaning of entropy if our basic assumptions are correct? It is evi- 
dently a measure of the ‘mixed-up-ness’ of a system—a phrase used. 
by Gibbs. It can also be said that high entropy states are those which 
have a high probability. The quantity Q is sometimes referred to as 
the ‘thermodynamic probability’, because the ratio Q4/Q; for the 
distributions A and B of a system is a measure of the relative frequency 
with which we should expect to find these distributions, under 
adiabatic conditions. (But note that Q is always greater than unity.) 

Another common interpretation of entropy is in terms of order and 
disorder, but this is not entirely appropriate. To quote an example 
due to Bridgman, a supercooled liquid will spontaneously crystallize; 
if this takes place under adiabatic conditions the entropy of the 
resulting crystal will be higher than that of the supercooled liquid, 
but it would be difficult to claim that there is an increase in ‘disorder’. 
The answer to the paradox lies in the fact that the thermal or kinetic 
energy is increased during the process of crystallization, due to the 


> 
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decrease of potential energy on formation of the lattice. Thus, although 
there is a, decrease of configurational entropy, consequent on the more 
orderly arrangement of the lattice as compared to the liquid, there 
is a more than compensating increase in thermal entropy, due to the 
randomization of the liberated potential energy over the vibrational 
motions of the atoms in the crystal. 
. Perhaps one of the most useful verbalisms is ‘spread’, as used by 
Guggenheim;} an increase of entropy corresponds to a ‘spreading’ 
of the system over a larger number of possible quantum states. This 
interpretation is often more appropriate than the one in terms of 
mixing when the irreversible process in question is concerned less 
with configurational factors than with a change into a state where 
there is a greater density of energy levels. 

On the molecular scale the internal energy, U, consists partly of 


the potential energy of the particles and partly of their kinetic (or 


‘thermal’) energy. In the case of two motionless hydrogen atoms at 
some distance apart, the energy is entirely potential, if we exclude 
the energy of the nuclei themselves. If these atoms are allowed to 
approach each other, there is a decrease in the potential energy, and 
this is converted partly into translational energy and partly into the 
_ rotational, vibrational and electronic energy of the hydrogen mole- 
_ cule, if it is formed. Now the separation of neighbouring quantized 
levels is in the order: 


electronic > vibrational > rotational > translational, 


and the energy states belonging to the latter are so close together that 
translational energy may be regarded, for many purposes, as con- 
tinuous or unquantized. For a given total amount of energy, the 
highest value of Q is obtained when this energy is ‘spread’ over 
the molecules in the most random manner, due allowance being 
made for the relative separation of the levels. The ‘dissipation’ of 
mechanical energy into heat is to be interpreted in this kind of way. 
- Similarly, the increase in the entropy of a body when it takes in 
heat is essentially an increased spread over the energy states. Due to 
the added increment of energy, energy levels can become occupied 
which were previously empty. This results in an increase in ran- 
domness and therewith an increase in our ignorance of the precise 
molecular state of the system. 


1-18. The molecular interpretation of the second law 


The groundwork of this interpretation has been covered in the last 
section, and it remains only to express it in a more concise form. Now 


+ Guggenheim, Research, 2 (1949), 450. 
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it is evident, in the first place, that the second Jaw arises from the 
fact that matter consists of moving particles, which tend to inter- 
mingle, to collide and to share their kinetic energy. ‘The real crux of 
the matter lies, however, in the limits of our knowledge concerning 
the precise state of these particles. 

Consider a system on which we make a set of observations at a 
moment t¢). Thereafter we carefully isolate the system from its 
environment, so that it becomes a system to which the second law is 
applicable. The observations at t) will be supposed to be the volume, 
composition and energy (relative to a standard state) of the various 
parts of the system. This information completely determines the 
initial thermodynamic state of the system and it also partially deter- 
mines its molecular state; for example, it may be known that all of the 
A atoms are to the left of a certain plane, or that they are all present 
as a particular chemical compound. Let Q, be the total number of 
complexions of the system each of which are compatible with the 
initial thermodynamic state. As time goes on it may be that the 
isolated system either (2) remains unchanged, or (b) that there occur 
various chemical reactions, or diffusions between the different macro- 
scopic parts of the system, or internal transfers of heat, etc. In the 
latter case it evidently means that the initial state of the system was 
not one of true equilibrium and that Q, did not include the additional 
complexions which are realized by the internal changes resulting from 
the motion of the atoms. Thus the final value of Q is greater than 
QQy—greater because it includes the original complexions as well 
as the new ones. (The former continue to be possible states of the 
system.) 

Thus with passage of time the value of of an isolated system either 
remains constant or it increases, and the latter is equivalent to a 
decrease of our information concerning the molecular state of the 
system (since there are now more possibilities). Against this it might 
be argued that our original information J, might have been so detailed 


' that we knew the precise position and velocity of every particle. 


Thereby, on the basis of the laws of mechanics, we might have hoped 
to make a precise prediction of the future state of the system, i.e. a 
prediction concerning the particular complexion in which it would 


- exist at a given moment. If this were possible there would be no 


sense in speaking of an increase in randomness. However such com- 
pletely detailed information can never be achieved. In the first place, it is 
an obvious practical impossibility to make an exact and simul- 
taneous measurement of the position and velocity components of all 
the fundamental particles of a system. Secondly, according to 
Heisenberg’s principle of uncertainty, it is a theoretical impossibility, 
as well as being a practical one. Indeed, according to this principle, 
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the very notion of a particle having a simultaneously defined position 
and velocity is a meaningless one. . 

From this point of view, the real basis of the second law is the 
impossibility of knowing the precise mechanical state of an atomic 
system. As Bornf has emphasized, it is sufficient that there should be 
a lack of complete information about the position and velocity of 
only a single particle—as a result of its subsequent collisions, the 
position and velocities of all the other particles becomes uncertain. 

The fact that we cannot know the precise mechanical state of an 
atomic system implies that it is impossible to take heat from a heat 
bath and obtain an equivalent amount of work, without a com- 
pensating change in some other body. This is the Statement A, on 
which our treatment of the second law has been based, and its origin 
may be seen as follows. The transfer of heat from a body of constant 
volume implies a decrease in the kinetic energy of its component. 
molecules, all of which are in motion in random directions. Because 
we cannot know the fine details of this random motion at any moment, 
it is impossible to devise a means of taking away some of the kinetic 
energy of the molecules and applying this energy, in its entirety, to 
the lifting of a weight, which is to say, causing a co-ordinated change 
in the positions of another set of molecules. In brief, what we call 
‘heat’ is the form of energy of whose details we have the least in- 
formation on the molecular scale; if heat were completely convertible 
into work it would be equivalent to a gain of information and this is 
impossible in a system which is isolated. 

What has been said does not mean, of course, that we cannot 
increase our information about a system above the value J,, or that 
we cannot reverse a natural process. Both are entirely possible, if 
we transfer our ‘ignorance’, i.e, heat, to some other body. The removal 
of heat from a system, with reduction of its entropy, involves a decrease 
in the randomness of its component particles and is therefore an 
increase of knowledge. But this can only be achieved at the expense 
of an equal or larger increase in the randomness of some other system 
(equal for the reversible process and larger for the natural one). 

Although it is never possible to reverse a natural process in its 
entirety, at a chosen moment, the statistical interpretation of the 
second law shows that very occasionally a system may be expected to 
reverse itself. An isolated system of finite size has only a finite number, 
Q, of complexions, and it may be expected to pass through each of 
these during any long period. Thus, in the example of the 4 and B 
crystals there were seventy complexions; if the system were repeatedly 
separated at the plane P, on one in every seventy occasions we shall 
expect to find it in the original configuration, The moment at which 

_ t Born, Natural Philosophy of Cause and Chance (Oxford, 1949). 
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it occurs is quite unpredictable. In the case of systems containing an 
appreciable number of atoms it becomes increasingly improbable that 
we shall ever observe the system in a non-uniform condition. For 
example, it is calculated} that the probability of a relative change of 
density, Ap/p, of only 0-001 % in 1 cm of air is smaller than 10-21% 
and would not be observed in trillions of years. Thus, according to the 
statistical interpretation, the discovery of an appreciable and spon- 


taneous decrease in the entropy of an isolated system, if it is separated 


into two parts, is not impossible, but is merely exceedingly im- 
probable.{ We repeat, however, that it is as an absolute impossibility 
to know when it will take place. 

The matter may thus be briefly summed up as follows. Whenever 
a system undergoes a spontaneous change under isolated conditions, 
our knowledge concerning the actual atomic state of the system in- 
evitably diminishes. This is because the particles are in motion and 
we can never have sufficiently detailed initial information to predict 
its atomic state at some later moment by use of the laws of mechanics. 
This decrease in our knowledge is equivalent to an increase in Q, the 
number of quantum states which the system can take up, each of 
them equally compatible with what knowledge we do have. The 
equilibrium state is that for which © is a maximum. § 


- PROBLEMS] 


1. (a) Calculate the numerical value of the conversion factor between 
work expressed in cm* atmospheres and work expressed in calories 
(15°C), given that 1cal(15°C)=4-186 x 10’ergs. Tabulate for future 
use the conversion factors between the following units: cm*. atm, ergs, 
Joules, calories. . 

(5) The gas constant R has the value 1-986 cal/mole°C. Calculate its 
values when energy is expressed in cm®, atm, and.in Joules. 


{ Epstein, Commentary on the Scientific Writings of Willard Gibbs, 2 (New 
Haven, Yale Univ. Press, 1936), 112. 

} For detailed calculations, see Chapter rv of Mayer and Mayer, Statistical 
Mechanics (New York, Wiley,. 1940). 

§ Some recent books and papers dealing with these questions are as follows: 
Landau and Lifschitz, Statistical Physics, transl. Shoenberg (Oxford, 1938), 
Chapter 11; Born, Natural Philosophy of Cause and Chance (Oxford, 1949); 
Weyl, Philosophy of Mathematics and Natural Science (Princeton, 1949); 
Margenau, The Nature of Physical Reality (New York, McGraw-Hill, 1950); 
Bridgman, Reflections of a Physicist (New York, Philosophical Library, 1950); 
Schrédinger, Proc. Roy. Irish Acad. 53A (1950), 189; Demers, Canad. J. Res. 
22 (1944), 27; 23 (1945), 47; Brillouin, J. Appl. Phys. 22 (1951), 334; Raymond, 
Amer. J. Phys. (1951), 109; Rothstein, Phys. Rev. 85 (1952), 135; Denbigh, 
Brit. J: Phil. Sci. 4 (1953), 183. 

|| For answers to Problems, and comments, see Appendix, p, 458. 
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2. Calculate the work which is done when 1 mol. of water is vaporized 
at 100°C and at latm pressure. In carrying out the calculation: (a) use 
the observed increase in volume of 30-191./mole vaporized; (6) use the 
volume increase which would occur if the water vapour were a perfect 
gas. Compare the results with the latent heat of vaporization (9706 
cal/mole), and consider, in terms of the molecular forces, why the heat is 
so much larger than the work. 


3. Show by calculation that the work involved in process (a) below is 
very much greater than in process (6): 

(a) an increase in volume of 1 cm! against a steady pressure of 1 atm; 

(0) an increase of interfacial area of 1 em’, the interfacial tension being 
73 dynes/cm (water-air at 20°C). 

4. Show in what respects the following statements require amplifica- 
tion so that they shall not be contradictory: 

(a) in a reversible process there is no change in the entropy; 

(6) in a reversible process the entropy change is TT 

5. 200g of mercury at 100°C are added to water at 20°C in a calori- 
meter. The mass of the water is 80g and the water equivalent of the 
calorimeter is 20g. Find the entropy change of (a) the mercury, (0) the 
water and calorimeter, (c) the water, calorimeter and mercury together. 
The specific heats of water and mercury may be taken as constant at 
1 and 0-0334 respectively. 


6. In a heat exchanger, air is heated from 20 to 80°C by means of a 
second air stream which enters the exchanger at 150° C. The two streams 
flow at equal molar rates. Calculate the entropy change per mole of 
the two streams and also the total entropy change. 

For simplicity assume that the air has a constant heat capacity of 7 cal/ 
mole°C. Repeat the calculations for the case in which the cooler air 
stream is raised to a temperature of 120°C. Why could this be achieved 
only in a counter-current system? 


7. An electric current is passed through a resistance coil which is 

kept at a constant temperature by being immersed in running water. 
Obtain an expression for the rate of creation of entropy in the system at 
the steady state. Show that the electrical conductivity of a substance is 
always expressed by a positive number. 
_ 8. A perfect gas is a fluid which satisfies the conditions: (a) its tem- 
perature 0 is proportional to PV; (b) its internal energy depends only on 
the temperature. By performing a Carnot cycle on such a gas, prove that 
the perfect gas temperature @ is proportional to the absolute temperature 
T, as defined in § 1-11. 

9. A gas is initially in a state 7,, P, and is changed to a state T,, P,. 
Devise two or more reversible paths between these states and show that 
the heat absorbed by the gas is not the same along the different paths, 
but that its entropy change is the same. The gas may be assumed to be 
perfect and also to have constant heat capacity. 
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10. (a) Show that Statement A of § 1-11, together with the knowledge 
that heat flows spontaneously from hot to cold, are equivalent to the 
following statement (which is similar to the form used by Clausius); 
it is impossible to transfer heat from a colder to a hotter reservoir, leaving 
no change in the thermodynamic state of any other body, without at the 
same time transforming a certain amount of work into heat. 

(6) As an aspect of the first proposition in § 1-11 show that no engine 
can have a higher conversion factor than a reversible engine working 
between the same temperatures. 


11. Calculate the entropy change (a) of the water, (b) of all other 
bodies, when 1 g mole of supercooled water freezes at ~ 10°C and 1 atm. 
Take the heat capacity of water and ice as constant at 18 and 9cal/mole 


-°C respectively and the latent heat of fusion at 0° C as 1440 cal/mole. 


12. Acylinder of free volume 10 ft.* is divided into two compartments 
by a piston. Initially the piston is at one end and the cylinder contains 
2\b. of steam at 150°C. Air from a supply main at 2001b./in? and 15°C 
is then admitted slowly via a throttle valve to the other side of the piston. 
Estimate the temperature of the air when pressure equilibrium is reached. 

Neglect any heat loss from the cylinder and assume no heat transfer 
across the piston. 

State clearly any assumptions made. [C.U.C.E. Qualifying, 1960] 

[Note. Use steam tables.] 


13. In & manufacturing process the process materials change between 
defined initial and final states such that their overall increments of 
internal energy, entropy and volume are AU, AS and AV respectively. 
The only input of energy to the process materials is from condensing 
steam at a temperature T'. The only input of energy is the heat transfer 
to the environment. and the work involved in the displacement of the 
environment. 

The quantity of heat taken from the steam is g. Starting from the basis 
of the first and second laws outline the steps in the proof of the statement 
that any irreversibility in the process gives rise to a wastage of the 
thermal energy of the steam by the amount 


T, 3 
q- GG AU +FAV -TASI, 


where T, and P, are the temperature and pressure respectively of the 
environment. : [C.U.C.E. Tripos, 1954] 
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CHAPTER 2 


AUXILIARY FUNCTIONS AND 
CONDITIONS OF EQUILIBRIUM 


2-1. ‘The functions H, F and G 


The whole of the physical knowledge on which thermodynamics 
is based has already been embodied in the properties of 7, U and 8S, 
and these functions alone form a sufficient basis for the development 
of chemical thermodynamics. It is a matter of convenience only that 
we introduce certain additional functions. These are defined as 


AOIOWES  tiaceathelny, H=U+PY, (21) 
the Helmholtz function, F=U-—T7S, (2-2) 
the Gibbs function, G=U+PV-—TS 

. =H-TS 
=F+PV. (2:3) 


These new quantities are combinations of the previous functions of 
state, U, P, V, 7 and S, and are therefore functions of state them- 
selves. They are also extensive properties. Their value is simply that 
they are easier to use in certain applications, e.z. processes at constant 
pressure, volume or temperature, and in such circumstances they also 
have an easily visualized physical meaning. 


2:2. Properties of the enthalpy 
For the change of a system between states 1 and 2, we have from 


‘1 
a a _ H,-H,=U,—-U,+PV,—P,V;. (2-4) 
Now for a closed system U,—U,=q-u, (2-5) 
and therefore H,—H,=q-—w+ P,V,—P,V,. (2-6) 


In the special case where the system is under a constant pressure P 
the last equation may be written 


H,—H,=q—w+P(V,—¥,). 


f Both F and G are known as ‘free energies’ and there is some confusion 
between them. F is also sometimes called the ‘work function’ and has been 
denoted by the symbol A. In much of the American literature the present @ 
is denoted as #’. The symbols used here are those recommended by the Symbols 
Committee of the Royal Society, 1951. 
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The last term is the work of displacing the environment of the system 
at pressure P. If this is the only form of work, the last two terms cancel 


‘and therefore H,-H,=¢. © (2:7) 


The enthalpy change of a closed system is thus equal to the heat 
absorbed under two restrictive conditions, namely, that there is 
constancy of pressure and that the only form of work is due to the 
volume change of the system. In a galvanic cell, where electrical work 
is done, the heat absorbed is not equal to the change in enthalpy. 
Unlike the internal energy, enthalpy is not a quantity which is 
necessarily conserved under conditions of isolation. Consider, for 


Heat g Work w,, 
Fig. 13 


example, a reaction taking place inside a thermally insulated vessel 
of constant volume. Since U, =U, and V,=V,, equation (2-4) reduces to 


A, —H, = V(P,—P,), 


and the enthalpy of the system changes in accordance with any change 
in the pressure due to the occurrence of the reaction. 

The enthalpy has certain important applications to steady-flow 
systems. In Fig. 13 the central rectangle represents an apparatus C 
(e.g. turbine, reaction vessel) through which there is a steady flow of 
material, which enters through pipe A and leaves through pipe B. 
Such processes can be discussed most clearly by concentrating atten- 
tion on a fixed quantity of the moving fiuid, enclosed between the 
two imaginary pistons a and b. 

Let the pressures at a and 6 be P, and P, respectively, and let V, 
and V, be the corresponding volumes per unit mass of the fluid. In 
order to move a mass dm through C, the left-hand piston must be 
displaced to a’, through a volume V,.dm, and the right-hand piston 
to b’, through a volume V,ém. Provided that the pressures P, and P, 
are steady, the net work done by the sample of fluid contained 
between the two imaginary pistons is 


w= P,V,dm—P,V,dm+w,,dm. 
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The first term on the right-hand side is the work done by the sample 
in displacing fluid to the right of 6, and the second term is the work 
done on the sample by fluid to the left of a. w, is the ‘useful’ work 
done per unit mass of the sample as it passes through C, e.g. the ‘shaft’ 
work of a turbine. Let q be the heat absorbed per unit mass of the 
fluid between a and b, and let H, and E, be the total energy} per unit 
mass at a and 6 respectively. Then from the first law 


(H2,~ Ey) 8m=q8m— (P,Vq—P,V,+w,) dm, 
or  E,—E,=¢q—-P,V,+P,V,—w,. 

Under conditions where the changes of kinetic and potential energies 
of the fluid are trivial, as is usually the case, H, — #, =U, —U,, and thus 
U,—U,=q—PV,+ PV, — wy, 

and combining this with (2-1) we finally obtain 

H,—H,=q—,,. (2-8) 
Comparing this equation with (2:5) it is seen that, in a steady-flow 
process, the enthalpy takes the place, in a certain sense, of the 
internal energy. However, this is only so because we choose to con- 
centrate attention on w,, and this is not the total work which is done 


by the fluid in passing through the system. 
If the processes taking place in C are reversible 


2 
=|" ras, 
}4 


and thus the maximum useful work,} wz max. is obtained from (2-8) as 
2 

Wa. max. = —(H,— +f Tds. (2-9) 
1 


In the special case where the only transfer of heat takes place 
reversibly at the constant temperature J’, the remainder of the 
process being adiabatic and reversible, then (2-9) reduces to 


Wu. max. = — (H,—H,)+ 7"(8,—8,). (2-10) 


For example, if a steam engine operates adiabatically and the waste 
steam is condensed at a temperature 7”, the last equation gives the 


t See footnote on p. 17. 

} But note that this is the work done by the fluid in its asdeied change of 
state. Any heat which is given up by the fluid can also be used as a source of 
work, by supplying it to an external heat engine. See the discussion in §2-5a 
on ‘Availability’. 
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maximum attainable work. H, and 4, refer to the inflowing steam 
and H, and 8, to the outgoing condensate at the temperature 7”. 
(The inclusion of any changes of kinetic and potential energy usually 
makes only a trivial correction, except in regions of very high velocity 
as in the interior of a turbine.) 


2-3. Properties of the Helmholtz free energy 
For the change of a system between states 1 and 2 we have from (2-2) 


| F,—F,=U,—U,—(T,8,—T,4,). (2°11) 
But for a closed system U,—U,=q-—w, 
and therefore F,-F,=q—w—(T,5,—T7,8)). (212) 


Consider the special case (a) that the only heat transferred to the 
system is from a heat reservoir which remains at the constant tem- 
perature 7'; (6) that the initial and final temperatures, 7, and 7, of 
the system are equal, and are equal to the temperature 7’ of the 


reservoir. 
From (1-16) we have for the heat taken in by the system in terms 
- of its entropy change dg 

| F<as, (2-13) 
or since 7’ is constant q<T(S,—8,). (2-14) 
Substituting in (2:12) and putting T,=7,=T, we obtain after 

rearrangementt 
w< —(F,—F,). (2°15) 


It may be noted that this relation remains valid even if the system 
passes through intermediate temperatures different from 7’, (=7'), 
provided that the only heat reservoir which is affected is also at T'.: 

In relation (2-15) the inequality sign refers to an irreversible pro- 
cess and the equality sign to a reversible one. Between the assigned 
initial and final states the value of F,—F,, is, of course, the same 
whether the path is a reversible one or not, since Ff is a function of 
state. Relation (2-15) may thus be interpreted as follows. The work 
done in a process, in which the initial and final temperatures and the 
temperature of the heat reservoir are all equal, is either less than or 
equal to the decrease in ¥'. Thus, for such a process when carried out 


ibl 
te tas. = ~(F,—F), (2-16) 


+ This relation could also have been obtained from (1-17). 
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and any irreversible path between the same two states will give less 
work. The change in F is therefore a measure of maximum attainable 
' work under the above conditions of operation. This result applies 
only to a closed system.t 

The reason why F has been called a free energy may be seen as 
follows. Equation (2-11) may be written 


—AU = —AF—A(TS), 


and the decrease —AU in the internal energy of a|system may thus 
be regarded as composed of two parts: the ‘free-energy’ decrease, 
—AF, which is made available as work, and the remaining part, 
—A(T'S), which may be thought of as being ‘dissipated’, since in a 
reversible isothermal change it is equal to the heat evolved. However, 
this point of view is rather deceptive. For example, in a reversible 
endothermic process 7'AS is positive and the maximum work, —AF, 
which the system will perform under isothermal conditions is there- 
fore numerically greater than the decrease of its internal energy, on 
account of the positive heat intake. 

Another important characteristic of F is that it provides a criterion 
of equilibrium. For an infinitesimal change at constant temperature 
we have from (2-15) dF >dw 


and in particular ifdw=0, dF <0. (2-17) 


The Helmholtz function can thus only decrease or remain constant. 
The criterion of equilibrium of a system enclosed in a rigid container 
and held at constant temperature is therefore that F has reached its 
minimum possible value. 


2°4. Properties of the Gibbs function 
Forthe change of asystem between states 1 and 2 we have from (2-3) 
G, = G, = (U,—U}) + (P,V,—P,V,) —(T,8,- TS). 
But for a closed system U,—U,=q—w, 
and therefore 
G,—-G,=q-—w+ (P2Va—P,V,) —(T,8,—T,8,). (2-18) 


Consider the special case (a) that the only heat transferred to the 
system is from a reservoir which remains at the constant temperature 


t That is, to a system containing a fixed amount of matter, even though this 


matter may change its chemical composition or may be transferred from one 
container to another within the overall system under discussion. 
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T;; (6) that the initial and final temperatures, 7’, and 7’,, of the system 


are equal, and are equal to the temperature 7 of the reservoir; 


(c) apart from the system, the only other body which has undergone 
a change of volume at the end of the process is at a constant pressure 
P (e.g. a surrounding fluid such as the atmosphere); (d) the initial 
and final pressures, P, and P,, are equal, and are equal to P. 

As in (2-14), we have for the heat taken in by the system 


G<T(S,—8). (2-19) 


Substituting in (2°18) and putting 7,=7,=7, and also P,=P,=P, 
we obtain after rearrangement 


w—P(Vz—Vi) < — (G,—G). (2-20) 


The term P(V,—V,) is the work done by the system in displacing its 
environment at the steady pressure P. This is not necessarily the 
whole of the work, w, done by the system, and therefore we define an 
additional work term w’ by the relation 


w=w' +P(V,—-V,). (2-21) 


For example, if the system in question were a galvanic cell, w’ would 


| stand for the electrical work. 


Substituting (2-21) in (2-20) we obtain 
—(G,~G,). (2-22) 


This relation remains valid even if the system passes through inter- 
mediate temperatures and pressures which are different from JT and 
P respectively, provided that the only heat intake is from the 
reservoir at 7’ and that the only body, other than the system itself, 
which has undergone a volume change at the end of the process is the 
environment at the pressure P. 

In (2-22) the inequality sign refers to an irreversible path and the 
equality sign to a reversible one. In either case the value of G', ~G, is 
the same. The relation may thus be interpreted as follows. In a 
process in which the initial and final temperatures, and the tem- 
perature of the heat bath, are all equal and in which the environment 
is displaced at the constant pressure P, the work done (but not 
including the work of displacement) is either less than or equal to the 
decrease of G of the system. Thus for such a process when carried out 


reversibly Wraax ee ~O), (2-28) 


and any irreversible path between the same two states will give less 
work. The change in G is therefore a measure of the maximum attain- 
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able work not including the work of displacement.+ This result 
applies only to a closed system. 

Itmay-be noted from (2-21) that if V, < V, the work w’ isnumerically 
larger than w (and the decrease in G is larger than the decrease in F). 
For example, if a reaction in a galvanic cell takes place with decrease 
of volume, the work done on the cell by the atmosphere contributes 
(very slightly) to the amount of electrical energy which is obtainable 
from the reaction. . 

_ Like the Helmholtz function, G can be used to provide a criterion 
of equilibrium. For an infinitesimal change at constant temperature 
and pressure, we have from (2-22) 


—d@>dw’, (2°24) 
and in particular ifdw’=0, d@<o0. (2°25) 


Under such conditions the Gibbs function can only decrease or remain 
constant. The criterion of equilibrium of a system which is held at 
constant temperature and pressure is therefore that G has reached 
its minimum value. It is, of course, precisely these conditions of 
constancy of temperature and pressure which are of the greatest 
practical interest in the laboratory, and it is for this reason that G is 
so important in the theory of phase equilibrium and reaction 
equilibrium. 

’ Another important characteristic of G 
lies in its application to steady-flow 
processes. For such processes we have 
obtained equation (2-10): 


Wu. max, = — (A, —H,)+ T"(83— 8), 


t Itis a common misconception that 
P(V,— Vi), 

the work of volume change, is never a ‘useful’ 
form of work. Consider, for example, the device 
shown in the diagram. where a liquid-vapour 
system is enclosed in a piston and cylinder. 
If P is the preasure exerted by the piston, then 
when the liquid and vapour expand from V, 
to Vy they do work P(V,-- V). Let P, be the 
pressure of the atmosphere. Then the work 
done on the atmosphere is P,)(V,—V;) and 
the ‘useful’ work done in lifting the weight is 
P( | Pr V1) — Pol V3- Vy)> (Of course the latter 
is negative if P < P,(and V,> V,)corresponding 

to the case where a tension has to be exerted on the piston, due to the vapour 
pressure of the liquid being less than that of the atmosphere.) 
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as an expression for the maximum useful work of an engine through 
which there is a steady flow (e.g. of steam), when the only transfer 
of heat takes place reversibly at the temperature 7’. If 7, and 7,, 
the inlet and outflow temperatures, are both equal to 7’, the equation 
can be written toy. mex = —(Hy—H,) + Ty8,—T, 8, 
= —(@,—G,). (2-26) 
Thus, between initial and final states which are at the same tem- 
perature, and with a heat reservoir which is also at this temperature, 
the maximum useful work which may be obtained during the steady 
flow of a fluid is equal to the decrease of its Gibbs function. 
Equation (2-26) may be compared with (2-16), just as (2-8) is to be 
compared with (2-5). The reason why G@ and H have the same signi- 
ficance for flow systems as F and U have for non-flow systems, lies in 
the fact that AG and AH each exceed AF and AU respectively, by the 
amount A(PV), which is the ‘non-useful’ work, P,V,—P,V,, which is 
involved at the outlet and inlet of the flow system at the steady state. 


25a. Availability 


In equations (2°16) and (2:23) we have obtained expressions for the 
maximum work which may be obtained from a process which begins 
and ends at the same temperature and in which the only heat reservoir 
which undergoes any. overall gains or losses of heat is also at this tem- 
perature. We shall now consider the work which may be obtained when 
the heat reservoir is not necessarily at the temperature of the system. 

Sources of heat, such as are obtained by the burning of fuel, are transi- 
tory in character, and the only heat reservoir (or sink) which is per- 
manently available for man’s use is the surface of the earth and the atmo- 
sphere. This permanent reservoir will be called the medium and its 
temperature 7’, (c. 200°K) has a decisive influence on the amount of 
work which may be obtained from any process. (If it were actually as 
low as 0°K it would be possible to operate heat engines at conversion 
factors close to unity, as may be seen from equation (1-125).) 

It is clearly of great practical interest to calculate the maximum 
amount of work which may be obtained from a given process, such as & 
reaction, when at its conclusion there are no changes except im the 
reaction system and in the medium (and in the position of the weight which 
measures the performance of work). That is to say, the maximum amount 
of work which may be attained after all other bodies, such as intermediate 
sources of heat, have been restored to their original states. 

- From equation (1-17) we have . 
dw=T, dS —dU —T,do, (2-27), 


where TZ, has been replaced by T, and dS and dU refer to the changes in. 


the system of interest. Since T, is constant this equation may be inte- 
grated to give = w=T,(S,—8,)—(U~U,)— Toe, (2-28) 
where ¢@ is the total entropy created. 


25a] Ausiliary Functions and Conditions of Equilibrium 69 

It will be evident that this equation remains valid even though our 
system may have taken in heat from some heat reservoir, at a tem- 
perature 7' different from 7, provided that this heat is ultimately 
restored to the reservoir by taking it from the medium. This restoration 
of heat to the reservoir may be thought of as being carried out by means 
of a heat engine, and the work of this engine is included in (2-28). 

Not all of the work w in equation (2-28) can necessarily be regarded as 
‘useful’. Since our system has been defined so that it includes all bodies in 
which there is any change of volume apart from the medium itself, it is 
evident that any change in volume of the system causes an equal displace- 
ment of the atmosphere. If the latter has the pressure P,, the ‘useful’ 
work, as available for the lifting of a weight, is obtained from (2-28) as 


w, = T,(S,—S8,) —(U,—U,) —P,(V,—V,) —T oe. (2-29) 
. Since o, the created entropy, cannot be negative, the useful work ob- 


viously has its maximum value when ¢ is zero, corresponding to rever- - 


sible operation of the process. The quantity 7,7 may be called the 

‘irreversibility’ of the process, or alternatively the ‘dissipated energy’ 

or the ‘wasted work’. In any industrial process it is obviously desirable 

to reduce it as far as is possible by an approach to reversible conditions. 
Putting o equal to zero we have 


Way, max. = To(S3~ 81) _~ (U,—U,) ~P(V_—V;) 
= (Oat Py Va — FyS3) + (CO, + Py Vj — Ty Sy), (2-30) 


and this is therefore the maximum mechanical work which may be 
obtained when a system changes between assigned initial and final states 
and when the only other body which undergoes an overall gain or loss 
of heat, and change of volume, is the medium. Expressed alternatively, 
(2-30) gives the minimum amount of work which must be done on the 
system, in order to obtain the given change of state, using only the 
medium and some source of mechanical work such as a falling weight. 

The right-hand side of (2-30) has been expressed in terms of the 
difference of two brackets. The first of these is determined by the final 
state of the system, together with P, and 7,,, and the second is similarly 
determined by the initial state. For fixed temperature and pressure of 
the medium, each of these brackets is therefore a function of state of the 
system. We can therefore rewrite (2-30) as 


Wy, max. = —(B,—B,), : (2°31) | 


where B is called by Keenanf the ‘availability’ of the system. 

It will be noted that the quantities ($,—S,), etc., in equation (2-30) 
are completely determined by the temperature, pressure and composi- 
- > Keenan, Thermodynamics, Chapter xvi1. Keenan’s definition of the avail- 
ability of a system is 

B=(E+P, V— Ty) S)—(Eot+Po Vo—-T p85), , (2°32) 


where H denotes total energy (see footnote on p. 17) and E,, V, and S, refer to 
the system when it has attained equilibrium with the medium. 
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tion of the initial and final states of the system of interest. These quan- 
tities may be obtained from tabulated values in the literature, and 
therefore it is possible to calculate the numerical value of w,.,.,. Of 
course in the special case where 7,=T,=T7, and P,=P,=FP, the change 
in the availability is the same as the change in the Gibbs free energy at 
atmospheric temperature and pressure. Under these conditions equation 
(2°30) reduces to equation (2:23). 

One other special case of (2:30) may be noted at this stage. If the 
system in question is simply a heat reservoir which remains at a virtually 
constant temperature T and does not change in volume, then (2-30) may 


be itten 
ne Wa mms, = TH(S4~S4) — (UU) 
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where q is the amount of heat given up by the reservoir in order to obtain 
the stated amount of work. This equation is simply the familiar Carnot 
expression for the maximum amount of work which may be obtained 
by use of two reservoirs at temperatures T and 7’, (§ 1-11). 


2:56. Digression on the useful work of chemical reaction 


It follows from what has been. said in § 2-4 that the maximum amount 
of useful work which might be obtained from, say, the combustion of 
carbon will be obtained when it is converted into that oxide, namely, 
carbon dioxide, which has the lowest value of @. It is also evident that 
the maximum work will be obtained if the carbon dioxide is released, at 
the completion of the combustion, at the same temperature, T,, and the 
same pressure, P,, as that of the atmosphere. For if it is released at some 
other temperature, 7', then useful work has been lost which could have 
been obtained by heating or cooling the carbon dioxide from 7 to T, 
by using it as a heat reservoir to drive a heat engine with the atmosphere 
as the second reservoir. Similarly, if it leaves the combustion system at 
@ pressure which is either smaller or greater than P,, then useful work 
has been lost which could have been obtained by allowing the pressure 
to equalize with that of the atmosphere. Therefore, if we use fuel which 
is initially at atmospheric pressure and temperature (say 20°C), the 
maximum useful work which may be obtained is the decrease of GT 
in the process: 


C(latm, 20°C) + air-+CO, +N, (1 atm, 20°C). 


This-amounts to about 94kg cal/mole of carbon. 
In order to achieve direct combination of carbon and oxygen at an 


‘appreciable speed it is necessary, of course, to operate at an elevated 


+ Equal to the decrease in availability. 
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. temperature. However, this does not affect the issue, because it was _ 


shown in § 2-4 that the maximum useful work is independent of whether 
or not the system passes through intermediate temperatures different 
from 20°C. The real difficulty is to achieve reversibility in the reaction 
process iteelf. At any chosen operating temperature the partial pressure 
of oxygen and carbon dioxide above the carbon, at equilibrium, are in 
@ constant ratio as determined by the equilibrium constant 
Poo,/Po, = K y- 

Whenever the ratio differs from its equilibrium value the reaction pro- 
ceeds irreversibly and there is a decrease in the output of work. 

The device which may be used—at least in principle—for attaining 
reversible conditions is the van’t Hoff ‘equilibrium box’. The carbon is 
to be thought of as being contained in a reaction vessel which is equipped 
with two windows. One of these is permeable to oxygen only and the other 
to carbon dioxide only. By means of a piston and cylinder oxygen is 
slowly fed into the system through one window, and carbon dioxide is 
removed through the other window by means of a second piston and 
cylinder. The ratio Y9,/Po, is maintained at a value only infinitesimally 
less than the equilibrium ratio, so that the carbon slowly burns away 
under reversible conditions. At the same time a net amount of work is 
obtained through the movement of the pistons, and, allowing for the 
processes of heating up and cooling down, the overall maximum work 
which is obtained is the value of — AG at atmospheric temperature. 

The practical difficulties in the way of achieving such a process are 
sufficiently obvious. Although semi-permeable membranes for certain 
gases are known to exist, the rate of permeation through them is always 
very low—at any rate when they have the thickness which is necessary 
for the purpose of withstanding the pressure difference. A second diffi- 
culty arises from the largeness of the equilibrium ratio Poo,/Po, At 
900°C this has a value of the order 101°. Thus if the pressure in the carbon- 
dioxide cylinder were maintained at 1 atm, the pressure in the oxygen 
cylinder would need to be about 10-4 atm, in order to attain rever 
sibility ! 

It is for reasons such as these that tho raising of power under com- 
mercial conditions is always carried out in a manner which is much less 
efficient from the thermodynamic standpoint. It consists in allowing the 
fuel to burn freely and irreversibly, thereby obtaining a quantity of 
heat equal to the decrease in enthalpy in the reaction (if the combustion 
is at constant pressure). The change in H does not usually differ very 
greatly from the change in G, since the entropy change in such reactions 
is not very large. For example, in the reaction C +O, = CO, the decreases 
in Gand H are 94,260 and 94,050 cal/mole respectively, at 25°C and latm. 
Thus almost as much energy is obtained as heat as would have been 
obtained as worl, if the process had been carried out reversibly.¢ The 
wastefulness of the process is in the subsequent conversion of the thermal 


} Note that in the reversible combustion at 25°C, there would be an absorp- 
tion of heat of 210 cal/mole. 
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. into mechanical energy. The maximum fraction of the heat which can 


be converted into work is given by the Carnot conversion factor 
w/9,=(T,— T)/Ts, 

as discussed in § 1-11, and any imperfect engine will give even less work. 
In the case of a steam engine or turbine the value of the conversion factor, 
w/q,, is determined by the highest convenient temperature T, of the 
steam and by the temperature T', of the cooling water in the condenser. 
Of the heat g, taken from the steam, the greater part therefore passes 
wastefully into the cooling water. Under power-station conditions as 
much as 90% of the heat of combustion of coal. can be transferred to 
the steam, but only about 35 % of the heat taken from the steam in an 
engine can be recovered as mechanical work. The overall efficiency is 
thus about 30 %.f 

For certain types of reaction it is possible to obtain a direct conversion 
of chemical energy into electricity and thereby into mechanical work. 
Processes of heat transfer are thereby avoided and the conversion factor, 
w/q,, of the heat engine does not come into the picture. This can be 
achieved whenever the reaction has an ionic mechanism and can be set 
up as a galvanic cell. The electrodes act in much the same manner as the 
semi-permeable membranes of the equilibrium box. That is to say, the 
reagents can be added to the system, and the reaction products with- 
drawn, under reversible conditions. The two great practical advantages 
of this method of operation are as follows: 

(a) The reactants and products can be brought to equilibrium by 
maintaining a potential difference between the electrodes of only a few 
volts.t This is enormously easier than the maintenance of a pressure ratio 
of, say, 10*5 (as in the carbon combustion) by use of pistons and semi- 
permeable membranes. _ 

(6) The processes taking place at the electrodes usually occur with 
considerable speed as compared to the permeation of a gas through a 
membrane. For this reason it is possible to maintain the reaction fairly - 
close to equilibrium, and thereby to obtain almost the maximum work, 
under practical conditions of operation. Efficiencies in the region 60% 
are readily attainable under industrial conditions. 

An example is the reaction of the Daniell cell, 

Zn + Cu*t = Zn*+ +Cu, 

+ The inefficiency of the process may be roughly interpreted in molecular 
terms as follows. The reaction process C+ O,= CO, takes place with a decrease 
in potential energy of the particles, i.e. the ground state of the CO, molecule 
is at a lower level than those of the two reactants. In the process of steam 
raising this potential energy is transferred into an increased kinetic energy of 
the water molecules. As discussed in $1-18 this random kinetic energy cannot 
be completely reconverted into potential energy, i.e. the lifting of a weight. | 

¢ This arises, in the first place, from the logarithmic form of the relation 

2FE=—AG=RT in K 
(see below), and, secondly, from the magnitude of the conversion factor be- 
tween energy expressed as volt Faradays and energy expressed as cm? atmo- 
spheres. 
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in which there is a decrease of G, from left to right, of about 51,000 cal 
at room temperature. This process may be carried out by placing plates 
of zinc and copper in solutions of zinc sulphate and copper sulphate 
respectively, the solutions being separated by means of a porous barrier.f 
The overall reaction may be regarded as consisting of the two electrode 


Pr ee Zn = Zn** + e, 
Cu*+ + 2e= Cu. 


Under conditions where the reaction takes place spontaneously, the 
- zinc atoms tend to ionize, leaving an excess of electrons on the zinc plate. 
The zine ions migrate through the porous barrier and displace copper 
ions. The latter unite with electrons taken from the copper plate and are 

deposited as copper atoms. The zinc and copper plates thus develop an 
' excess and a deficiency of electrons respectively. An electric current can 
therefore be made to pass through an external circuit, with performance 
of work. 

What is called the electromotive force (e.m.f.) of the cell is the potential 
difference (p.d.) between the plates when the current is zero. When the 


p.d. is smaller than the e.m.f. the reaction proceeds from left to right, with — 


flow of electrons from the zinc plate to the copper. If a p.d. greater than 
the e.m.f. is applied, the reaction proceeds in the reverse direction. By 
careful adjustment the reaction can thus be carried out in either direction 
under conditions which approximate very closely to perfect reversibility. 

Maximum useful work is obtained under the reversible conditions 
and is equal to the decrease in G if the system operates at constant tem- 
perature and pressure. Thus from (2°24) 


—d@G=dw'. 


Let F denote the Faraday equivalent, the charge carried by a gram-ion 
of unit positive valency. This has the value 96,487 coulombs or 23,052 
cal/V. The positive charge carried by dn gram-ions of valency z crossing 
the porous plate is thus zFdn.{ Provided that the cell is in a stationary 
state with regard to electric charge (as is normally always the case) the 
same quantity of electricity will pass through the external circuit. It 
ean be used, for example, to drive a motor whose ‘back e.m.f.’ is only 
infinitesimally smaller than that of the cell. This work is equal to the 
product of the charge and the potential difference through which it 


moves. Therefore —dG=zFEdn, : (2-33) 


t The function of the porous barrier is to retard the mixing of the two 
solutions. If the copper ions existed in the proximity of the zinc plate they 
would be deposited on this electrode instead of on the copper one. The 
electrochemical process would thus take place in a localized region and it 
would not be possible to drive a current round an external circuit. The 
chemical energy would appear only as a liberation of heat, equal to the 
decrease in enthalpy in the reaction process. 

¢ z is taken as positive for positively charged ions; e.g. it is +2 for Ba** 
and —1 for CI’. 
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where £ is the e.m.f. and dG is the change in the Gibbs function of the 
total system, i.e. the plates, the solutions and the external circuit. How- 
ever, since the circuit is unchanged, the change in G is simply that of the 
reaction system alone. 

This change of G is, of course, the same for the same initial and final 
states of the reaction system, whether the process is conducted reversibly 
or not. It is the output of work which varies and, in the limiting case where 


the cell is short-circuited, the work falls to zero and all of the energy is 


liberated as heat. This is equivalent to carrying out the reaction irrever- 
sibly without the use of a galvanic cell, as when & piece of zinc is dropped 
into copper sulphate solution. Such conditions are those under which 
the majority of reactions are normally carried out. It is unfortunate that 
many of the large-scale operations of the chemical industry, such as the 
oxidation of ammonia, cannot be conveniently set up in the form of a cell. 

The application of equation (2-33) for the purpose of measuring the — 
free-energy change of a chemical reaction will be referred to in detail at 
a later stage. 


2°6. Thé fundamental equations for a closed system in terms 
of H, F and G 

The equation (1:19), dU=TdS—Padv7, (2°34) 
was described in §1:15 as the fundamental equation for a closed 
system. This equation really contains the whole of the knowledge 
obtained from the basic laws—at any rate when it is taken in con- 
junction with the properties of U (in determining the algebraic sum 
of heat and work effects), of 7’ (in determining thermal equilibrium) 
and of § (in relation to heat and the permissible direction of a change). 
The reformulation of this equation in terms of H, F and G, as is done 


below, therefore introduces no new knowledge. 


By definition H=U+PY, 
and therefore dH =dU +PdV+VabP. 
Combining this with (2-34) we obtain 
dH =TdS+VdP, (2°35) 
and similarly dF = —SdT—Padv, (2-36) 


d@=—S8dT+VabP. (2-37) 


2-7. The chemical potential 
The thermodynamic theory which has been developed so far is 
applicable, as it stands, only to closed systems. This applies, for 
example, to the important relations ar 
dU =dg—dw, 
dS > dq/T7'. 
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These were based on the discussion of a ‘body’ which was supposed 
not to exchange material with its environment. In general, these 
relations are incorrect, or at least ambiguous,t if an exchange of 
matter takes place (but they may always be applied to the total 
‘system comprising the body and its environment). 

The same remarks apply also to the ‘fundamental’ equations of the 
last section. These are not applicable to open systems or to closed 
systems which undergo irreversible changes of composition. Consider, 
for example, the equation 

dU=TdS—PdV. 


In an isolated system we have dU=0 and dV =0, and this would 
therefore imply dS=0. However, it is certainly possible for the 
entropy to increase, either on account of chemical reaction or on 
account of the diffusive mixing of various substances which were 
initially separate. Similarly from the equation (2-37) it might be 
concluded that if the temperature and pressure of a system are held 
constant its Gibbs function cannot change. This would clearly be. 
erroneous; G is an extensive quantity, and its value can be increased 
merely by increasing the amount of matter in the system, at constant 
temperature and pressure. For example, if we increase the amount of 
the reagents in a galvanic cell, it is clearly able to perform a larger 
amount of useful work and this must be due to an increase in ita 
Gibbs function. 

These difficulties are due to the assumption, implicit in most of 
Chapter 1, that two variables alone may be sufficient to fix the state 
of a system. This can only be true for bodies of fixed composition. We 
must therefore introduce into the equations the variables which 
determine the composition and size of the system, i.e. the mole 
numbers. 

Consider a homogeneous phase in which there are k different sub- 
stances. Let 7, be the number of moles of the substance 1 in the whole 
of the phase, n, the number of moles of substance 2, etc. According 
to (2-34) if 21, %,...,%, are constant, the internal energy U of the 
phase depends only on S and V. However, for variable composition 


we must have U = U(S, V,, my, Mog, o0+5%y), 
and thus the total differential of U is 


F) ns 


av= (3) as+ (35 = (= dn, (2-38 
OS) ¥, ms ov, aoe +2 On) 57. | oe 


{ If there is a transfer of matter between two systems it is no longer possible 
to decide unambiguously what is meant by a ‘heat transfer’ between these 
systems. This is because the matter carries with it an associated energy. See, 
for example, the author’s Thermodynamics of the Steady State sata 
Methuen, 1951). 
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In this expression the subscript n, to the. first two partials implies 
that the mole numbers of all species are constant during the variation 
in question. On the other hand, the last term in the equation isasum - 
of partials in each of which the entropy and volume are constant, 
together with all but one of the mole numbers. 

Now for constant mole numbers, (2° aa is entirely valid, and from 
this equation we can obtain 


a a 
(a) nu” Gr)" -? 


Let y, be defined by he G-) ‘ (2-39) 
on 8, Vn 
Thus (2-38) may be written 
dU=TdS—PdV +> 4,dn,. - (2:40) 
i 


The quantity y,, called the chemical potential, was introduced into 
thermodynamics by Willard Gibbs, and it greatly facilitates the 
discussion of open systems, or of closed ones in which there are changes 
of composition. It was defined by Gibbs as follows:} ‘If to any homo- 
geneous mass we suppose an infinitesimal quantity of any substance 
to be added, the mass remaining homogeneous and its entropy and 
volume remaining unchanged,t the increase of the energy of the mass 
divided by the quantity of the substance added is the potential for 
that substance in the mass considered.’ This is the same as is implied 
by equation (2-39) if we take the ‘quantity of the substance’ as being 
measured in moles. 

The chemical potential has an important function analogous to 
temperature and pressure. A temperature difference determines the 
tendency of heat to pass from one body to another and a pressure — 
difference determines the tendency towards bodily movement. It 
will be shown shortly that a difference of chemical potential may be 
regarded as.the cause of a chemical reaction or of the tendency of a 


‘substance to diffuse from one phase into another. The chemical 


potential is thus a kind of ‘chemical pressure’ and is an intensive 
property of a system, like the temperature and pressure themselves. 
The chemical potential may be introduced by an alternative method 


_} Gibbs, Collected Works (New Haven, Yale Univ. Press, 1928), vol. 1, p. 93. 
_ J The question may be asked, how may the entropy and volume be held 
constant when the dn, moles are added? As regards the volume, this merely 
requires a readjustment of the pressure of the system. As regards the entropy 
of the system, the dn, moles carry with them their own appropriate amount of 
entropy. After the addition the entropy of the system can therefore be con- 
sidered as being brought back to its original value by the removal of an appro- 
priate amount of heat. 
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which is sometimes found more congenial. This is based on equation 
_ «37): . d@= —SaT+VadP, 

which we have seen to be inadequate as it stands. In general G must 
be determined by the mole numbers, as well as by 7 and P. Thus 


; : G=G(TL, P,n,, Ng, ---, Mx); 
and therefore 


d@= GF a) aT + Ci dP+ +3 (5) dn 
| OT) pn, OP) rm it \ON)opmy 
Now the first partial in this expression refers to the change in @ at 


constant pressure and mole numbers. Since (2-37) is valid for constant 
mole numbers we obtain 9 
a), 78 
T Pini 


ar 
595 ag 
and similarly ; (a) — 
Substituting in the above expression 
dG= —Sd7'+ VdP+Zp,dn, . (2-41) 


where 44, is now defined by a 
a (Fn) T, Pim 


The chemical potential of a component of a phase is thus the amount 
by which the capacity of the phase for doing work (other than work 
of expansion) is increased per mole of the substance added, for an 
infinitesimal addition at constant temperature and pressure. For 
example, the chemical potential of copper sulphate in its aqueous 
solution in a Daniell cell is equal to the increased capacity of the cell 
to provide electrical energy, per mole of copper sulphate added (the 
addition actually being an infinitesimal). 

- It remains to be shown that y4,, as defined above in terms of G, is 


identical with its definition, equation (2-39), in terms of U. For this. 


purpose it is sufficient to add to each side of (2-40) the quantity 
a(PV —TS). This addition transforms (2-40) into (2-41), since G is 
defined as U + PV —TS. The y’s which appear in these equations are 
therefore identical. 

The p’s SSS a a aa a 
complete. set of equations is 


dU =Td8S—PdV +2y,dn,, (2-40) 


dG= —SdT + VdP+2p,dn,, (2-41) 
dH =Td8+VdP+Sy,dn,, (2:42) 


= —SdT—PdV + Zy,dn,, (2-43) 
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together with the identities 


Fieri) 2m” Gad ane (Oe) 
=|—— =.j— = f— = [—— . 9-44 
rs Ger on, T, Pn on, 8,P,ny \ONi] Ty, n; ( 


The equations (2-40)-(2-43) form the basis of chemical thermo- 
dynamics. The first of them may be regarded as the fundamental 
relation which contains the physical information embodied in the 
properties of U, T and 8, whilst the other three are derived from it by 
virtue of the definitions of H, F and G and contain no additional 
information. At this stage it may also be noted that the most con- 
venient choice of the independent variables in the solving of thermo- 
dynamic problems is determined by the structure of the above 


equations. Thus U=U(8, V,n,,..., 2), 


G=G(T,P,m, ..., my), 
H=H(S,P, n,, ...,,), 
F=F(T, Vi, My, 005 My)- 


For example, considering the last of these equations, if F is known 
experimentally or theoretically as a particular function ¢, of 7, V 
and the n,, then the entropy, volume and chemical potentials can all 
be evaluated, as functions of the same variables, by differentiation 
of ¢, in accordance with (2:43). For example, S= — (39/0T)y. n,. 
But let it be supposed that F is known as a function ¢’ of a different 
set of independent variables, such as 7', P and the n,. Now from (2-43) 
P=—(8F/2V)7 4, The knowledge of the function ¢’ is therefore 
equivalent to a knowledge of F as a function of 7, OF /0V, and the n,. 
From this function it is obviously not possible to determine the value 
of V without an unknown integration constant. The function ¢’ is 
thus much less useful than the function ¢. For this reason Gibbsf 
refers to functional relations in which the independent variables are 
as in (2-45) as being fundamental equations. 

Another important point concerns the number of terms which are 
to be included in the summation in (2-40)~(2-43). As discussed above 
these terms originate from the fact that U, etc., depend on the com- 
position and size of the system and therefore as many dn,’s must be 
included as are necessary to describe all possible changes in the com- 
position and size. Provided that we are not concerned with nuclear 
transformations it will therefore be satisfactory to extend the sum- 
mation over all distinct chemical species whose mole numbers may 
vary by a significant amount. In doing this it may occur that we shall — 
be using more composition variables than are actually necessary to 


t Collected Works, vol. 1 (New Haven, Yale Uniy. Press, 1928), p. 88. 


(2-45) 
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specify the state of the system. This occurs whenever there is a state 
of chemical equilibrium between some or all of the species. For 
example, liquid water contains the molecules H,O, H,O*, OH”, etc. 
For the present we shall regard the summation as being over all such 
species, but at a later stage it will be seen that the existence of a 
chemical equilibrium between them implies that there is only a single 
independent chemical potential and a single independent mole 
number in the system consisting of water. In brief there is only a 
single component; but this statement is based on the empirical 


knowledge that there is a state of chemical equilibrium between | 


H,0, H,0* and OH. 

If for any component #, the number of moles remains constant 
during the process in question, the corresponding term dn, is zero. 
If the number of moles of ¢ diminishes, dn, is to be taken as a negative 
quantity. 

Finally, it is perhaps useful to make some remarks concerning th 
expression Ly,dn, as a work term. Consider a reversible change of 
composition in a closed system. On account of the defining equation 
for entropy the term 7'dS in the equation . 


dU =TdS—PdV + y,dn,, 


is the heat absorbed by the system. It follows that the remaining 
terms on the right-hand side represent the total work done. Thus 
2y,dn, ia a form of work which can be done by a system in the absence 
of any change of volume and due to its change of composition. This 
is, in fact, the ‘chemical work’ which has been discussed already in 
§ 5-26, and which can be attained by use of the van’t Hoff equilibrium 
_ box or the galvanio cell. It is important to realize that it is possible 
for a thermodynamic system to perform work, i.e. to achieve the 
lifting of a weight, without there being any difference in the initial 
and final volume of the system. 

This interpretation of Ly,dn, as a work term is no longer possible 
if the changes dn, are due to transfer of material into the system from 
outside, i.e. if the system is ‘open’. For whenever there is a simul- 

+ The van’t Hoff equilibrium box, discussed in $2-5, is a closed system if 
we include in the term ‘system’ the supplies of CO, and oxygen which are 
connected to the box through the semi-permeable membranes. If we start 
with 1 mole of oxygen at 1 atm pressure in the one cylinder and convert it 
reversibly to 1 mole of CO, at the same pressure in the other cylinder, there 
is no difference between the initial and final volumes of the total system. 
However, in order to carry out this process reversibly, it is necessary to pass 
through intermediate volumes which are much larger, ie. to expand the 
oxygen to the very low equilibrium pressure. It is because of this intermediate 


expansion that the reaction system can be made to perform work by use of _ 


_ pistons. The student is advised to work out the process in detail, using the 
laws of perfect gases (Chapter 3). ; 
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taneous transfer of matter as well as of energy the notion of heat 
becomes ambiguous. Thus the above equation remains valid, but the 
term 7'd§ is no longer interpretable as ‘heat’ and therefore the 
remaining terms are not interpretable as ‘work’. 


2-8. Criteria of equilibrium in terms of extensive properties} 


For any completely isolated system we have from the second law 
7 xdS,>0, 

where the summation extends over all parts of the system. In this 
expression the differentials refer to the possible changes in the 
forward direction of time. It follows that the criterion of equilibrium 
of such s, system is that the entropy has reached the maximum value 
which is consistent with the fixed value of its energy, and volume, as 
discussed already in § 1-13. 

Criteria of equilibria may also be expressed in terms of U, H, F 
and G@. We shall briefly repeat the derivation of the criteria relative 
to F and G, as given already in §§2-3 and 2-4. For a system in a 
thermostat, the above relation may be written 


dS+d8,>0, 
where the subscript r refers to the thermostat at temperature 7’. If 


dg is the heat absorbed by the system during an infinitesimal change 
of state, then dS, = —dg/T’, and thus 


dg 
d§—7; 20. 


In view of the first law this may be written 


ds — Sd >0, (2:46) 


and therefore, since 7' is constant, 
| d(U —T'8) < —dw. (2-47) 


Under conditions of constant temperature and when no work is 
_ performed on the system, (2-47) shows that the change in the Helm- 
holtz free energy, F=U—T'S, can only be negative. Therefore the 
criterion of equilibrium, under conditions of prescribed temperature 
and volume, is that # has reached its minimum possible value. 

Adding d(PV) to the last expression 

d(U+ PV —TS8) < —dw+d(PVY). 
+ For a more complete discussion see Gibbs, Collected Works, vol. 1, pp. 55 


et seq. A very clear exposition, based on Gibbs, is given by Keenan, Thermo- 
dynamics (New York, Wiley, 1941), Chapters, XxUI, XXIV and xxvI. 


2:8] Auxiliary Functions and Conditions of Equilibrium _ 81 


If the pressure on the system is constant d(PV)=PdVJ, and the right- 
hand side of the above expression is the negative of dw’, the work 
not including that due to volume change. Thus 


dG< —dw’. (2-48) 


Therefore under conditions of constant temperature and pressure, 
and when no work of this kind is performed on the system, the change 
in G can only be negative. The criterion of equilibrium for a system 
of prescribed temperature and pressure is that G has reached its 
minimum possible value. : 

Similarly, it may be shown that criteria of equilibrium for a system 
of prescribed S and V is a minimum of U, and for a system of pre- 
scribed S and P is a minimum of H. These are less useful than the 
criteria relating to F and G. 

It is of interest to consider in molecular terms what is implied by 
& minimum value of F (or @). Now F=U—TS, and therefore low 
values of F will occur when U is small and when 7'S is large. As an 
example consider a crystal in equilibrium with its vapour in a vessel 
of fixed volume surrounded by a thermostat. In this system there are 
two opposing tendencies. On the one hand, the attractive forces 
between the molecules tend to make the vapour condense, with 
reduction in the potential energy of the system and with passage of 
heat outwards into the heat bath. If this occurred completely, i.e. if 
all of the molecules were present as crystal and none as vapour, the 
internal energy of the system would be low, but so also would be the 
entropy. (According to the statistical interpretation S=kInQ, and 
© is smaller for the orderly arrangement of the crystal than for the 
gas at the same temperature.) On the other hand, the tendency 
_ towards randomness in the system would be most completely satisfied 
if the crystal were to vaporize completely, with absorption of heat 
from the heat bath in order to overcome the attractive forces. Such 
a system would be one of high internal energy and high entropy. 

If the values of U and T'S of the total crystal-vapour system are 
calculated by statistical methods and plotted against the fraction of 
the substance which is present as a vapour, curves are obtained as 
shown in Fig. 14.| The minimum value of F, for a particular tem- 
perature and volume of the-system, occurs when there is a certain 
fraction of the substance present in the vapour phase. This is the equi- 
librium state, at prescribed temperature and volume, and the corre- 
sponding pressure in the vapour phaseisthesaturation vapour pressure. 

The fact that there i a minimum value of the free energy is because 
the values of U and 7'S do not increase proportionately to each other 


t Problem 4 at the end of Chapter 13 is concerned with the calculation of 
these curves. 
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with increase of the fraction of substance in the vapour phase. When 
this fraction is small an increment of vapour causes the randomness to 
increase much more rapidly than the energy, as may be seen from 
the figure. Rather pictorially the equilibrium state may be said to 
be due to a balance between order and disorder in the system. 

In the above discussion the heat bath, which maintains the system 
at constant temperature, has played an important role. For the whole © 


+ve 


Fraction as vapour 
0-0 0-5 1-0 
_ Fig. 14. Crystal-vapour system. 


isolated assembly, comprising the crystal-vapour system together © 
with the heat bath, it remains true that the entropy tends to a maxi- 
mum. However, any tendency of the substance to pass more com- 
pletely into the vapour phase, with increase of its entropy, implies 
an absorption of heat from the heat bath, which thereby diminishes 
- inentropy. In brief, the state of the crystal-vapour system for which 
its F function is at a minimum is the state of the whole assembly for 
which the total entropy is at a maximum. Similar considerations 
apply to G, if the system is at constant temperature and pressure. 
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2-9. Criteria of equilibrium in terms of intensive propertiest 


(a) Thermal and mechanical equilibrium. It is the property 
of temperature that whenever two systems @ and f are in thermal 
equilibrium, 7,=7',, as was discussed in §§ 1-4 and 1-13. In §1-13 it 
was also indicated briefly that the condition of mechanical equi- 
librium requires equality of pressure across a plane interface between 
the fluids. This result may now be demonstrated as a consequence of 
the criteria of equilibrium of the last section. 

Consider two fluids « and £ which are enclosed in a rigid container 
and held at the constant temperature 7’. Under such conditions the 
total Helmholtz free energy of the two fluids must be a minimum at 
equilibrium. Thus in any variation about the equilibrium state 


dF, +dF,=0. (2-49) 


Consider a possible variation dV, in the volume of the « phase and a 
variation dV, in the volume of the # phase, the temperature and com- 
positions remaining unchanged. Using (2-43) we have 


ak, = —F,dV,, 
dF, = — P,dV,. 


But also dV,=—dVp, since the total volume is constant. Thus the 
condition of equilibrium (2-49) reduces to 


(F.—F,) dV, =0, 


_ which can only be satisfied if 
P, = Py. : (2 50) 


This conclusion is, of course, incorrect if the two fluids are separated 
from each other by an immovable barrier, since in this case dV, and 
dV, are each individually zero. It is also in general incorrect if the 
interface between the two fluids is curved. A variation dV, in the 
volume will then imply a variation in the interfacial area between the 
two fluids. That is to say, for such a system the area and surface 
tension are significant additional variables of state. Under such 
conditions it can be shown that the condition of mechanical equi- 
librium is 1 

(~B)=7(-+2), (2-51) 
m1 7 
where r, and r, are the principal radii of curvature and are taken as 
- positive when they lie in the § phase. 
t For a more complete discussion see Gibbs, Collected Works, vol. I, and 


also Commentary on the Scientific Works of Willard Gibbs (Yale Univ. Press, 
New Haven, 1936), vol. 1. 
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(b) Equilibrium for transfer between phases. Consider a 
system of several phases which are in thermal equilibrium at constant 
temperature. Each phase is a typical open system, since it can ex- 
change chemical substance with its neighbouring phases. It will now 
be shown that the condition of equilibrium with respect to these 
transfers is that each substance has the same value of its chemical 
potential in all the phases. 
_ We consider a variation of the system in which dn,, moles of the 
substance + pass from phase £ into phase a. According to equation 
(2-43), the temperature being constant, the overall change in F for 
the system as a whole is 


dF = Id Fy = —E PydV s+ (pig — Mig) Arig, 


where the summation is over all the phases and the last term arises 
from the fact that dn,,= —dn,,. If the pressures P;, etc., are steady _ 
values, as will occur in a sufficiently slow process, the first term on the 
right-hand side is dw, the total work done by the system. Thus 


GF = —dw+t (Hig — Hig) Unig. 
Now from (2:47) wehave dF <—dw, 
and therefore (Hix — Hig) Iie <9. (2-52) 


It follows that the sign of (4;,—/;,) is the opposite of the sign of 
dn;,. Thus if dn;, is a positive transfer from f to a, the chemical 
potential of the substance + must be less in the phase « than in £. 
In general, any substance tends to pass from regions of higher to 
regions of lower chemical potential,} and it is to this property that | 
the chemical potential owes its name. | 

On the other hand, for a reversible change dF = — dw, and therefore 
the above inequality is replaced by 

, Mia = Hip: (2-53) 

The condition of chemical equilibrium between phases is therefore that 
each substance shall have an equal value of its chemical potential in all 
phases between which this substance can freely pass.t On the other hand, 
if two phases are separated by a membrane which is permeable to 
some substances but not to others, the above result applies only to 
those substances which can pass freely through the membrane. This 
has important applications in the phenomenon of osmosis. 

‘Differences of chemical potential may thus be regarded as the 
origin of all processes of diffusion. It is erroneous to regard diffusion . 
as necessarily taking place in the direction of decreasing concentra- 
tion. For example, suppose that a solute 7 is distributed between two | 


+ These remarks must be qualified in view of the next subsection. 
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solvents a and £ and let c,,=2 and c,,=10 be two values of its con- 
centration (in arbitrary units) in a and £ respectively when there is 
a state of equilibrium. In these two solutions the chemical potentials 
of + are equal and there is no diffusion despite the large difference of 
concentration. If, at some moment during the approach to equi- 
librium, the concentrations were c,,=4 and ¢,,=7, then at this 
moment there would have been a tendency for spontaneous diffusion 
from phase a to phase f, i.e. in the direction of increasing concentra- 
tion (but of decreasing ). However, in physical situations where 
there is no discontinuity of the medium, the direction of decreasing 
# usually coincides with the direction of decreasing concentration. 


(c) Transfer equilibrium in a potential field. We consider first 
the extent to which the relation (2-53) needs to be modified if we allow 
for the effect of gravity. Now in the last chapter the convention was 
adopted that the internal energy, entropy, etc., of a body depend only on 
ite internal state, as characterized by its temperature, pressure and com- 
position. The functions U, S, H, F and @ are thus taken as being in- 
dependent of the position of the system in a gravitational field.t If the 
system changes its potential energy by d¢ and its internal energy by dU, 
the first law must therefore be written 

dU +d¢=dq—dw. 
Thus, if the system is held at constant temperature 7' we shall have in 


place ot (4°48) _(dU +dg +aw) 
qT ~~ 


ds 0, 


and therefore the corresponding condition of equilibrium is 
dF +d¢=0, (2-54) 
where F=U-—TS as before. 


For simplicity let the system under discussion be a single homogeneous 
phase of prescribed temperature and volume. We consider a variation 
in which dn, g moles of substance + pass from a layer f at height hg into 
a layer & at height h,. Then if M, is the molecular weight in grams the 
increase in potential energy of the system is 


dd =M,g9(hy—hg) Any, 
and from (2-43) the corresponding change in F of the system as a whole is 
OP = fig dn, — peg dn,. a | 
Substituting these expressions in (2-54) we obtain 
; Pia t Myghy = pig t+ Mighs. (2°55) 


t See footnote on p. 17. In some text-books, U, H, F and @ are taken as 
including the potential energy of the system. 
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Thus, in so far as we need to allow for the effect of the gravitational field, 
the chemical potential of a substance is not equal throughout the depth 
of a phase, but it is the sum of the terms 4, and M,gh which has this 
property of constancy. 

The considerations relating to the electrostatic field are rather different. 
Now in the gravitational case, as discussed above, the potential energy 
per unit of mass has the same value at a particular height whatever is the 
temperature, pressure and composition of this unit of mass. That is to 
say, changes of U and ¢ are independent and each has a significant 
meaning. This is no longer the case when we are concerned with an 
electrostatic field, at any rate within the interior of a body. It is, of 
course, entirely feasible to measure the change in ¢ in bringing a positive 
charge from infinity, through empty space, to a point just outside the 
body. However, in the process of bringing the charged particle across the 
phase boundary into the interior we can make no experimental distine- 
tion between that part of the total energy change which might be regarded 
as a change in ¢ and another part, which might be called the ‘chemical 
work’, due to the change in the composition of the environment of the particle. 

Therefore, for movement of a charge through regions of varying com- 
position, it is conventional to include the whole energy change in the 
change in U. The treatment of the previous subsection then holds without 
modification and 4, defined as (U/8n,),y, »,, the change of U with com- 


position, is equal between any two phases a and # which are in contact | 


and between which the species ¢ can freely pass. Thus 
ia =p: (2°56) 


where 4 may refer to an electron, an ion or a neutral molecule. Unlike © 


the case of equation (2°55), the 4 now includes both the ‘chemical’ and 
the electrical effecta, which we have seen to be indistinguishable. 

Consider now two phases a and f which are not in contact. If they have 
tdentical temperature, pressure and composition their internal states are 
the same. In this case the difference in the work required to bring a unit 
positive charge from infinity into the interior of each of the two phases 
has a meaningful value, since all ‘chemical’ work involved when the 
charge enters the bodies will cancel when we take the difference. Their 
electrical potential difference, ¢,—¢,, is therefore measurable. (It may 
be objected that this potential difference can only exist if the two bodies 
contain different concentrations of electrons, or other charged species, 
and therefore the two bodies do not have precisely the same composition, 
as previously supposed. However, a simple calculation shows that a 
quite negligible difference of electron concentrations is sufficient to 
account for all values of 6,—¢, which are met with in practice.) 

The difference of electrical potential between two identical phases 
« and # is therefore defined by the work done by these phases in the 


¢ For a more complete discussion of the subtleties concerning the electro- 


’ gtatio field see Adam, The Physics and Ohemistry of Surfaces (Oxford, 1941), 


Chapter vit and Guggenheim, Thermodynamics (Amsterdam, North-Holland 


Publ. Co. 1949), Chapter x. 
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reversible transference of dn, moles of charged species from the a phase 
to the # phase at constant temperature and volume 

dw = —2,F(pg—$,) dm, (257) 


where z, is the valenoe of the species, being taken as positive for a positive 
charge, and F is the Faraday equivalent (§ 2-5). But also by (2-43) 


d (2-4 
ara ol dw = — AP = — (typ — pig) A, 
and therefore | Hip — Bia =%F($p—$)> - (2°58) 
Of course if the two phases are actually in equilibrium with each other, 


then (2-56) must hold and therefore ¢,=—¢,. Thus identical phases in ~ 


contact have the same potential, But the potential between different 
phases, whether they are in contact or not, has no meaning. 

(d) Reaction equilibriurn. This will be discussed in more detail at 
a later stage. For the present it is sufficient to note that in any closed 
system which is in a state of complete equilibrium the term Zy,dn, in 
equations (2-40)-(2°43) must be zero: 


Ly, dn,=0. | (2-59) 
This follows from the criteria of equilibrium of § 2-8. 


2°10. Mathematical relations between the various functions 


of state 
(a) Some identities. The basic equations (2-40)-(2-43) are 
dU =TdaS —PdV + Zp,dn,, (2-60) 
dG= —SdT + VdP+Xy,dn,, i (2-61) 
dH=TdS+VdP+ =y,dn,, (2-62) 
| dF = —SdT—PdV + zyu,dn,. (2-63) 
From these the following identities may be obtained: 
) a. 
= —— = —e 2-64 
T= Gana” (ean eee 
7) OF 
= —f— = — | —— > 2-65 
Gr). Gre. ase 
og a 
Sic: =) --(@) 2-66 
Gr Pim oT vem ( ) 


r= (p= Gee om 


and the corresponding identities relating to 4, were given in equation 
(2-44). 
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By combining (2-64)-(2-67) with the defining equations for H, F 
and G, further expressions may be obtained. For example, 


| 7) 
F=U-18=0+1(F) 2-68 
. oG 
G=H—T8=H4+-0( (2-69) 
. NOT) png 


and it is readily confirmed that these two expressions may be re- 
arranged into the more compact forms 


OF | U 
( OT ) yy TP eo) 
Gy H 
Cor nw on 


The expressions (2:68)-(2:71) are known as Gibbs—Helmholtz 
equations, ; 

(b) Maxwell’s relations. An additional crop of useful identities, 
known as Maxwell’s relations, is obtained by applying a theorem of 
the calculus concerning exact differentials, Consider (2-60) in which 
U is expressed as a function of the variables, 8, V and the n,;. From 
this equation we obtain 


7) 7) 


Now JU is a function of state and thus forms an exact differential. 
It is also known experimentally to be a smooth function of the 
variables S, V and n,, except at points of phase change. If we dis- 
regard such points, the second partial differential of U with respect 
to any pair of variables is independent of the order of differentiation. 


Ee ee 1 


and therefore from the previous relations 


er) ~~ (a) 
7 pe 0 


¢ The meaning of E 4) | may be seen more clearly by imagining 
Vs 
U, S and V as three Cartesian co-ordinates. U as a function of S and V, 
is @ surface in the three-dimensional space. (0U/d8)y is the gradient, 
gv of this surface with respect to S, at any plane of constant V, and 
E 4) ] is the gradient of the gradient g,, with respect to V, at any plane 
vs 

of constant S. 


2:10] Ausiliary Functions and Conditions of Equilibrium 89 
In general, if d¢ is an exact differential and is given by 
dp =z, dy, +7, dy,+2,dyg+..., 


),-@), om 


where the subscript y, denotes constancy of all y’s other than the one 
considered in the differentiation. Conversely, a necessary and 
sufficient condition for d¢ to be an exact differential is that (2-72) 
shall hold for all independent combinations of the variables y,. 
Equation (2-72) is known as the reciprocity relation or cross-differ- 
entiation identity. 

The full set of Maxwell’s relations, obtained by applying (2-72) 
to (2-60)—(2-63), are as follows: 


s) 6) 
Ge <i (Fa), 
~(e),.- (er) 
OP} am - oT Pm 
Q 7) 
fr). (a) 
OV) any OT} v.m5. 


Additional reciprocity relations which give the temperature and 
pressure coefficients of 1, may also be obtained. Thus from (2°61) 


Gi). “Ge 
OT] ng ny on, 1.2m. 


(Fan (em 
oP nase on, i) Pn, 


A large number of new equations may be built up by use of the 
Maxwell relations. Thust from (2-60) 


3 ag | 
a ed cs ee (276) 


t In more detail, the derivation of (2-75) is carried out by expanding (2-60) 
as a function of 7, V and the n,: 


dU=TdS—PdV+ Uudn, 
a as as | | 
=1{(5 vast * (57), avt*G) ey in —PdV +5p,dn,, 


and therefore (2-75) is obtained by considering & s change of state such that T 
and the n, are constant. 


(2-73) 


(2-74) 
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and substituting in this one of the Maxwell equations we obtain 


] 2) 
lr) a "na 76 


This particular equation gives a useful relationship between the vari- 
ables U, V, 7 and P and is known as the ‘thermodynamic equation 
of state’. 


(c) Change of variable. In a number of problems it is necessary 
to transform formulae from one set of variables to another. Suppose, 
for example, that it is required to calculate (@U/0T)p from experi- 
mental data. Now U is more readily obtained from experiments in 
terms of T and V rather than in terms of 7 and P. For example, 
(8U /8V)7 may be obtained from (2-76) and (8U/2T'), is a measurable 
heat capacity. We therefore commence by expressing U as a function 
of JT’ and V (assuming the mole numbers are constant): 


' U=U(T,D), 
7) og 
av = (r), ar+ (5), dy. 
0 
timctoo (er), (ex),* (ar) (ez) = 


which is the required expression. 

Another useful type of transformation is obtained from the pen- _ 
ultimate equation by considering a change of state at constant 
internal energy. Thus 


on(°2) (2) 4 (2 
NOT] \OV 9 \OV) 2’ 


) OV\ (eT 
pRerinits — —— =—i, 2- 8 
and therefore (=), (5c), (57), 1 (2-78) 


_ The reader may note the cyclic order of the variables in this expres- 
sion. Each of them occurs in all three of the positions, ‘upstairs, 


‘downstairs and outside’. 


(a) Integration of the basic equations. Consider the equation 
(2°60) dU =TdS—PdV+Xp,dn,. 


We wish now to prove that the variables which occur in this equation 
must also satisfy the relation 


U=TS—PV+Zp,n,. 
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In order to show this, let it be supposed that the phase under 
discussion is enlarged in size, its temperature, pressure and the 
relative proportions of its components remaining unchanged. Under 
such conditions the 4,, which are intensive variables like 7' and P, 
must also remain unchanged. Thus the direct integration of (2-60) 
ae AU=TAS—PAV +Ep,An,. 
Let the original values of the internal energy, entropy, etc., of the 
system be U, S, V, n,. If the system is enlarged to k times its original 
size then the final values of the internal energy, etc., are kU, kS, kV 
and kn,. This is because the extensive properties are proportional to 
the size of the system. Thus 
| | AU =kU—U=(k-1)0U, 
etc. Substituting in the previous equation we obtain 
(k—1) U=T(k—1)S—P(k—1) V+2p,(k—I) 0, 

and therefore U=TS—PV+ipn, (2°79) 


which is the required result. By an analogous integration of equations 
(2-61)-(2-63) we obtain 


G= Ini py, ; (2-80) 
H=TS+Engp,, (2-81) 
F = P V + Zn, fi (2°82) 


and these equations are clearly consistent with the relations which 
define G, H and F in terms of U, PV and T'S. 

It may be remarked that the process by which equations (2-79)~ 
(2-82) are obtained is not a purely mathematical one but depends on 
- an item of physical knowledge; namely, that the intensive variables 
are not affected by the size of the system, whereas the extensive 
properties are directly proportional to ita size. 

The same physical information implies that there is a certain 
relationship between the simultaneous changes in the intensive vari- 
ables. This may be obtained by taking the complete differential of 
any one of the equations (2-79)-(2-82). and comparing with its 
‘parent’ equation. Thus from (2:80) we have 


dG =n, du,+ Zy,dn,, 
and comparing this with (2-61) 
— SdT + VdP—in,dyu,=0. (2°83) 


This relation, known as the Gibbe—Duhem equation, shows the 
necessary relation between simultaneous changes of temperature, 
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pressure and the chemical potentials. Thus, if there are n substances 
in the particular phase, out of the n+ 2 intensive variables only n+1 
can vary independently. 

Equation (2-80) helps to give additional significance to the concept 
of the chemical potential. If each chemical potential is multiplied 


‘by the number of moles of the particular substance and summed over 


all the species, the result is the Gibbs function of the phase. (Of course 
the absolute value of G, like U, H, S and F, is unknown and the same 
is therefore true of 4,. Thermodynamics deals only with the changes 
in these quantities, or their values relative to some standard state.) 
For a pure substance we obtain from (2:80) 4,=G/n,, and the 
chemical potential is thus simply the value of G per mole. Let it be 
supposed that this pure substance is in equilibrium with a mixture 


through a membrane which is permeable only to the substance ¢. 


On account of the condition of equilibrium, p,.=,,, the chemical 
potential of ¢ in the mixture is equal to its value in the pure substance. 
We thus obtain a useful new interpretation of the meaning of 1: the 
chemical potential of a component of a mixture is equal to the value 
of G per mole of the same substance in its pure state, under the 
conditions of pressure which would put the mixture into equilibrium 
with the pure substance through a semi-permeable membrane. 


2-11. Measurable quantities in thermodynamics 


.The measurable quantities are mainly as follows: 
heat capacities; 
compressibility and expansion coefficients; ; 
latent heats, heats of mixing and of chemical reaction, and the 
corresponding changes of volume; 
equilibrium constants of reactions and e.m.f.’s of cells; 
vapour pressures, solubilities, etc. 

The present section is concerned mainly with the first two groups 
above, and in particular it will be shown how the various partial 
differential coefficients of the previous section may be expressed in 
terms of experimental magnitudes. , 


(a) Heat capacities. If a body absorbs a finite quantity of heat, 
q, it usually rises in temperature by a finite amount, AT’. The average 
heat capacity of the system over the range of temperature is defined by 


Cov. =q/AT. (2-84) 


The instantaneous heat capacity at the temperature 7’ is the limiting 
value of this ratio as the quantities g and AJ’ become infinitesimals: 


C=dq/aT. (2:85) 
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There are several points to be noted about this ratio. In the first 
place C becomes infinitely large at points of phase change, for at such 
points heat is absorbed without giving rise to any change of tem- 
perature. For this reason the term heat capacity is usually applied 
only to changes of state not involving a phase change. 

Secondly, if any chemical reaction were to take place in a body 
during the temperature change, d7', heat would be absorbed or 
rejected by the body on account of this reaction, in addition to that 
required to change the temperature of the various substances present. 
If the heating were carried out so rapidly that reaction equilibrium 
did not have time to establish itself, a different value for C would be 
obtained than if the heating were carried out slowly.t In order that 
C shall have a definite value it must be specified that the heating is 
slow enough for the internal equilibrium to be maintained. Thus what 
is called the heat capacity of water includes the heat absorbed in the 
change in proportions of the various species. For similar reasons the 
measurement must always refer to a closed system. 

Finally, in the above expression for C, the heat dq may be replaced 
by dU+dw, in accordance with the first law. However, the mere 
statement that there is a temperature change d7 is insufficient to 
fix the values either of dU or of dw; some other variable must be 
changed in a known manner, or held constant. It is therefore cus- 
tomary to define two particular kinds of heat capacity, C, and C,, 
which refer to constancy of volume and of pressure respectively. Thus 


_{dg\ _ (2 
0o.=(i7),~ (én), 


since in this case dw=0. In the case of constant pressure 
dq=dU + PdV =dU +d(PV)=dHd, 


and therefore C,= (34) = (F) ’ 
P P 


provided that PdV is the only form of work. 
The heat capacities may also be expressed in terms of the entropy, 
since dS =dgq/T' for a reversible heating process in a closed system. 


Thus 0. (2 _7(8 
Na), (NOT, 


_ (2 os 
= (en),-" (én), 


+ One of the methods of measuring the rate of very rapid reactions, e.g. 
2NO,=N,0,, is based on the determination of the velocity of sound in the 
system, which depends on the same effect. 


(2-86) 
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It may be noted that C, and C, refer to the heat capacity of the 

whole system whatever its size. The mean molar heat capacities are 

obtained by dividing by the total number of moles of the various 
substances which are present: 

poets. ele 

ein,” 7 En,’ 

and these are intensive properties of the system. If the latter contains 
only one substance we speak of its molar heat capacity. 


(6) Expansion and compressibility coefficients. These coeffi- 


(2-87) 


cients are defined by the relations 
1 (a 
a= (=r) | (288) 
1 (av 
KES (a), (2:89) 


Both « and x refer to fractional changes in volume, dV/V, and are 
thus intensive properties which are independent of the actual volume 
of the system. The reciprocal of the isothermal compressibility, x, is 
called the bulk modulus of the material. 


The ‘pressure coefficient’, _ Ga) » of a body may be calculated 
v 
from values of @ and x. Using a transformation formula similar to 


(2-78): (r), (se), Gr), ‘ 


1/2 1 QV/eT)p_ ; 
aud thectore >(en),7 ~P OVOP), Pr’ om) 


For example, in the case of liquid mercury a=1-81x10-* and 
x= 3-9 x 10-6, in units of atmospheres and Centigrade degrees. Hence 
(OP /éT), = 46, and the heating of a sample of mercury through 1°C at 
constant volume would cause the pressure to rise by 46 atm, if a and 
« remain constant over this small range. 


(c) Relations between C,, C,, a and «. Between some or all of 
these quantities a number of relations can be established. As an 
example we shall prove the relation 


C,—C,=TVaijx. 


+ It can be shown that «, and also C, and C,, must always be positive quan- 
tities. See, for example, Landau and Lifechitz, Statistical Physics, transl. 
Shoenberg (Oxford, 1938), p. 100 and also Guggenheim, Thermodynamics 
(Amsterdam, North-Holland Publ. Co. 1949), p. 79. 
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Using a transformation equation of the type of (2-77), 


(7), (er), (or) .* (x), 


and therefore from (2-86) and (2°73) 


Cy_(2P\ (0V) Ce 
T \otl,\aT) pT’ 


and finally using (2-88) and (2-90) 


°»-C=" (en) (en). 


=Ty™, (2:91) 
xK 


It will be noticed that the proof depends on the existence of entropy 

as a function of state. The experimental verification of (2-91) is thus, 

in a certain sense, a confirmation of the second law, and the same may 

be said of any of the other quantitative relations based on this law. 

For practical purposes the value of equations such as (2-91) is the 

calculation of one quantity, say C,, from known values of the others. 
Another important relation which is easily proved is 


1 fa Cy 
-3 Cr) nae (2-92) 


The quantity on the left of this equation is the adiabatic com- 
pressibility, and it measures the fractional change in volume of a 
system in a reversible adiabatic compression. 

The derivation of the relationship between the temperature 
coefficient of'x and the pressure coefficient of « is instructive: 


dV= Gr), aP+(F7), aT 


=—KVdP+aVdT, 
or din V=—xdP+adZ. 
Now In V is a function of state and therefore the reciprocity relation 
(2°72) may be applied: 
a (5 ai (:p (2-93) 
oT) P oP, . 


(d) Latent heats and heats of reaction. When these quantities 
are measured under conditions of constant volume they are equal to 
the change in internal energy in the process in question. More usually, 
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however, they are measured at constant pressure and are then equal 
to the change in enthalpy (provided that PdV is the only form of 
work). For example, in the vaporization of a pure liquid at constant 


pressure, the latent heat is 
L=dH, —H,, (2-94) 


where the subscripts g and / denote gas and liquid respectively. The 
corresponding entropy change is L/7', provided that the vaporiza- 
tion takes place under equilibrium conditions. (Under such conditions 
=, and therefore dS =dH/T, from equation (2-62).) 


2°12. Calculation of changes in the thermodynamic functions 
over ranges of temperature and pressure 


In order to compute the change of, say, the enthalpy it is desirable 
to use temperature and pressure as the independent variables and 
also to express the various partial differential coefficients in terms of 
experimental magnitudes. This may be illustrated as follows. 

For a body of constant mole numbers 


dH=TdS+VdP 
os (28 
-» (6) (9) era 
as as 
=7(57) r+ (v-+2(5) jap. 
Using (2-73), (2-86) and (2-88) this gives 


aH=C,ar+{v-1(F7) |ap 
P 


oT 
=C,d7'+ V(1—aT) dP. (2-95) 
Therefore for a finite change (7',, P,) > (7°, Pr) 

T; P, 
H,—H,=| C,aT + V(l—aT) dP. (2-96) 

ait, P, 

iC Py. 
Similarly 8,-8,={ a dT — | VadP. (2:97) 
7 P, 


By use of these expressions it is possible to calculate the enthalpy 
and entropy of a fluid relative to any chosen reference state. In the 
' Steam tables this reference state is usually chosen as liquid water 
at 0°C. In calculating the relative value of the enthalpy or entropy 
of steam it is necessary, of course, to carry out two distinct integra- 
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tions, one for the liquid water and the other for the vapour. To these 
must be added the discontinuous increments of enthalpy or entropy 
which occur at the phase change between the liquid and vapour 
states (§2+11d). 

It is to be noted that the quantities Cy, V and @ which occur in the 
above integrals are themselves functions of temperature and pressure, 
and these functions must be known before the integrations can be 
carried out.' For example, in (2-97), the first integral refers to constant 
pressure and the second to constant temperature; it is necessary to 
know either O, as a function of 7’ at the lower limit P of the second 
integral, together with Va as a function of pressure at the upper limit 


f, of the first integral, or C, as a function of 7' at the upper limit P,, 


Fig. 15 


together with Va as a function of P at the lower limit 7, (or the 
corresponding quantities for any other alternative path). This may 
be seen from Fig. 15. ~ 

The calculation of the steam tables, or comparable tables for other 
fluids, thus requires a very complete knowledge of the P-V-T rela- 
tions of the fluids and also of C,, as a function of 7 and P. Graphical 
integration may be adopted, or alternatively it may be possible to 
carry out a direct integration if the experimental data can be ox- 
pressed as empirical power series. e.g. 


Cy,=a+bT +cT?+... 


2:13. Molar and partial molar quantities 


The symbols U, S, V, H, F and G, as used previously, all refer to 


the whole of the homogeneous phase which is under discussion. Since 


7 PCE 


aitihondaar aie d Neetu Sh opis ca 


Se hes a DANES sd Se il UW PRS at 


SCE PRA RECs cere PST ST 


el igiuaatigba itt sl cae 


RE NS A APO AT LET A APS GT 


Be NE ETON BE OES EE a 


98. Principles of Chemical Equilibrium [2-13- 
they are all extensive properties, their values are all doubled when- 
ever the phase is doubled in size. For this reason it is convenient to 
introduce an additional set of thermodynamic quantities which 
represent the total internal energy, entropy, etc., as equal to the sum 
of the specific contributions of each particular species. 

Consider first. of all a phase which consists of a single component. 
For such a system equation (2-60) reads 


dU=TdS—PdV+ydn, (2-98) 


the last term being the increase in U due to the addition of dn moles 
of the substance at constant entropy and volume. Let the molar 
values of the internal energy, etc., be defined by 


u=U/n, s=S/n, v=V/n, (2-99) 
where 7 is the number of moles of the particular substance in the 
system. From (2-99) 40 ada ends: 
dS =sdn+nds, 
dV =vdn+ndv, 
Substituting these in (2-98) we obtain 
ndu=Tnds—Pndv+(u—u+Ts—Pv) dn. 


The quantity in brackets is clearly zero, since it was shown in con- 
nexion with equation (2-80) that the value of « for a pure substance is 
equal to G/n. Thus finally we obtain (as may be obvious) 


du=Tds—Pdv, (2-100) 

and similarly dh=T'ds+vdP, (2-101) 

. df= —sdT'— Pdv, (2-102) 
dg=du= —sd7'+vdP, (2-103) - 


where h= _H/n, f=F'/n and g=G/n. Equation (2-103) is seen to be the 
same as the Gibbs-Duhem equation, (2°83), when the latter is applied 
to a single component phase. The equations (2-100)-(2-103) are, of 
course, fully applicable to open systems (of a single component) 
because they refer to unit quantity of the substance in question and 
not to the system as a whole. 

In the above we have defined the molar internal energy etc. by the — 
relations (2:99), U=un etc., which express the fact that the total 
internal energy etc. is proportional to the size of the phase. These 
molar quantities, u, etc., depend only on temperature and pressure. 
Turning now to the case of multicomponent phases, we wish to define 


f 
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similar quantities, which will be denoted U,, etc. such that the total 


internal energy etc. of the phase may be expressed as the sum of the 
contributions of the various species. Thus U=<n,U, etc. However, 
it is evident that this equation could serve to define only one of the 
quantities U, in terms of the remainder. We therefore proceed rather 
differently as follows. 

Let # stand for any of the extensive properties, such as internal 
energy, enthalpy, etc. Then the partial molar value of the property EZ, 
for the ith substance, is defined by 


() 
E,= G) ‘ 2-104 
t an, 7, Pn ( ) 


For example, in the case of the partial molar volume 


5 . 
V,= =) ; 
: on, T,P,nj 


which may be expressed in words as follows: the partial molar volume 
of component ¢ in the system is equal to the infinitesimal increase in 
the volume of the system divided by the infinitesimal number of 
moles of this substance which are added, the temperature, pressure and 
- quantities of the other substances remaining constant. Similarly with 
regard to the partial molar enthalpies, etc. 

Let the property H be expressed as a function of 7, P and the 
mole numbers. Then 


(~} fs) oO 
az = | — ar+ (55 aP+2(5) dn. 
Gr) Pn; oP] 7m NenJ orn 


- (5) ar+(5 dP + 2H, dn,. (2-105). 
Ne? Pim : 


OP] 1, nm, 
This equation may be integrated in the same way as in §2-10d. 
btain 
mee E=Xn,i,, (2-106) 


which expresses, in the desired manner, the value of H for the whole 
phase, in terms of the contributions of each substance. In detail we 
neve U=5n,0, S==n8, 
H=Xni,, F=%0,P,, (2-107) 
V=XnV, G=in,G,. 


In the case of a single component system the partial molar quantities 
are clearly identical with the molar quantities (equation (2°99)). 
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The absolute values of the various extensive properties (except V) 
are, of course, never known, and the same applies to the partial molar 
quantities £,. Therefore the latter must all be calculated with respect 
to the same reference state as in the case of # itself. Moreover, the 
£,, although they are intensive and therefore independent of the size 
of the system, are still dependent on the relative proportions of the 
various components (e.g. on the mole fractions), and also on the 
temperature and pressure. | 

It may be noted that the partial molar value of @ is identical with 
the chemical potential. This arises from the fact that in the equation 


(2°61) 


the independent variables are T', P and the n,, which are the same as are 
used in the definition of the partial molar quantities. Thus 


Tr G) = G,. (2-108) 


i] T, Pin; 


The symbol p, will always be used in place of G;. 


Between the partial molar quantities there are relations entirely 
analogous to those between the parent extensive quantities. For 


H=U+PY, 


' example, 


and differentiating with respect to », at constant 7’, P and mole. 
numbers of other species, = 
H,=0,+PV,. (2-109) 


Similarly 4 =G,=H,-TS, (2-110) 
and other identities. 

Two particularly important relations are obtained as follows. 
From the equation (2°61), 


dG= —Sd7'+ VdP+Zy,dn,, 


we obtain the two reciprocity relations 


8) Darah 

—  =[— =V,, 2-111 
Ge Pini, y On, T, Pj ; ( ) 
oni (2) 3 : 

— =—{— =o e “112 
Gr P, 4, 23 on T, P, nj : ( 


Combining (2-110) and (2-112) 


Op 
=H, +7(7) 1 
My é ar Bala 
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and this may be rearranged into the more compact form 


Opt,|T\ H, 
aaa A L 
5 ae 
The equations (2-111)-(2-113) will be used very extensively in the 
following chapters. They can also be derived from (2-67), (2-66) and 
(2-71) respectively, by differentiation with respect to n,. 


In the case of a pure substance the partial molar quantities are, of | 


course, identical with the molar quantities and therefore (2°111)- 
(2-113) may be written 9 
Gz) =, (2-111) 

rg 


Gz) hte. (2-112) 
P 


Op/ h, : 
( i a (2-113) 

Another relation between the partial molar quantities may be 
obtained by taking the differential of (2-106), 


d= mn, df, +ZE,dn,, 
and comparing this with (2-105), we obtain 


a 0. 
Gr), 27+ Gp air —Bma=0. (2114) 


For example 


a a | 


As applied to G, ne (2- ne is ies the same as the Gibbs- 
Duhem equation, (2°83), since 2G/2T = —S8 and 8G/8P=V. At con- 
stant temperature and pressure, and after dividing through by En, 
(2-114) reduces to E2,dB,=0. (2-115) 


The various partial molar quantities, including the chemical 
potentials, may be regarded as functions of temperature, pressure and 
the mole fractions. If there are n substances in the system, there are 
n—1l independent mole fractions, and thus the total differential 
of 4, is given by 


Of, Ofte Opi 
T 
d= and +7paP+ = ar, 0 


=-—8§ dT +V,aP+ > 


dz, 2-116 
é=l ik T, P, a : ( ) 
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using (2111) and (2-112). Similar equations may be obtained for the 
other partial molar quantities. Thus from (2-110) 


H,= TS, + hi 
and therefore . dH, =T7d8,+-8,dT +dy,, 
and combining this with (2-116) 


i=n—1 Ope; 
dH,=Td8,+V,dP+ ¥ (e ) de,, (25117) 
t=1 \O%,/ 7, Pay 
aod eeny. a0,=T'48, _Pd,+ 3 ‘(@) da,. (2-118) 
{=1 T, P, 07 


These equations may be compared with (2-62) and (2-60) respectively. 


2-14. Calculation of partial molar quantities from experi- 
mental data 


The most useful partial molar quantities are those which occur in 
equations (2-111) and (2-113), namely, the volumes and enthalpies. 
These may be computed from the volume change on mixing the pure 
components and from the corresponding absorption of heat at 
constant pressure, equal to the enthalpy increase on mixing. One of 
the methods will be discussed briefly for the case of two components. 

Let A, and A, be the enthalpies per mole of the two pure com- 
ponents and let H, and H, be the partial molar enthalpies in a solution 
containing , moles of component I and 2, moles of component 2. 
Then the heat absorbed at constant pressure in making this mixture is 


(4H, + ngH,)— (1, hy + Nghg)=n,(H, — hy) + (A, — hy). 
The heat absorbed per mole will be denoted by Af and is obtained by 
dividing through by (”,+7,): 


Ah= (1—q) (Hy —hy) +tq(Hy— ha); (2-119) 


where x, is the mole fraction of component 2. If experimental values 
of Ah are plotted against x, the result may be of the form shown as 
the curve AGB in Fig. 16. 

At a particular mole fraction, x3, the gradient CD of the curve is 
obtained from (2-119) ast 


aAh oi oa 
(7 — (Hi —hy) + (Hi—hy); (2-120) 


; The term (1—23) 5 af, s4+2,— am , in the complete differentiation of (2-119), 
vs 


is zero on account of a 115). (In (2:120) the partial differential coefficient 
refers to constancy of temperature and pressure.) 


2:14]: Auxiliary Functions and Conditions of Equilibrium 103 


where H; and H; are the particular values of H, and H, at the com- 
position 2;. Eliminating (H,--h,) between equations (2-119) and 


(2-120): 
(H;—,)=an' -2,(*) 


08% =, 
FG 
=HGQ—AH OF 
=HG—FG 
=AC. 
Similarly (H,—h,) = BD. 


xX, ate 
Fig. 16 


The values of the partial molar enthalpies in the mixture, relative to 
the values h, and A, for the pure components, are thus given by the 
intercepts AC and BD, of the tangent CD. 

A similar procedure may be used to obtain the partial molar volumes 
from measurements of the volume change on mixing, i.e. from the 
density of the mixture. In this instance the absolute values of the 
volumes, v, and v,, of the pure components are known, and it is 
therefore possible to obtain the absolute values of the partial molar 
volumes. In some mixtures it may occur that the partial molar 
volume of a particular component is negative, implying that an 
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infinitesimal addition of the substance causes a decrease in the volume 
of the mixture. Of course, in any two-component system the effect 
of the composition on the value of one of the partial molar quantities 
is not independent of its effect on the other. Thus from (2-115) 


on, a 
(1a) Ge 1) ot (ae) 7° wie 


For more elaborate methods of caloulating partial molar quantities 


. from experimental data the reader is referred to the literature.f 


PROBLEMS 


1. Calculate the changes in S, U and H for the process of converting 
1 mole of liquid water at 0°C and | atm into steam at 200°C and 3atm. 
Assume water to have a constant density and heat capacity. Assume 
the steam to behave as a perfect gas and to have a heat capacity per 


mole given by 8.81 —1-9 x 10-#7' + 2-2 x 10-7, 
The latent heat at 100°C is 9706 cal/mole. 


2. Obtain the following form of the Gibbs—Helmholtz equation: 


aAG 
AG=AH +T ar 


- What condition limits the type of change to which this equation may be 


applied? Obtain the following expression for the temperature coefficient 
of the e.m.f. of a galvanic cell 


oH mon AH 
ar =pt 2FT" 


3. A cell in which the reaction Pb + Hg,Cl, = = PbCl, + 2Hg takes place 
has an e.m.f. at 25° C of 0-5357 V, and this increases by 1-45 x 10-*V/°C. 
Calculate (a) the maximum work available from the cell at 25° C/gatom 
of Pb dissolved; (6) the heat of reaction at 25° C; (c) the entropy change of 
the reaction at 25°C; (d) the heat absorbed by the cell at 25° C/g atom 
of Pb dissolved reversibly. 


4. The energy of the radiation which is at equilibrium within an 
enclosure depends only on the volume and on the wall temperature 7’. 
It is known also that the pressure of the radiation is equal to one-third 
of the energy per unit volume. 


}t Lewis and Randall, Thermodynamics (New York, McGraw-Hill, 1923), 
Chapter rv; Sosnick, J. Amer. Chem. Soc. 49 (1927), 2255; Glasstone, Thermo- 
ics for Ohemisis (New York, Van Nostrand, 1947), Chapter xvi; 
Klotz, Chemical Thermodynamics (New York, Prentice-Hall, 1950), Chapters 
xm and xiv. 
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Show that the energy « and entropy e per unit volume of the radiation 
are given by u=aT 
> s=faT, . 
where @ is a constant. oe [C.U.C.E. Qualifying, 1954] 
5. Prove equation (2-92). 
If a gas obeys the equation of state P(v —b) = RT, where d is a constant, 
show that ov. c v—b 
(3), GytR P* 
[Question modified from C.U.C.E. Qualifying, 1950] 


6. An extended strip of rubber has a length J when subjected to a 
tensile force f. If the volume change on extension may be neglected, 


ee 


Show that the amall temperature rise, AT’, which takes place in a slow 
adiabatic stretching is given by 


a3 (2) 
T 1, &% eT 


where J, and / refer to the initial and final lengths respectively, and c, is 
the heat capacity of the rubber at constant extension. 

At moderate degrees of extension it is found that the tensile force at 
constant length is approximately proportional to the absolute tem- 
perature. Show that (8U/al)7=0 and point the analogy to the behaviour 
of a perfect gas. [C.U.C.E. Tripos, 1952] 


7. The absolute temperature 7’ and an empirical temperature @ are 
both used in measuring the properties of a substance. 
(a) Show that, provided (@P/8T), +0, 


0H) __ ys =). a r) 
eV) 5 aT] ,aV\V) » 
(6) Show also that (2U/@V),=0 and (@H/@V)s=0 are sufficient, 


independent and necessary sonditions for the substance to obey the 
equation PV =cT. [C.U.C.E. Tripos, 1952) 


8. With temperature expressed on an empirical scale 0, a gas existe 


for which a 
PV=nc* and (), =0. 
Establish from the first and second laws of thermodynamics that for 


any substance — F) Aa 
(o7),-s70(a), 
(C.U.C.E. Qualifying, 1952] 
. The following data, taken from the National Bureau of Standards 
compilation, Selected Values of Chemical Thermodynamic Properties, 
gives the standard heat of formation of hydrogen chloride from ita 
elements at 25°C in kgcal/mole. (Thus the difference between the first 
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and third results gives the heat of dissolving 1 mole of HCl gas in 2 moles 
_of water.) Show that the partial molar enthalpy of hydrogen chloride in 

& 10M solution, relative to the elements, is — 36-25kgcal, and that the 


partial molar enthalpy of water in the same solution, relative to pure 
liquid water, is — 0-43 kg cal. 


g —22-063  iné6H,O -—37-811 
inlH,O —28-331 8H,O —38-371 
2H,O0 —33-731 10H,O —38-671 
3H,O —35-651 50H,O —39-577 
4H,O —36-691 100H,O —39-713 
5H,O —37-371 oH,O —40-023 


10. The diagram refers to the enthalpy relationships of a completely 
miscible binary system at a constant pressure of 1 atm. The mole 
fraction of component B is plotted horizontally from left to right and 
the enthalpy of the mixture, relative to the pure components in chosen 
reference states, is plotted vertically. Curve CD represents the enthalpy 
of the liquid phase, at its boiling-point, as a function of composition. 
Curve HF represents the enthalpy of the vapour above the boiling 
_ liquid as a function of its own composition. (Thus CH and DF are the 
latent heats of A and B respectively.) GH and IJ are typical tie-lines, 
ie. & boiling liquid of composition @ is in equilibrium with vapour of 
composition H. 

A feed liquid at a temperature and composition corresponding to 
point K is separated, by continuous flash distillation, into a residual 
liquid of composition G and a vapour of composition H. Show that 
the heat required, per mole of the vapour, is represented by the 
length PH, where P is the intersection of the vertical through H with 
the straight line GK. 


A Mole fraction of B <= 
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CHAPTER 3 
THERMODYNAMICS OF GASES 


3-1. Models 


In thermodynamics, as in other branches of science, it is convenient 
toset up model systems to which the behaviour of real systems approxi- 
mates under limiting conditions. The value of this procedure is that 


simple and exact relations may be established for the model, to an | 


extent which is impossible for the real systems themselves. These 
relations form a convenient standard against which actual phenomena 
may be compared. | | 
The important models with which we are concerned are the perfect 
gas, the perfect gas mixture and the ideal solution (gaseous, liquid or 
solid). These may be defined in either of two ways which are entirely 
equivalent: (1) in terms of limiting experimental laws such as the gas 
equation and Raoult’s law; (2) in terms of expressions for the chemical 
potentials of the various components. These expressions are as follows: 


a perfect single gas p=p+RT IP, 

a perfect gas mixture 4#,=¢7+RTInp,, 

an ideal solution y= pI + RT ing, 
where #° and 49 are functions of temperature only and yf is a function 
both of temperature and pressure. The advantage of the second 


procedure is that the mutual relationships of the three models may 
be seen in a much clearer manner. 


3-2. The single perfect gas 


Let » and p® be the chemical potentials of a pure gas at the pressures 
P and P*, respectively, and the same temperature T. The gas will be 


said to be perfect if =, = 9+ RT In P/P®, (3-1) 


where R is a constant. It is convenient to choose P® as unity, in the 


same system of units as P (e.g. atmospheres). Then the chemical 
potential at any other pressure, P, and the same temperature is 


p=+RT InP, (3-2) 


and this equation defines the perfect gas. Since it refers to the chosen 
pressure, P°, u° ts a function of temperature only, and it may be called 
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the standard chemical potential (or Gibbs free energy per mole) at the 
temperature 7’. In the logarithm of (3-2) it is to be noted that P stands 


for P/P® (where P° is unity) and is therefore dimensionless. 
Since (3-2) is an identity it is permissible to equate the partial 


differential coefficients of the left-hand and right-hand sides.+ Thus 


from the equation we obtain the pressure and temperature coefficients 
of the chemical potential of a perfect gas 


Oy dinP RT 

(@),- dP Pp’ (3:3) 
Op) _ dy? : 

Gr) ,- =aq t+ RnP. (3-4) 


Either of these two relations leads immediately to the normal experi- 
mental criterion of the perfect gas. Now for any single component 


- fluid we have from (2-1116) and (2-1126) 


On - ee 
@- 00 


On = 
(),- 25 (3-6) 


where » and s are the volume and entropy per mole respectively. 
Comparing (3-3) with (3-5) we obtain 


v= sal 
or PV=mRT, 


where » is the number of moles in the total volume V of the gas. 
Our definition of the perfect gas in terms of tts chemical potential 


(3°7) 


_. therefore entails the gas law (equation (3-7)). 


Similarly, comparing (3-4) and (3-6) we obtain 


dy? F 
—s=3 + RiP. (3-8) 


Now H=@+T7S and therefore, dividing through by n, 


hat To, (3-9) 


tT Compare, for example, the phase equilibrium relation 4,,=,g, which is 
not an identity. and holds only at particular pairs of temperatures and 
pressures, in a one-component system. In this instance we cannot write 


Ot Oia Oig 
— = T 
ar AE + op t= or 4 + Pear. 
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Substituting (3-2) and (3-8) into (3-9) | 
b=ye+RPinP+2(—T— Rin?) 


dT 
dys? dy?/T 
= go Jit : 
=f Tar [2 a”? a 
which is a function of temperature only. Similarly 
u=h—Py=h—RT, (3-11) 


and this is also a function of temperature only. The enthalpy and 
internal energy of a perfect gas thus ba aa only on the temperature. 
This may be expressed as 


er)» 


The following elementary theorems concerning the perfect gas are 
easily verified: 

(a) The molar heat capacities, c, and c,, are functions of tem- 
perature only. 

(b) Cyo—Co=R. (3-13) 

(c) The heat absorbed and the work done when n moles of a perfect 
gas change reversibly and isothermally from a state 1 to a state 2, 
are given by P 


(3-12) 


=nRT In. (3-14) 


It may be noted that the definition of a perfect gas, as given above, 
does not imply that the heat capacities are independent of tem- 
perature. This occurs only in the special case of the monatomic gas. 
However, over small ranges of temperature, especially in regions where 
the rotational degrees of freedom are fully excited but where the 
vibrational modes are hardly excited at all, it is often permissible to 
take the heat’ capacities as being approximately constant. Under 
such conditions an important equation may be obtained as follows. 

Since the internal energy per mole is a function of venberseue only, 


Ou du 
C,= ).- aT > 


or du=c, oe for any change of state. The basic equation 
du=T'de—Pdv. 
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may thus be rewritten c,d7'=7'ds—Pdv. 
Dividing through by 7 and using (3-7) 
dT dy 
Cow a =ds-R-— — 


This equation may be integrated ere because ¢, is a function of. 
temperature only. In particular, if c, is constant over the range from 


T, toT, we obtain T, 
olny =@a—8,— Rin Ye 
T, 
or Z (: 2) Ree elta—aler, 
This equation may be rearranged in terms of pressures by use of © 
(3-7) and (3°13) Pv? e-*ulv = Pav en taley, (3°15) 


where y=c,/c,. In the special case of an isentropic change (e.g. a 
reversible adiabatic), the last equation reduces to 


Pv? =P, vf, (3-16) 


which is to say Pv is constant along the curve of an isentropic of a 
perfect gas over a range in which y is approximately independent of 
temperature. 

Again, if c, is approximately constant, the work done by a gas in an 
adiabatic change of state is 


w= —(U,—U,) 
= —ne,(T',—T;) 


=—F Au—Po). (3-17) 


If the process is reversible (3-16) may be used to eliminate one of the 
four quantities A, F;, v, and v, from this equation. 


° 


3°3. The perfect gas mixture 


Certain gaseous mixtures approximate to simple behaviour in the 
following respects: (a) the gas mixture as a whole obeys the equation 
of state PV =nRT’, where n is the total number of moles of all kinds; 
(5) two such mixtures are at equilibrium with each other through a 
semi-permeable membrane when the partial pressure is the same on 
each side, for each component which is able to pass through the 
membrane; (c) there is no heat of mixing. The molecular conditions | 
which must exist in order that the mixture shall have these properties 
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are the same as in the case of the perfect single gas; namely, the gas 
must consist of freely moving particles of negligible volume and 
having negligible forces of interaction. 

The above properties may be taken as defining the perfect gas 
mixture. Alternatively, we can proceed as in the previous section and 
' put forward a definition in terms of the chemical potential. Pro- 
ceeding in this manner a gaseous mixture will be said to be perfect 
if the chemical potential of each of its components is given by the 
following relation, in which y? is a function of temperature only, 

f= + RTMP+RTIny, (3-18) 
where P is the total gas pressure and y, is the mole fraction of oom- 
ponent +.t Now since 4? is independent of composition it retains the 
same value when y, is brought up to unity. It is thus precisely the 
same as #° in equation (3-2) and is the value of the Gibbs free energy 
per mole of the gas + in its pure state at unit pressure.t 

‘The defining equation (3-18) can be put in a more compact form by 
means of the partial pressure p,. Thus 
| = p+ RT In py (3:19) 

where pay, P. (3-20) 
This choice of definition of the partial pressure makes the sum of all 
the partial pressures equal to the total pressure, even if the mixture 
is not perfect. Thus LPi=LyeP=PLy=P. (3:21) 


The properties of the perfect mixture are as follows. 


(a) The equation of state. From (3-18) we obtain the pressure 
coefficient of 4,, at constant temperature and composition: 
Of, dinP 
| Gz) 7,1 aT aP 
=<. (3-22) 


But for any type of substance there is the general relation (2-111) 


7) =f 
Ge nm 
and therefore Vs +. (3-23) 


+ The symbol 2; is reeerved for a mole fraction in a liquid or solid mixture. 
¢ As in equation (3-1), the equation (3-18) is more correctly written 
w= ei+RT In P/P°+RT In Yao 
where P° is unit pressure. 
8 . DCE 


114 Principles of Chemical Equilibrium [3-3 
Now the total volume of the mixture is given by (2-107) 
 V= xn, V,, 


and therefore, provided that (3-18) holds for all components, as is 
essential if the mixture is perfect, 


=, (3-24) 


where n is the total number of moles of all species. The defining 
equation thus ensures that the mixture shall obey the gas law. 

It may be noted from (3-23) that V, is the same for all components 
and is equal also to V/n, by (3-23) and (3: 24). The pure gas 7 at the pres- 
sure P would also have a volume per mole, v,, equal to RT'/P. Thus 


V,= Vi/n=,, (3°25) 


and this implies that there is no volume change when the separate 
gases, each at pressure P, are put together to form a mixture at total 
pressure P (and the same temperature). 
The ‘law of partial pressures’ is obtained by eliminating P between 
equations (3-20) and (3-24), 
RT RT 
Pi=YP=YNnT HM, (3-26) 


where 7, is the number of moles of species ¢. This is, of course, the same 
relation as would hold if the gas i were contained in the volume V 
in a pure state. Thus each component behaves as if no other gases 
were present; Gibbs remarks, ‘It is in this sense that we should under- 
stand the law of Dalton, that every gas is as a vacuum to every other 
gas.’ It arises because the molecules all move independently in the 
whole volume of the container. 

It may be noted that (3-20) is true by definition and (3-26) is a 
deduction which holds for a perfect gas mixture. On the other hand, 
some authors use (3-26) as the defining equation for the partial pres- 
sure and thereby deduce (3-20). The choice is of no consequence as 
regards the perfect mixture, but in the case of imperfect mixtures the 
alternative definitions of partial pressure, (3-20) and (3-26), are not 
equivalent and would imply different numerical values. 


(6) Membrane equilibrium. Consider two perfect gas mixtures, 
«and £, which are at the same temperature and separated from each 
other by means.of a membrane. For each gas + which is able to pass 
through the membrane, the equilibrium relation is (equation (2:53)) 


Hia= Hig: 
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- Using (3-19), and noting that #{ depends only on temperature, we 


or Pia=Dip- (3-27) 


At equilibrium the gas ¢ must therefore have the same partial pressure 
on each side of the membrane. It seems that this relation has not been 
very adequately confirmed, although Planckt has reported a partial 
verification using a hydrogen-palladium system. It is possible that 
& more complete test of (3-27) could be carried out by use of the 
remarkable zeolites which have been shown by Barrert to act as 
molecular sieves. | 


(c) The heat of mixing. Equation (3-18) may be written 
Hs 


Op,[T _ oye /T : 

(ee Pen ar (3-28) 

_H,_ dp°/T 
T apf * 


and therefore 


Therefore, using (2-118) (3-29) 


The right-hand side is a complete differential, since p° is a function 
of temperature only. The partial molar enthalpy H, of any component 


+ of the mixture is thus independent of composition and pressure. It. 


follows that H, remains unchanged as y; is brought up to unity and in 
fact the right-hand side of (3-29) is equal to —h,/T, where h, is the 
enthalpy per mole of pure ¢ at the temperature T' (cf. equation (3-10). 


Hence = 
E,=h,, (3-30) 
and it follows that the total enthalpy, in,H,, of the mixture is equal 


to the total enthalpy of the gases before mixing, provided that they 


are at the same temperature. The heat of mixing is zero. 
Similarly it can be shown that 


U;=4,, (381) 
and there is no change of internal energy on mixing at constant 
temperature. , 


} Planck, Treatise on Thermodynamics, transl. Ogg (3rd ed.: London, 
Longmans Green, 1927), p. 218. Palladium at a white heat allows the easy 


passage of hydrogen, but not other gases. 
¢ Barrer, Quart. Rev. Chem. Soc. 3 (1949), 293. 
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(d) The free energy and entropy of mixing. Using (2-80) and 
(3°19), the total Gibbs free energy of the mixture is 


Gin = in, fh; = in, ue + RTxdn, In pj. (3°32) , 


Let it be supposed that before mixing the separate gases were each 
at the temperature 7’ and that their pressures were P,, P,, etc. Then 
the value of G before mixing is obtained by summing (3-2) over the 
various components and is | 


G= In pelt RTIn, In P,. (3°33) 
Subtracting (3-33) from (3°32) we obtain AG, the increase in Gibbs 


free energy on mixing: 
AG=RTEn, inet, (3-34) 
P, , 
Since AG=AH—TAS, and by the result of (3-30), AH is zero, © 
we obtain AG 


eae ees Pi ; 
= — a= —REn ing. (3:38) 


In the special case where P. = P,=...=P,=P, i.e. where the original 
pressures of each gas are all equal to the final pressure P of the 
mixture (mixing at constant volume), we have 


Pi Pie ; 
Bo pay (3-36) 
and thus (3°34) and (3-35) reduce to 
AG=RTxn,Iny,, 
ny; } (3:37) 
AS = — RIn,In y;. 


It may be noted that AG is negative and AS is positive since all the 
y, are fractions. This is in accordance with the essential irreversibility 
of the mixing process when it occurs at constant volume. 

In another special case where the partial pressures in the mixture 
are all equal to the original pressures of the unmixed gases, i.e. where 
p:/P; =1, equations (3-34) and (3-35) reduce to 


AG=AS=0. 
In this instance the changes.in @ and S due to the irreversible mixing 
process may be said to be exactly cancelled by equal and opposite 


effects due to the reduction in volume of the system, which is neces- 
sary if p,/P,=1 for all components. 


epee nee eee eerie 
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3°4. Imperfect gases 


Gases which are not perfect do not obey the relation (3-2) and 
consequently do not have an equation of state of the simple form 
Pv=RT. Up to several atmospheres pressure the behaviour of most 
gases and vapours can be represented with fairly good accuracy by 
introducing into the equation an adjustable parameter B: 


P(v—B)=RT. (3-88) 


The quantity B, which has the dimensions of a volume, is usually 
negative at low temperatures, but changes sign at high temperatures. 
For this reason it cannot be correctly interpreted as being propor- 
tional to the volume occupied by the molecules. 

Larger deviations from the gas law can be represented by means of 
an equation containing a greater number of adjustable constants. 
A typical ‘two-parameter’ equation is that of van der Waals: 


(P+5) (v—b)=RT, + B30) 


where the term a/v* has been regarded as an ‘internal pressure’ 
arising from the attractive forces between the molecules. However, 
this interpretation of the parameter a is intuitive rather than exact 
and (3-39) does not have a sound theoretical basis. 


It is interesting to note that a gas obeying the simpler equation . 


(3-38) has an internal energy (but not an enthalpy) which is a function 
only of temperature, in any region where B is approximately constant. 


Thus using (2-76) - On 9 
| (5). (Gr), 


and applying this equation to (3-38) 


ou, RT 
G) -= B-P=0. (3-40) 


-QOn the other hand, for the van der Waals gas, as represented by (3°39), 


it is easily shown that Qu) _@ : 
dv)p oF 


Large deviations from the perfect gas law may be represented by 
means of the power series 


pata +B/v+C}ot+...), (3-41) 


~ 
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where B and C are called the second and third virial coefficients 
respectively and are in general functions of the temperature. Alter- 
natively, the volume of the gas may be expressed as a power series in 
the pressure, and this is often more convenient for practical purposes. 


3-5. The Joule-Thomson effect — 


A well-known experiment, first carried out by Joule and Thomson 
in the period 1852-62, consists in passing a steady stream of gas 
through a thermally insulated tube in which there is a throttle valve 
or porous plug. When the conditions are steady, let P, and 7’, be the 
pressure and temperature of the gas at one side of the plug and P, and 
7, be the corresponding values at the other side. Let h, and h, be the 
enthalpies per mole of the gas under the two sets of conditions. It 
follows from equation (2:8) that 

. hy=h,, 
provided that the small changes in the kinetic energy of the mass 
motion of the gas may be neglected. 

In general there is a change in temperature (T, +7',) whenever the 
gas is imperfect. Since the expansion takes place at constant en- 
thalpy, this temperature change is appropriately described es the 
Joule~Thomson coefficient, defined as 


Q 
B= Gh, (3-42) 


(The coefficient 4 is not to be confused with the chemical potential. ) 
Using the transformation formula 


(is (5 OEY 54 
OP), \OT) p\Oh}p 


. oh 
we obtain A= ~ (sp 3): (3:43) 
The magnitude of the Joule-Thomson effect is thus determined by — 
(Qh/OP)p and not by (8u/0v) p.F 
On account of the second law—the existence of entropy as a func- 
tion of state—the Joule-Thomson coefficient can be related to other 
measurable properties of the gas. Thus from (2-95) 


oh 
(),- vo(1 —aP), 


+t Problem. Show that a gas obeying equation (3°38) with constant B has a 
Joule-Thomson coefficient which is not zero, but equal to 


a 
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ond mametre, Hom G48) 2s ~(a?'—1), (3-44) 
Dp 


‘where a: is the coefficient of expansion.t 


The Joule-Thomson experiment must be carefully distinguished 
from the adiabatic expansion of a gas in a piston and cylinder. The 
latter process always leads to a cooling, on account of the decrease in 
internal energy consequent on the performance of work. On the 
other hand, the Joule-Thomson effect gives rise to a cooling only 
when / 18 positive, i.e. when a7'> 1. In the case of a perfect gas yu is 


Temperature 


Pressure 
Fig. 17. Lines of constant enthalpy of a gas. 


zero. In the case of imperfect gases y is itself a function of tempera- 
ture and pressure and is only positive in certain ranges of these 
variables. This sets a limit to the possibility of liquefying a gas by 
expansion through a throttle. 

Fig. 17 shows the general form of the lines of constant enthalpy of 


+ It may be noted that (3-44) contains the absolute temperature 7’, together 
‘with other quantities all of which are measurable. The equation may thus be 
used for fixing the zero of the absolute scale. In this way Roebuck and Murrell 
obtained the value —273:17°C, in very close agreement with values obtained 
from gas thermometry. For further details the reader is referred to Zemansky, 
Heat and Thermodynamics (New York, McGraw-Hill, 1943), and to Guggen- 
heim, Thermodynamics (Amsterdam, North-Holland Publ. Co. 1949). 
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@ gas.{ Along any one of the curves, H has the same value and the 
gradient at any point is therefore the value of y, in accordance with 
(3-42). The broken line represents the locus of the maxima of the 
curves, and a cooling effect is therefore only obtainable within the 
region to the left of this locus. It is evident that, at any fixed pressure, 
has 8 positive value only between two limiting temperatures, called 
the upper and lower inversion temperatures. For example, in the case 
of nitrogen at 100 atm. pressure, these are about +277 and —156°C 
respectively. With rise of pressure these temperatures gradually 
approach each other and become coincident at the point A of the 
broken curve. This point thus represents the highest pressure at which 
it is possible to obtain a cooling effect by steady flow through a 
throttle. In nitrogen this occurs at about 376 atm and 40°C. 

Similarly, the point B is the highest temperature at which a cooling 
may be obtained. This temperature has a value of about 350°C in 
nitrogen, but in hydrogen it is —78°C. In the latter gas the Joule- 
Thomson effect at room temperature thus gives rise to an increase of 
temperature. In order to liquefy hydrogen by expansion through a 
throttle, the gas must first be precooled to a temperature below 
— 78°C. This may be done either by use of liquid air or by adiabatic 
expansion of the hydrogen using a cylinder and piston. 


3°6. The fugacity of a single imperfect gas 


The chemical potential of a perfect gas, as defined in equation (3:2), 
is a linear function of the logarithm of its pressure, at constant tem- 
perature. In the case of gases which are not perfect it is convenient to 
define a kind of fictitious pressure, called the fugacity, to which the 
chemical potential of the gas bears the same linear relationship. 

Let » be the chemical potential of the pure gas at temperature 7’ 
and pressure P. The fugacity f of the gas is defined by the following 


- relations in which 4° is a function of T' only: 


= °-+RT Inf, 
pape +. f } (3-48) 


f/P>1 as P>0. 


This limiting relation makes the fugacity equal to the pressure under 
conditions where the gas obeys the perfect gas law. Without this 
relation the definition would be incomplete. 
The quantity y° is clearly the chemical potential of the gas at unit 
fugacity, since in this case the logarithmic term vanishes and n= p°. 
+ Only a small number of gases have been studied experimentally but most 


of them seem to have similar curves. See, for example, Roebuck and Oster- 
berg, Phys. Rev. 48 (1985), 450. 
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Now for most gases the ratio f/ Pdoes not differ appreciably from unity 
except at pressures greater than atmospheric. Thus, if the unite of 
fugacity and of pressure are chosen as atmospheres, the value of 4° 
is practically the same as that of the chemical potential at unit 
pressure. 

The fugacity is a useful function in the study of phase and reaction 
equilibrium, as will be shown in later chapters. It may also be used 
in the computation of the work of expansion or compression of a gas 
in a flow process. As discussed in §2-4, the maximum shaft work 
which may be obtained during the steady isothermal flow of a gas is 
equal to the decrease of its Gibbs function: 


w' = —(G,—G,). | 

If the gas in question consists of a single component, then per mole 
. w' = — (fg— fy), (3-46) 

and in the special case where the gas is perfect, the substitution of 
(3:2) in (3-46) givest = _ RT in BP, (3°47) 
If the gas is not perfect, the substitution of (3-45) in (3-46) gives an 
equation of the same form: — 

w' = RT In fi /fs. : (3-48) 


The work of expansion or compression in isothermal steady-flow 
systems may thus be computed by use of tabulated values of f. 

The fugacity is dependent on temperature and pressure, and an 
equation for its calculation from experimental data may be derived 


_a8 follows. For any single component fluid 


Op 
(),~* 


where v is the volume per mole. Therefore 
[du=vdP],r, 


{ This expression is the same as for the total work of isothermal expansion 
or compression of « perfect gas. Whether the gas is flowing or not, the total 


work done by a given mass of the gus is w= [ PAV. This may also be written 
1 

2 

w= PaV=P,V,-P,Vi-| VAP. 

1 1 
Consider the application of this equation to a steady flow system; the terms 
P,V, and P, V; represent the work at the inlet and outlet of the system and 
therefore the shaft work is 
In the special case of the perfect gas, P, V,= P, V, and therefore w=w’. 
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where the subscript denotes constancy of temperature. Similarly 
orn (46) [d4u=RTdlnf\ly, 
and thus [RT dilnf=vdP]y. (3-49) 


Subtracting R7'd ln P from both sides of this equation and taking the 
constancy of temperature as being understood henceforth, 


RTdinf/P=vdP—RTdinP 


or | dinf/P= (a3) dP. 


Integrating at constant temperature from P=0 to the particular 
pressure P= P’ at which it is required to calculate the fugacity, we 


mB) n(8), =f Gedo 


and therefore, in view of the limiting relation contained in (3-45), 


f\_(? (2! 
n(5)=[. RT py oP. (3-50) 
This equation gives the fugacity at P’ and 7 in terms of an integral 
which can be computed from experimental data. The equation may 


be expressed in a more convenient form by defining the compresst- 
bility factor 


Pv 
C= RT > (3-51) 
and thus (3:50) becomes 
ee Wei 
ng=| => (3-52) 


The ratio f/P’ may therefore be evaluated either (a) by graphical 
integrationt of (C—1)/P plotted against P, or (6) by direct integra- 


tion, if v or C is known as a power series in the pressure. For example, 


under conditions where (3-38) is a good approximation, the integra- 
tion is particularly simple: 


BP’ 


t The convergency of the integral, and other important aspects of fugacity, 
are discussed by Tunell, J. Phys. Chem. 35 (1931), 2885, 
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In these integrations, the experimental data must, of course, refer 
to the same temperature 7’ over the whole of the pressure range 
eS a 

The ratio f/P may be denoted — x, 


x=fIP, (3-54) 


and is sometimes called the activity coefficient of the gas; a better 
name would perhaps be fugacity coefficient. The value of this ratio 
‘may be regarded conveniently as a function of the reduced pressure, 
P/P,, and reduced temperature, 7'/7', (where P, and 7', denote the 
critical pressure and temperature, respectively), in accordance with 
the theory of corresponding states. Values of y for some twenty-four 
gases have been tabulated by Newton,} and it was shown that the 
data could all be represented on a single graph, against the reduced 
temperature and pressure, with very fair accuracy.} 

The fugacity is not to be confused with another idealized pressure 
defined as Pig. = RT/v. At fairly low pressures, where (3-38) and (3-53) 
are valid and f/P does not differ very much from unity, it is readily 


shown that Pra. =P, . (3:55) 
so that f and Piq, lie on opposite sides of the actual pressure P. 


3°7. Fugacities in an imperfect gas mixture 


_ For the ith component of an imperfect gas mixture, the fugacity 
f, is chosen in such a way as to replace the partial pressure in equation 
(3-19). It is therefore defined by the following relations in which y° 


is a function of T ans ,=9 +RT nf, 


f./p;>71 as PO. 


In the imperfect mixture it is to be noted that both pz, and f,; depend 
on the nature and quantities of the other species which are present, 
i.e. they are functions of all of the partial pressures, as well as of the 
temperature. 

- In equation (3-56) v9 has precisely the same value as for the pure 
gas + at the same temperature (equation (3-45)). If the mole fraction 
of this component is supposed to be progressively increased until it 
becomes equal to unity, the quantity u? remains unchanged, because 


+ Newton, Indusir. Engng Chem. 27 (1935), 302. See also Hougen and 
Wateon, Chemical Process Principles (New York, Wiley, 1947), Chapter xrv. 

¢ The principle of corresponding states has also been used extensively by 
Hougen and Watson (loc. cit. Chapter xm). These authors give 
charta which can be used for estimating the corrections to the enthalpy, 
entropy and heat capacity due to deviations from the perfect gas laws. 


(3-56) 
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the fugacity has been defined in such a way that 9 is a function of 
temperature only. Therefore it is the chemical potential of pure é at 
unit fugacity. As noted in the last section y® is not significantly 
different from the chemical potential at 1 atm. pressure. : 

An equation for the calculation of f, from experimental data may 
be derived as in the previous section. From (2:1 11) 


f) =) 
(Fe T, m4, "iy - 


Therefore, for any change of pressure at constant temperature and 


composition, dum V, dP. 
Under the same conditions, from (3-56) 
_du,=RTdlnf,, 
and therefore RT dlnf,=V,dP. (3-57) 


Subtracting R7'dIn p, from both sides 
RT din (f,/p,) = V,dP—~ RT dnp, 
. =V,dP-RTdInP—RTdlny, 


R 
= (7.- Pp dP, 
since y; is constant. 
Integrating at constant temperature and composition from P=0 
to the particular preesure P=P”’ at which it is required to calculate 


the fugacity, and bearing in mind the limiting condition contained 
in (3-56) we obtaint 
| v, 1 


In (f,/P;)pap = i S (a a 3) dP. (3-58) 


It may be noted that for a perfect gas mixture V,= R7'/P, according 
to (3-23). The integrand of (3-58) is therefore zero and the fugacity 
is equal to the partial pressure. ; 

In order to calculate f, in a mixture of chosen composition, tem- 
perature and pressure, experimental values of V, must be available 
over the whole range of integration. For example, let it be supposed — 
that the mixture in question consiste of gases A and B only. At any 
ae temperature and pressure, the partial molar volumes 

', and V, may be determined, as described in §2-14, by measure- 
ments of the total volume of the gas in mixtures of several different 
compositions. A repetition at the same temperature and a lower 


t Gillespie, J. Amer. Chem. Soo. 47 (1925), 808, $106; J. Amer. Chem. Soe. 
48 (1926), 28; Ohem. Rev. 18 (1936), 359. 
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pressure will give a fresh set of values V, and V,, and so on over the 
pressure range. If we now pick out the values of V, which are-appro- 
priate to a particular composition, f, may be evaluated by graphical 
integration of (3-58). In this way a set of values of f, and f, may be 
obtained at any chosen temperature and total pressure. If these are 
consistent they must satisfy the Gibbs~Duhem equation. The tem- 
perature and pressure being the same for the particular set of fugacity 
values, this equation may be written 
2, dp, +t, djy=0, (3-59) 
or using (3-56) v,dinf,+z,dInf,=0. (3-60) 
The procedure which has just been described requires such a large 
amount of experimental data on the P, V, 7' relations of mixed gases 
that it has actually been carried out in only a very small number of 
examples.t For this reason the fugacities of the components of a 


mixture are usually estimated by an approximation method to be 
described in §3-9. 


3-8. Temperature coefficient of the fugacity and standard 


chemical potential 
The defining equation (3-56) ed or rewritten 


a ts 
Tag Rife 


‘Consider this equation as being applied to conditions of low pressure 


where the fugacity of the gas t becomes equal to ita partial pressure. 


Then — 


He Me 
where 4, and p; refer to the limiting conditions. Provided that the 
temperature is the same in each case, y? has the same value in both 
equations, because it is a function of temperature only. 

These equations are identities and can be partially differentiated 


. with respect to temperature. Thus 


Ur (od -a(?nf) ; 
0 ? i 
oT (aui/ _ p(alng; 


Argon and ethylene: Gibson and Soanick, J. Amer. Chem. Soc. 49 (1927), 
2172. Nitrogen and hydrogen: Merz and Whittaker, J. Amer. Chem. Soc. 
50 (1928), 1522; also Bennett and Dodge, Indusir. Engng Chem. 44 (1952), 180. 
Fairly complete thermodynamic data on the system a Pa ia has recently 
been obtained by Michels et al., Appl. Sci. Res. A, 3 (1951), 1. 


4 
ie 
7 
: 
a 
4 
74 
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Fe 
PI 
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The final term in the second of these equations is zero. Substituting 
from (2-113 = 
ioe dye /T i _p elnf, (3-63) 
ar .—s OT } pngny 
dya/T_ _ | 
ar a" ee) 


In (3-63) H, is the partial molar enthalpy in the imperfect mixture 
where the fugacity is f,. In (3-64) h? is the partial molar enthalpy in - 
the mixture at low pressure and is equal to the enthalpy per mole of 
pure ¢ at low pressure and the same temperature 7' (§3-3c). Between 
equations (3-63) and (3-64) we obtain 


OL }pagn, RT? ° 

The pressure coefficient of f, may be obtained in a similar manner: 
anf) _ J, 
( aP Ven RF" (3-66) 


3-9. Ideal gaseous solutions and the Lewis and Randall rule 
The perfect gas mixture has been defined in accordance with 
equation (318), = 49 +RTIn P+ RT ny, (3-67) 


where 4} is a function of temperature only. The chemical potential 
is thus a linear function of the logarithm of the total pressure, and it 
is because of this that the mixture obeys the equation PV =nRT. 

A much less restrictive model of a gas mixture is one which obeys 


the equation y=et+RT ny, (3-68) 


where yf is a function both of temperature and pressure but is not 
necessarily equal to 4? + RT' In P in (3-67).+ In (3-68) only the depend- 
ence on composition is made explicit—in particular, the chemical 
potential of ¢ depends only on its own mole fraction y,, and not on the 
mole fractions of any other components, at constant total pressure 
and temperature. 

A gas mixture for which (3-68) is valid for every component may be 
called an ideal gaseous solution.{ As will be shown below, certain 


} Standard chemical potentials which depend only on temperature are 
denoted 4}, and those which depend both on temperature and pressure are 
denoted pF. ; 

{ As shown in Chapter 8, the equation (3-68) is also the defining equation 
for ideal liquid and solid solutions. This does not imply, of course, that the 
P-V-T relations are the same for the three states of aggregation; it is only the 
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mixtures obey this relation fairly accurately at high pressures where 
they do not obey the gas law, PV =nRT7'. Such mixtures also have the 
property of having a zero volume change of mixing and a zero heat 
of mixing at constant temperature and pressure (provided that (3-68) 
remains valid over the whole range of composition). Thus a partial 
differentiation of (3-68) gives 


Of; _ (4 
OP } 7, m,n; OP) 


The left-hand side is V, and, since the right-hand side is independent 
of composition, it follows that the partial molar volume is likewise 
independent of composition. V, is therefore equal to v,, the volume 
per mole of pure ¢ at the same temperature and pressure, 


V.=%,. (3-69) 
By a similar argument H,=h,. | (3-70) 


The equation (3-68) also has an important consequence in regard 
to fugacities in the mixture. Combining (3-56) and (3-68) 


RTin = = pf —p). (3°71) 


Now the right-hand side is independent of composition, and therefore 
the ratio f,/y; must remain unchanged as y; is brought up to unity, i.e. 


fh =fi, 


or i yf (8°72) 


where f; is the fugacity of pure component # at the same temperature 
and total pressure as the mixture. (This equation may also be 
obtained by noting the identity of (3-50) and (3-58) when v,= V,.) 
Equation (3-72) is also known as Lewis and Randall’s rule: in the 
ideal gaseous solution ‘the fugacity of each constituent is equal to its 
mol fraction multiplied by the fugacity which it. would exhibit as a 
pure gas, at the same temperature and the same total pressure’. 
Thus the problem of knowing the fugacity of a component of a mixture 
reduces to the much simpler problem of knowing the fugacity of the 
same gas in the pure state. As noted previously, extensive tabulations 
of single gas fugacities have been given by Newton.} 
composition dependence of 4, which is the same. The molecular conditions 
which give rise to the ideal solution (in whatever state of aggregation) will be 


discussed in Chapter 8. 
¢ Lewis and Randall, Thermodynamics (New York, McGraw-Hill, 1923), 


Chapter xrx. 
} Newton, Industr. Engng Chem. 27 (1935), 302. 
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The applicability of the ideal solution model (or of the Lewis and 
Randall rule which is equivalent) may be tested on those few mixtures 
whose true fugacities have been obtained directly from (3-58). In 
Gibson and Sosnick’st studies on argon-ethylene mixtures it was 
found that fugacities caloulated by means of the rule were not in 
error by more than 20%, up to a pressure of 50atm. However, at 
@ pressure of 100 atm. the error was much larger and was as much as 
100% in certain mixtures.{ The examination of the data on the 
N,—H, system by Merz and Whittaker§ shows that this mixture 


- obeys the Lewis and Randall rule fairly closely and the errors do not 


exceed 20% at 1000atm. It may be remarked that an alternative 
approximation for estimating the fugacities in mixtures has been 
put forward by Joffe.|| 


PROBLEMS 


1. Derive equation (3-37) for the entropy of mixing, as applied to 
two gases only, by carrying out a reversible mixing process in the 
apparatus shown in the diagram. Piston ] is permeable only to gas A 


and piston 2 is permeable only to gas B. Initially the two pistons are in» 


contact, so that gas A is entirely to the left and gas B is entirely to the 
right as shown. Finally, the two pistons are at the ends of the cylinder; 
the gases have thus been mixed by passage through tho pistons into the 
space between them. 


A : 
iii tiilithiittitivy liithtittitkhhh lth tbh £3 


Saw 
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2. Show that the partial pressure p of a component of the earth’s 
atmosphere at a height 4 above the earth is given by 


. Pp =DPo eo MohIRe 


where 7, is the partial pressure at h=0, and M is the molecular weight. 
What conditions limit the applicability of the equation? 


{ Gibson and Soanick, J. Amer. Chem. Soc, 49 (1927), 2172. 

¢ Ethylene seems to have a fairly general tendency to give rise to large 
deviations from ideality in mixtures with other gases. This may be due to the 
formation of association complexes arising from the 7 electrons. Another 
instance of this is discussed in § 6-5. 

§ Merz and Whittaker, J. Amer. Chem. Soc. 50 (1928), 1522. 

|| Joffe, Industr. Engng. Chem. Soc. 40 (1948), 1738. 
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3. It is desired to make a preliminary very rough estimate for a plant 
producing 790m*/h of nitrogen and 210m*/h of oxygen, each at latm 


pressure and 20°C, from air at the same temperature. Neglecting the 
presence of the rare gases in the atmosphere, calculate the minimum 


amount of power required to operate the process and the corresponding 


amount of heat to be removed. 


4. Obtain the critical volume, critical temperature and critical pres- 
sure in terms of the coefficients a, b and R of the van der Waals equation. 
Obtain a form of the van der Waals equation containing only the reduced 
pressure, temperature and volume together with other pure numbers. 


5. Using the van der Waals equation estimate a value for the Joule~_ 


Thomson coefficient of nitrogen at latm and 0°C given the following 
data: 2°: 
T.=-—147°C, P,=34atm, c,=0-2466cal/g°C (at latm and 0°C). 


6. Calculate the fugacity of nitrogen at — 100°C and pressures of 
10 and 50 atm, using the following values of PV/nRT at — 100°C: 

P (atm) 0 14 22 30 44 58 68 

C=PV/nRT 100 0:95 092 0-89 084 0-79 0-76 


7. Nitrogen is to be compressed from 10 to 50atm at the rate of 
56kg/h. Estimate the minimum power required for isothermal com- 
preasion at — 100° C (a) if the nitrogen behaves as a perfect gas; (6) allowing 
for deviations from the gas laws. Why is the work less in the second case 
and would this always be true for a non-perfect gas? 


8. At 20°C the value of Pv for oxygen (in appropriate units) may be 

approximated at pressures up to 100 atm by the equation 

Pv=1-07425 ~ 0-753 x 10-8P + 0-150 x 10-5P2, 
where P is in atmospheres. Calculate the fugacity of oxygen at 20°C 
and 100 atm. 

9. An ideal gas is expanded from state 1 to state 2. If y, the ratio of 
the specific heats, may be assumed constant, show that 

P,v} oe = Pro? oF, 
where S, and S, are the entropies in the two states. 

Show that the curve PvY=constant divides the Pv diagram into two 
regions, one of which represents states which cannot be attained in any 
adiabatic expansion or compression commencing from an initial state 
represented by a point lying on this curve. 

[C.U.C.E. Qualifying, 1951] 

10. Show that 


ome) (9), Ca), 
-[»-(),](2),-9Cz), (2). 
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130 Principles of Chemical Equilibrium 
and distinguish which of the equalities is conditional on the temperature 
being measured on an absolute scale. 
For a certain gas c, —c, = R, while at constant volume P is proportional 
to T’. Obtain the general form for the equation of state of the gas. 
[C.U.C.E. Qualifying, 1951] 
ll. (a) Show that 


sz) _f [a 
aP}, O,\aT)p 

(6) Isentropic changes of state of a certain gas are represented by 
equations of the form P*= £7’, where « is a constant and is a function 
of the initial conditions only. If O, is assumed constant show that the 
general form of the equation of state of the gas is 


P[V ~f(P)]=a0,T. 
[C.U.C.E. Qualifying, 1953] 
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CHAPTER 4 


EQUILIBRIA OF REACTIONS 
INVOLVING GASES 


4°1. Introduction 


The subject-matter which is included under the above title is 
actually more comprehensive than it might seem, because a reaction 
which involves liquid or solid substances may be regarded, from a 
thermodynamic standpoint, as a reaction between the vapours of these 
substances. The condition of reaction equilibrium in the vapour phase, 
together with the conditions of physical equilibrium between the 
vapour and the condensed phases, will clearly imply reaction equi- 
librium between the latter phases themselves. The advantage of this 
point of view is that whenever the vapour phase is approximately 
perfect, the equilibrium constant for this phase can be expressed in 
@ particularly simple form. 


42. The stoichiometry of chemical reaction 


In the earlier part of this chapter it will be supposed that there is 
only a single independent stoichiometric process in the system of 
interest; the extension of the theory to the case where there is more 
than one will be given in §4-17. But first we must consider what is 
meant by the number of such processes. 

Consider a system containing hydrogen, chlorine and hydrogen 
chloride molecules, together with hydrogen and chlorine atoms in low 
concentration. Between these species it is seen on inspection that 
there are three independent stoichiometric equations. These may be 


chosen as H,=2H, (A) 
Cl, = 2Cl, : (B) 
H,+Cl, =2HCi, (C) 


and the form of these equations is determined by the fact that there 


+8 conservation of atoms in the chemical processes.t 


+ This is no longer true of nuclear reactions. The way in which the stoichio- 
metric relations are written is always based on a knowledge of what types of 
particles are conserved in the particular process. 


9-2 
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Of course other equations can also be written but all of them are 
simply linear combinations of (A), (B) and (C). For example, the 
i as (1+H,=HC1+H (D) 


may be obtained by adding (C) to (A), followed by subtraction of (B), 
rearrangement and division by two. Therefore there are only three 
stoichiometric processes between the species of interest. These may 


be chosen quite arbitrarily; thus (A), (B) and (D) is an equally valid © 


choice. The important point is that three is the number of such equa- 
tions which are independent.t 

The same point can perhaps be made more clearly without the use 
of chemical equations; in some respects they tend to obscure the issue. 
Let Ang,, Ang, etc., be the changes in the mole numbers during a 
certain period of time. The conservation of the two types of atom, 
H and Cl, implies the following relations between the five A’s: 


Ang + Ange = — 2Ang,, 
Ang + Ang = —2Anq,- 


Inspection of these equations shows that the fixing of three of the 
A’s, say Ang,, Ang, and Agci, will determine the other two. In brief 
only three mole numbers can be varied arbitrarily, and it is this, and 
only this, which is meant by the statement that there are three 
independent stoichiometric processes. 

On the other hand, if the concentrations of hydrogen and chlorine 
atoms were regarded as being too small to be of interest in a particular 
problem, then Ang and An, are effectively zero and the above 
relations reduce to 

Anga = —2Ang, = —2Ang,; 


and therefore the change in any one of the mole numbers determines 
the other two. This is equivalent to the statement that there is now 
only one significant stoichiometric process, namely, (C) above. 
- A useful notation is as follows. The chemical equation 

2A4+3B=4C (E) 

may also be represented. 
0=4C—2A—3B, 
or, more generally, as 
0= v4M, + v,4, + vM,, 


where M,, etc., are the chemical symbols of the various species and 
y,, etc., are whole-number stoichtometric coefficients. These are negative 


+ On the other hand, the number of elementary reactions which is needed 
in order to represent the kinetic mechanism of the process may be larger than 
three. For example, it might occur at all four of the reactions (A) to (D) 
have significant rates. 
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for those substances which are on the left of the equation as usually 
written and are positive for those substances which are on the right. 
For example, in the equation (E) the coefficients are y,= —2, v, = —3 
and y,=4, and the stoichiometry is expressed by 
Ang _ Any _ An, 
Vg © Vy 7 Ve ° 

Quite generally a single stoichiometric process may be represented 

equally well by the chemical equation 


0=)>) mM, (4-1) 
or by the algebraic equations 
Ang Am _ Atm’ (4:2) 
Vey Vm 


The summation in (4-1), or the set of equalities in (4-2), may be taken 
as extending over all species present in the system; however, for any 
which are inert, the corresponding » is zero. 

Finally it may be remarked that (4-2) only represents the changes 
in the mole numbers if the system in question is a closed one; if there 
is an auxiliary inflow or outflow of substances (4-2) applies merely 
to the conservation of atoms in the chemical changes, and auxiliary 
equations must be written for the conservation in the transfer 
processes. 


4°3. Preliminary discussion on reaction equilibrium 
Consider the reaction A+B=20C, 


and let it be supposed that at a given moment during the process there 
are N,, n, and n, moles of A, B and C respectively. The Gibbs function 


of the system is 
a G=Nghg +My fly +1, feo 


Our present purpose is to give an illustration of the way in which @ 
varies during the course of the reaction and in particular to show that 
it has a minimum value at a certain composition. 

For simplicity it will be supposed that the substances are present 
as a perfect gas mixture. Using (3-18) the equation above may 
therefore be rewritten 


A= [Ng Het Ny Met, 12+ RT (ng +n +n,) In P| 
+RT(n,Iny,+mlny,+n,Iny,), 


where P is the total pressure and the y’s are the mole fractions. Now 
the square bracket is the value of the total Gibbs function of the three 
gases if each existed in a separate vessel at the pressure P. The 
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remaining term on the right-hand side is therefore a free energy of 
mixing (cf. equation 3-37). 

If the system before reacting consisted of, say, 1 mole each of A 
aud B, then at the given moment 


Ny = Ng, 
n,=2(1—n,). 
Therefore n, and 7, can be eliminated from the last equation to give 
G=(nq(u) +4) +2(1 —24) Me+2RT In P] 
+2RT[n, In $ng4+ (1—n,) In (1 —2,)]. 
In this expression the °’s are properties of the pure components, and, 


if the temperature is constant, they do not change during the course — 


of the reaction. Thus, at constant temperature and pressure, ¢ is a 
function of the single variable n,, which is capable of variation 
between 1 and 0. 

If the pressure is chosen as being, say, unity, the equation can be 
rearranged to give 


G— 28 = ng(u9 + p8—2p2) 
+2RT[ngln}n,+(1—n,)In(1—n,)). (4°3) 


The left-hand side is the amount, by which the Gibbs free energy of the 
reaction system exceeds that of two moles of C, when there are still 
n, moles of A left in the system. Of course this falls to zero when 
n,=0, corresponding to complete conversion to C.t 

It follows that (@—2y°) can be plotted as a function of , for a 
given value of the quantity (u2+)—2y%), which can be determined 
experimentally. A typical plot is the curve P7'S of Fig. 18, and it 


will be seen that there is a considerable range of compositions for 


which the value of (@—2y°) is negative, i.e. compositions for which 
the free energy of the mixture is even smaller than if there were complete 
conversion into the reaction product. 

The characteristic shape of this curve is due to the second term in 
equation (4-3) which, it has been mentioned already, represents a free 
energy of mixing. (In fact, if this term were not present the value of 
(G@—2y°) would be given by the straight line RS and would thus fall 
continuously with increasing degree of reaction.) 

The important point is that the curve of the Gibbs function of a 
homogeneous phase in which there is a reaction always shows a 


{ It may be noted that when n,=1, the right-hand side of (4-3) has the 
value p°+yuo—2u°+2RT In 0-5. The last term, which has a negative value, 
is due to the free energy of mixing of A with B before any reaction has 
oceurred. The student is advised to work out Problem 1 on p. 175. 


aes? 
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minimum; its existence is due to the fact that the creation of a 
mixture is an irreversible process and gives rise to a free-energy 
decrease of mixing. For let it be supposed that A and B were com- 
pletely converted into C. The end-state of the system would therefore 
correspond to point § on the diagram. However, as soon as this 
complete conversion had taken place, it would be possible for the 
value of @ to fall to an even lower value 7’, if some of the C were to 
. dissociate again, on account of the free energy of mixing of ( with the 
A and B which would result from this dissociation. 
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‘ — Fig. 18. Gibbs function of a reacting system. 


__ As discussed in §§2-4 and 2-8 the most stable state of a system, if 
it is held at constant temperature and pressure, is the one for which 
G@ has its least value. In the example under discussion the equili- 
brium composition therefore corresponds to the point 7’. The position 
of this minimum is determined by the value of the term (2 + 49 — 2°) 
in equation (4-3) which represents the difference of free energies of 
reactants and products in their pure states. On the other hand, what 
might be called the ‘driving force’ of reaction, tending to make the 
system approach this minimum, is determined partly by this differ- 


ae a 
Wad . ‘ 
Eee SN Ce REE ae 


i Pee ee eR eT Er ee ee ea 


136 Principles of Chemical Equilibrium [4°3 


ence but also by the additional free energy of mixing, as discussed 
above. 

Tn all cases the lowest value of @ never occurs either at absolutely 
zero or at absolutely complete conversion. The term ‘irreversible’ as 
applied to a reaction is merely descriptive and implies that a reaction 
proceeds to such a degree that the residual amounts of unchanged 
reactants are almost immeasurably small. In such a case the minimum 
value of @ could not be represented at all conveniently on a diagram. 

The position of the minimum may be obtained by differentiation 
of (43) and by putting ( ag 

in 1,P 
A more general but entirely equivalent procedure for finding this 
minimum is as follows. For the reaction system as a whole 


d@= —Sd7T + VdP+p,dng+ pnd +/igdng. 


On account of the stoichiometry of the reaction dn, and dn, may be 
expressed in terms of dn,: 


a dn, =— dn, = $dn,, 


=0. (4:4) 


and therefore 
dG= —SdT + VdP + (ug+ fy —2u,) Ang. (4:5) 


At constant temperature and pressure, G has its minimum value when 
aG/én,=0 and therefore when 


Hat fy =2ple (4:6) 


This is therefore the condition of reaction equilibrium and is seen to 
be of the same form as the chemical equation 


A+B=20, 


with the chemical symbols of the compounds replaced by their 
chemical potentials. 

It will be noted that the derivation of (4:6) does not imply any 
assumption with regard to the system being a perfect gas mixture; 
it is a condition of equilibrium which is applicable to arty state of 
aggregation. However, if it is now assumed that each of the sub- 
stances A, B and C has a chemical potential of the form appropriate . 
to a perfect gas mixture, then it may be readily verified that (4-6) 
gives rise to precisely the same equilibrium composition as is obtained 
by minimization of (4:3). 

_ Prior to the attainment of equilibrium if 


Bat fy > 2g, 
then it is evident from (4-5) that 2G/dn, is positive or 2G/2n, is nega- 
tive. The formation of C therefore causes the Gibbs function of the 
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system to diminish, and the reaction thus proceeds from left to right 
of the chemical equation. Conversely, if the direction of the inequality 
is changed, the reaction proceeds from right to left. 

In conclusion, it may be useful to give fresh emphasis to remarks 
already made in §2-8 to the effect that a minimum value of @ (or F) 
implies a compromise between the effect of the attractive forces on the 
one hand and of ‘randomness’ on the other. Since G=H—TS a low 
value of G will occur if the value of H is small and if the value of TS 
is large. Consider in this connexion the simple reaction 


Cl, =2C1. 


Now small values of H will be attained when there is little or no dis- 
sociation. This is because the combination of chlorine atoms to form 
molecules is an intrinsically exothermic process, on account of the 
attractive forces. On the other hand, the largest value of the entropy 
will occur when there is almost complete dissociation; this gives rise — 
to two particles having random translational motion in place of the 
single original one.t 

The equilibrium degree of dissociation, which minimizes H —T7'S, 
thus occurs as a compromise between the effect of the molecular 
forces, which favour the formation of Cl, with decrease of enthalpy, 
and the tendency of the system to attain maximum ‘spread’, which 
favours the existence of free atoms. 

Moreover, the effect of an increase of temperature will clearly be to 
increase the degree of dissociation. The temperature rise is equi- 
valent to an increase in the energy content of the system, and this 
increment of energy will be most completely ‘randomized’ within the 
system if, in addition to a mere heating of the two species, it causes 
reaction to be displaced in the direction corresponding to an uptake 
of energy, i.e. towards chlorine atoms. Thus the increase of tem- 
perature causes the composition to change in the endothermic direc- 
tion (cf. Le Chatelier’s principle). 


4-4. Concise discussion on reaction equilibrium 


Whether we choose to minimize G at constant 7 and P, or F at 
constant J and V, or to apply any of the other criteria of equilibrium 
(§ 2-8), it is evident from equations (2-40)-(2-43) that the summation 


zp,dn, (4°7) 


+t This effect is counterbalanced to some extent by the disappearance of 
the randomness of the vibrations and rotations of the chlorine molecules. 
However, the energy levels for the latter types of motion are much more 
widely spaced than for translation and therefore a given amount of energy 
can be distributed over them in s much smaller number of ways. 
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must be zero for any variations of composition about an equilibrium 
state in a closed system. This equation therefore shows the necessary 
relationship between the infinitesimal changes of the mole numbers in 
any virtual displacement about the state of the equilibrium. 

In the previous section the special case of the reaction A +B=20 
was discussed. We shall continue to suppose that only a single reaction 
takes place in the system, but it will now be written in the generalized 


— 0=Ly,M,, (4:8) 

as discussed in § 4-2, This equation implies the algebraic equalities: 
su aes PO (4-9) 
Vy Ve Vy 


Using (4-9), all of the dn’s except, say, dn, may be eliminated from 


_ (47), which, after equating to zero, becomes 


V V, Vv 
(a, + = ty + tg + eae + ay) dn,=0, 
and therefore, multiplying through by Vi» 
LY; fb; = 0. ; (4: 10) 


- ‘This is the most general condition of the equilibrium of a single 


reaction and is applicable whether the reactants and products are 
solids, liquids or gases. It is to be noted that it is obtained from the 
chemical equation (4:8) simply by replacing each chemical formula 
by the corresponding chemical potential. 

The negative of the quantity Lv,y, has been called by de Donder 
the affinity of the reaction. As is evident from the discussion near the 
end of §4:3, the affinity must be positive if the reaction is to proceed 
spontaneously from left to right of the chemical equation as usually 
written, and it must be negative for reaction in the reverse direction. 


4°5. The equilibrium constant for a gas reaction 


We consider first of all a reaction in a perfect mixture.} For each 
component of such a mixture, as in equation (3-19), 


Mj =4+RTInp,, 


t As shown in §3-3¢, in a perfect mixture there is zero heat of mixing and 
this may seem incompatible with the existence of a heat of reaction. However, 
the zero heat of mixing applies only when there is conservation of the mole 
numbers; thus in the reacting system the result (3-30), 7 +:=h,, remains true, 
but the total enthalpy of the system, H = in, changes during the reaction 
on account of changes in the n,. Only if the reactants and products were 
mixed in their equilibrium proportions would there be no heat effect. 
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where yf is a function of temperature only. Substituting in (4-10) 


we obtain — RTEIn p= Ey,p8, 

orf — RT in[] pyt= =v, ph. (4-11) 
rae 

If we define K,=TI pt, (4-12) 
: . 

then (4:11) may be written 


—RTInK,=0,p2. (4:13) 


The right-hand side of this equation is a function only of tempera- 
ture. Therefore the quantity K,, called the equilibrium constant of 
the reaction, is also a function only of temperature. In brief the above 
theorem shows that there exists a certain function of the equilibrium 
partial pressures which has a constant value, at a given temperature, 
whatever are the individual values of these partial pressures. 

For example, in the reaction 4 +B=2C we have y,= —1, y,=—1. 
and y,= +2, and therefore from (4:11)f . 


_RTInK,= —RTin-22- 
Na 

It may be noted that the satiate constant, as soniventionally 
defined, contains in the numerator the partial pressures of those sub- 
stances which are on the right-hand side of the chemical equation, as 
usually written, and in the denominator the partial pressures of 
those substances which are on the left-hand side of this equation. 

The significance of K, may perhaps be seen more clearly when it is 
brought to mind that there is an infinite number of sets of chemical 
potentials and partial pressures which satisfy the condition of 
reaction equilibrium at a given temperature. Let , and p, be members 
of one such set and let ~; and p; be members of another set. For the 
first set 


Ly; bae= 0, 
and for the second  Iyey=0. 
Thus Ly, fy = IY; My, 


and therefore, using (3°19), 
| RT%y, ln p;= RTXv, In p;, 
or Iv =[ee"=T] pi"'=...=K, ; 


t The symbol Tl stands for a continued product. Thus sr Lay Wy Hq Wyte. 


¢ The student should verify that (4-14) is equivalent i the minimizing of 
(4:3), when the partial pressures are expressed in terms of mole numbers. See 
Problem 1 on p. 175. 
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This shows, perhaps more clearly than in (4-11), that the product of 
any set of equilibrium partial pressures, each to the power of the 
appropriate stoichiometric coefficient, is a constant at any particular 
temperature. 

Turning now to the case of the imperfect mixture the chemical 
potentials must be expressed in terms of fugacities in place of partial 
pressures. Using (3-56) = +RT Inf, 


and substituting in the general condition of equilibrium (4-10), we 
obtain —RT In K,==y, p28, (4-15) 


“where K,=TL ft. (4:16) 
; q 


For reactions in imperfect mixtures it is therefore K,, rather than K,, 
which is the true equilibrium constant, in the sense of being a function 
of temperature only. It is, of course, entirely permissible to continue 
to define K,= nl pit, 


but it is a quantity which is no longer independent of pressure or 
composition. The numerical difference between K, and K, is often 
quite large at elevated pressures, as in ammonia synthesis. 

Consider now the quantity Xy,9 which occurs in (4:13) and (4°15). 
As noted in §§3-3 and 3-7, the 1s are the free energies per mole of 
the pure components at unit pressure (or at unit fugacity in the case 


' of thé imperfect mixture). The quantity Zy,4? may thus be called 


the standard change of free energy in the reaction at the temperature 7’. 


It is often denoted AG}, = dy, p= AGY.. (4:17) 


For example, if the reaction is 


A+B=2C, 
AG has the significance 


AGT = 2 — Ha— Me 
where 2,° is the Gibbs free energy of two moles of C at unit pressure, 


etc. AG is therefore the increase in G when 1 mole of A and 1 mole of | 


B, each at unit pressure, are completely converted into two moles of C, 
at unit pressure, at the particular temperature under discussion. 
Collecting together equations (4-13), (4-15) and (4:17), 


—RTnK,=Sv,p9=AG4, (4-18) 
— RT In K, = Dv, p2= AGI. (4-19) 


The equilibrium constants of all reactions between a set of compounds 
can therefore be calculated if the relative values of the 4°’s of these 
compounds are known. In any of these reactions a high degree of 
conversion from left to right corresponds to a value of K, (or K;) 


~ _ me 
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which is large compared to unity and, in such cases, AG must be 
negative. But even when AG?” is positive there is always some conver- 
sion of the reactants, as discussed previously. 

The relative values of 4° are usually tabulated in the literature at 
a standard pressure of 1 atm. With this convention it follows that the 
partial pressures which appear in K, must also be expressed in atmo- 
spheres.t In the case of an imperfect gas mixture the quantity p°, 
as discussed in §3-7, actually refers to unit fugacity. However, for 
most gases and vapours this differs very little from the value at 1 atm 
because deviations from the perfect gas laws are small in the range 
0-latm. In using (4-19) to evaluate K, it is usually a sufficiently good 
approximation to use the tabulated ys at atmospheric pressure. 


4-6. The temperature dependence of the equilibrium constant 


In equations (4-18) and (4:19) K, and K;, necessarily refer to the 
temperature 7’ and so also do the us. The extent to which the 
equilibrium constant varies with temperature is readily obtained in 
terms of the heat of reaction. 

Equation (4-18) may be written 


0 
In K,= -2(F). 


and its differentiation gives 
dink, 
dT 
Substituting from (3-29) and (3-30), 
dink, 1 
ar = Rpt . (4:20) 
where h, is the enthalpy per mole of pure t at the temperature 7', and is 
a function only of temperature. The term 2v;h, is clearly the increase 
in enthalpy, AH, when the reaction takes place from left to right. 
It is the negative of the heat evolved when reaction takes place at 
constant temperature and pressure, provided that volume change is 
the only form of work. Thus (4-20) may be written 
dmnk, AH 


“ar RT? | ve 


and this is known as van’t Hoff’s equation.} 


+ Of course it would be possible to express the partial pressures in other 
units if a numerical factor were included in (4°18) and (4-19). 

{ The physical significance of the equation, which implies that K, increases 
with temperature in endothermic reactions, may be considered in relation to 
the remarks at the end of §4:3. 


d(u?/T') 
aT 


1 
= Ruy 


which is Kirchhoff’s equation. 
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Similarly in the case of an imperfect gas mixture, a differentiation 
of (4:19) and substitution of (3-64) gives 


alnK, 1 ; 
apr = Rats 
AH? 
=a (4-22) 


where h9 is the enthalpy per mole of é at a pressure low enough for 
the gas to approach perfection and AH’ is the corresponding enthalpy 
change in the reaction. In the application of (4-22) it is usually a 
satisfactory approximation to use the values of the molar enthalpies 
of gases at atmospheric pressure, as tabulated in the literature. 

It may be noted that the differentials in (4:21) and (4:22) are com- 
plete differentials because K, and K, are functions only of tem- 
perature. These equations may be used either to calculate AH from 
the measured temperature coefficient of the equilibrium constant, 
or alternatively, if AH is known, to calculate the equilibrium constant 
at one temperature from a knowledge of its value at some other 
temperature. 

Over small ranges it may be assumed, as an approximation, that 
AH is independent of temperature and therefore 


For the purpose of integration over an extended range it is not satis- 
factory to assume that AH, or even Ac,, is constant. The procedure 
for integration is as follows. 

The molar heat capacity at constant preasare is 


oh) 
ar , 


For the present purposes this may be written as a complete differential 
because the h, and h? which appear in equations (4-20) and (4-22) refer 
to the gas 7 in a state of perfection where the enthalpy is independent 
of pressure (§ 3-2). Therefore 


dGAH d 
ar ~at (2v;h,) 


=LVjCpy (4-23) 
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The heat capacities of each of the pure gases ¢ are usually expressed 
in the literature as empirical power series in the temperature:} 


Oy, =0,+0,T +6,T?+..., (4-24) 


The use of tlie first three terms of this series is usually sufficient. 
Therefore from (4:23) and (4:24) 


ore = Ly, (a; SB b, T +¢; fT), : (4-25) 
and the integral of this is 
2 
AH~AH, =», (042 4) : (4-26) 


In this equation, AH, is simply an integration constant; it might be 
interpreted as the heat of reaction at the absolute zero if (4:24) 
continued to remain valid down to this temperature, but this is not 
usually the case. 

Substituting (4-26) in (4-21) 


RdinK, AH, a; 6; C; 
Sorta get en (Bee), (427) 


and the integration of this equation gives 


RinK,=0~9704.5y, (ome oP 2), (4:28) 


2 6 
where C is a second integration constant. A similar relation can be 
written for K,. 
Combining equations (4-18) and (4-28), we obtain an equation which 
gives AG? as a function of temperature: 


2 
AG? = Ip, = —OP +AHy—E,(aP aT +24 oT . (4:29) 


This equation could also have been obtained by integration of the 


relation d(AQR/T) _ x AH ba 
which follows from (3-29). 


The equations (4:26)—(4-29) may be used in a variety of ways. For 
example, if measured values of K, are available at fairly widely 
spaced temperatures it is possible to evaluate both of the integration 


t For data on several gases see Spencer et al., J. Amer. Chem. Soc. 56 (1934), 
2311; J. Amer. Chem. Soc. 64 (1942), 2511; J. Amer. Chem. Soc. 67 (1945), 1859; 
and J. R. Partington, An Advanced Treatise on Physical Chemistry, vol. 1, 
p. 807 (Longmans, 1949). 
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constants AH, and C. For this ee (4:28) may be rearranged 
as follows: 

RinK,—>y, (ain +°S +) = _¢— Me, (4-31) 

2 6 T 

A plot against 1/7 of the experimental values of the left-hand side 
of this equation should therefore be a straight line, if the data are 
consistent. The value of AH, may be obtained from the gradient and 
C from the intercept.: AG} at any desired temperature, e.g. 25°C, 
may then be obtained from (4-29). 

Alternatively, if there is available a value of AH, for example at 
25°C, the value of AH, may be evaluated from (4-26). The constant 
C may then be obtained from (4-28) by use of only a single measure- 
ment of K,, as a minimum requirement. 

Of course these equations can only be applied over the range of 
temperatures for which the power series (4-24) is valid, with constant 
and known values of a,, b, and ¢,. 


4-7. Other forms of equilibrium constant for perfect gas 


mixtures 
For the reaction xy, M,=90 
in a perfect mixture, the equilibrium constant has been defined in 
(4°12): K,= . 
For the ith component we have, by (3-26), 
p=, RT/V 
=c,RT, (4:32) 

where c, is the molar concentration. Therefore 

K,= (REY TT oy. (4°33) 


If we define a new equilibrium constant, K,, in terms of the con- 
centrations, . K,=T1 ce, (4-34) 
q 


the relation between K, and K, is evidently} 
K,=K,(RT)-™. . (4:35) 


~ For a a for the reaction es +3Bx40, Lv,= —-2—3+4=-—], and 
thus 


k= gy-RTK, 
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This equation shows that K,, like K,, depends only on temperature, 
and the magnitude of its dependence may be obtained from (4-35) 


and ean dink, dink, Xy, 


dT aT T 


1 
= pq ttt, RT). (4-36) 


Now for a perfect gas, the internal energy, enthalpy and volume per 


mole are related by ig copy 
tah LY; 


= h; = RT. 

Therefore (4:36) may be written 
dinK, 1 
aT = RT? 
AU 
= RT 
where AU is the change of internal energy in the reaction and is the 
heat absorbed when reaction occurs at constant temperature and 
volume. It may be noted that K, and K, have the same temperature 


coefficient only if Zv,=0, as in reactions of the type H, +Cl, =2HCl. 
Another equilibrium constant may be defined in terms of mole 


nections: K,=T1 yz (4-38) 
q 


xy, u,; 


(4-37) 


Since y,=p,/P, where P is the total pressure, the relationship between 
K, and K, is given by 
K,= Il (p/P) 


=P] pi 
¢ 
= P-2%K,. (4-39) 


The equilibrium constant K, therefore depends on the pressure as 
well as on the temperature, and for this reason is less useful than K, 
for application to gas reactions. On the other hand, it is one of the 
most convenient forms of equilibrium constant for application to 
liquid and solid mixtures. Because of the small molar volumes of 
condensed phases their equilibria are very insensitive to changes of 
pressure, in accordance with the relation 0y,/0P = V;. 
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48. Free energies and enthalpies of formation from the | 
elements 


Consider the following reactions, in each of which one mole of a 
compound is formed from its component elements: 


iN, +$H,=NH,, 
$N, +40, =NO, 
H, +40, = H,0. 


From measured values of the equilibrium constants the values of 
AG® may be calculated by use of equation (4-18). If the temperature 
to which this calculation refers is, say, 1000° K, the result is denoted} 
A@Loop and is called the standard free energy of formation of the par- 
ticular compound at 1000°K. The word ‘standard’ refers not to any 
particular temperature, but to unit pressuret of 1 atm for each 
of the pure reactants and products. However, by use of (4:28) or 
(4:29), the value of AG’ may be reduced to a reference temperature 
and thisis usually chosen as 25° C. The result is then called the standard 
free energy of formation at 25°C and is denoted A@jy,, which is an 
abbreviation for A@s, 1g. These figures always refer to 1g formula 
weight of the compound in question. Thus if we write 


NH, (9), AG@iyg= —3976 cal/mole, 


it is meant that the formation of 17-033 g of gaseous NH, at latm 
pressure, from gaseous oxygen and nitrogen each at | atm pressure, 
would be accompanied by a decrease of G of 3976 cal. The extent to 
which these conventions may need modification if any of the elements 
or compounds are not gaseous at 25°C and 1 atm (as in the third of 
the above reactions) will be discussed in § 4-10. 

Consider now the reaction 


4NH, +50,=4NO+6H,0. 


The value of AG° for this reaction will have the same value whether 
it occurs directly as written, or as a process involving several steps. 
This is because @ is a function of state, and its change in any process 


+ In place of AG} the symbol AGS will be used throughout this book to 
denote s standard free energy of formation from the elements at the tem- 
perature T.. 

¢ More correctly unit fugacity, but see §4-5. Guggenheim (Thermodynamics 
(Amsterdam, North-Holland Publ. Co. 1949), p. 263) has suggested that in 
place of ‘standard’ the work ‘atmospheric’ would be more appropriate, since 
it denotes the unit of pressure. 
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depends only on the initia] and final states. Now the reaction can be 
written as compounded of the three reactions already discussed: 


4NH, =2N, +6H, 
2N, +20,=4NO 
6H, +30,=6H,0 
4NH,+50,=4NO +6H,O 
The value of AG} for the overall process is therefore 
AG? = —4AG7(NH,) + 4AG4(NO) + 6AG4(H,0), 


where AG7(NH,), etc., denote the standard free energies of formation 
of the compounds. 

From this example it will now be clear that AG%, and therefore 
also the equilibrium constant, may be calculated for any conceivable 
reaction provided that the free energies of formation of the various 
compounds are already known. This property of additivity applies 
also, of course, to internal energies, entropies, etc., and in the case of 
the enthalpies it is known as Hess’s law. 

It is to be noted that we do not assert that the Gibbs function or 
_ enthalpy of the elements is zero. This may be adopted as a convention, 
if it is desired, but it is quite unnecessary and is often misleading. 
The reason for choosing the elements against which to refer the values 
of G and H is because the atoms remain unchanged in chemical 
reactions (excluding nuclear reactions). However, it is clearly neces- 
sary to specify the physical state of the elements in question; for 
example, the above figure for the free energy of formation of NH, 
refers to its formation not from atomic nitrogen and hydrogen but 
from the stable molecules N, and H,. In general, the reference state is 
the normal condition of the element—gaseous, liquid or solid—as it 
occurs at 25°C and 1 atm. 


In place of a list of standard free energies and enthalpies of forma- 


tion, it is equally satisfactory to tabulate the standard entropies 
and enthalpies of formation because at any particular temperature 


AG? = AHS —TASS. 


4:9. Some examples 


The following examples have been chosen, not so much for the pur- 
pose of exemplifying the most recent or most accurate data, but in 


order to illustrate some of the approximations which must often be. 


used in the application of the equations of §§4-5 and 4-6. 
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(a) The free energy of formation of nitric oxide. In the work 
of Briner, Boner and Rothenf air was heated in a vessel to a tem- 
_ perature of 1873°K for a time sufficient to approach equilibrium in 


the reaction 4N,+40,=NO. 


Samples of the gas were rapidly cooled and were allowed to remain in 
contact with concentrated potassium hydroxide solution for a day. 
The nitrite and nitrate which were formed were subsequently esti- 
mated. The volume percentage of nitric acid which is in equilibrium 
with air at 1873° C was thus found to be 0-73-0- 85%, the mean value 
being 0-79 %. 

Air contains 78-03 % N, and 20:99 % O,. The mean composition of 
the equilibrium gas must therefore have been 77-63 % N,, 20:59 % Ox, 

° 0 

0:79 % NO. Hence K,=1-98-x 10-2, 


and in this instance K, is dimensionless. 
The heat absorbed in the reaction is known to be 


AH? = 21,600 cal/mole. 


With regard to the heat capacities there seems to be no accurate data 
on nitric oxide at high temperatures. However, N,, O, and NO are all 
diatomic molecules and may be expected to have almost equal heat 
capacities at any particular temperature (see § 12-12). Since there is 
no change in the number of molecules when reaction takes place, it is 
reasonable to suppose that Ac, is small or zero. With this assumption 
it follows from equation (4-23) that AZ is sae independent 
of temperature. 
Using (4:28) we obtain 
Rink,=C—- a ’ 
fk 

and substituting K,=1-98 x 10-2 at 7’'=1873°K, it is found that 
C=3-7.. Finally, from (4-29) 

AGhog= — 3°7 x 298-16 + 21,600 

= 20,500 cal/mole, | 

the standard free energy of formation of nitric oxide at 25°C. By 
an independent spectroscopic method, to be described in Chapter 12, 
Giauque and Clayton} obtained a value of AG4,,= 20,650 cal/mole. 


It may be remarked that in some earlier experimental work Nernst 
had found the equilibrium percentage of NO in air at 1877°K to be 


1 J. Chim. Phys. 23 (1926), 788. 
$ Giauque and Clayton, J. Amer. Chem. Soc. 55 (1953), 4875. 
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only 0-42 %, about half the value used in the above calculation. If 
this figure had been used the value of AGi,, would have been cal- 
culated as 20,850 cal/mole, which is very little different from the 
value based on Briner’s experiments. This is a good example of what 
Lorentz (in a different context) called ‘l’insensibilité des fonctions 
thermodynamiques’, and it arises from the logarithmic relation 
between K, and AG®. Conversely, in order to make a close estimate 
of K, it is necessary to have available very accurate values of AG®. 


(b) The free energy of formation of NO, and N,O,. Having 
established the free energy of formation of NO, it is now possible to 
calculate the value for NO, by utilizing the experimental results of 
Bodenstein and Katayama on the equilibrium of the reaction 


NO+40,=NO,. 


The calculations were carried out by Lewis and Randall. The heat 
capacities of NO and NO, were not available, but were assumed to be 
equal to those of O, and CO, respectively, on account of similarities 
in molecular structure. Equation (4-28) was used and the constants 
C and AH, were evaluated as described in §4-6. They obtained 


Combining this with the value, 20,500cal, for the free energy of 
formation of NO, we obtain 


4N,+0O,=NO,, AG%.,=11,570 cal/mole. 
This figure is therefore the standard free energy of formation of NO, 


at 25°C. 
By utilizing the data on the equilibrium of 


2NO,= N,0,, 


it now becomes possible to calculate the free energy of formation of 
N,0,. The process by which a table of standard free euereree is built 
up needs no further elaboration. 


(c) Ammonia synthesis equilibrium. This example is chosen in 
order to illustrate the necessity of using fugacities in the case of 
high-pressure gas reactions and also to show the use of the Lewis and 
Randall rule. The following discussion is based on Dodge.f 

At 450°C the experiments of Larson and Dodge gave the values of 
K,=Pyu Joh, ph, shown in Table 4. It is evident that the deviations 
from constancy of K,, increase rapidly as the pressure is taised above 
100 atm. 


+ Dodge, Chemical Engineering Thermodynamics (New York, McGraw-Hill, 
1944}. 


i aaa 
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TABLE 4 


Total pressure (atm) {| 10 | 30 50 300 600 1000 
K, x 10? (atm) 6-59 |.6:76 | 6-90 8-84 | 12-94 | 23-28 


The true equilibrium constant for imperfect gas mixtures is not 
K, but K,. By using the fugacity coefficient, y,=f;/p;, K; may be 
expressed in the form 


fue 
K,= 2 
fh fh, 
— PNB. XN 
ph ph, xhxk, 
XNA, 
= K, -2NBe 
a 


Let it be. assumed, for purposes of trial, that the mixture N,—H,—NH, 
behaves as an ideal gaseous solution, equivalent to assuming that it 
obeys the Lewis and Randall rule, equation (3-72). This rule may be 


expressed fe_fi 
 p, ?P 
or M=Xe 


where the left- hand sides of each equation refer to the mixture and 
the right-hand sides to substance i in its pure state at the same 
temperature and pressure as the mixture. 

As discussed in § 3-6 the values of y; for a considerable number of 
pure gases can all be represented by approximately the same function 


_ of the reduced temperature and pressure. The critical data of hydrogen, 


nitrogen and ammonia are given in Table 5, and these will be used, 
together with Newton’sf graph, to estimate the fugacity coefficients 
of these gases. 


TABLE 5 


Consider the ammonia synthesis equilibrium at 450°C (723° K) 
and 300 atm. The reduced temperatures{ and pressures are as given 
in Table 6, together with the interpolated values of x’ from the graph. 

+ Newton, Industr. Engng Ohem. 27 (1985), 302. 


t In the caseof H, and He Newton usesas reduced temperature 7, = T'/(7', + 8) 
and as reduced pressure P,= P/(P,+8). 
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“TABLE 6 


At 450°C and 300atm the value of K, from Table 4 is 8-84 10-* 
atm-", The value of K,, as estimated by use of the Lewis and Randall 
rule, is therefore 0-91 
K,=8-84 x 10-* x —_,-—__,, 
Fee Tae x 008 


=6-6 x 10-8 atm-. 
Proceeding in the same Way with the other figures from Table 4, we 
_ obtain the values of X, given in Table 7. These are seen to be nearly 
constant up to 300atm. The assumption of the ideal solution model 
therefore represents & considerable advance on the supposition that 


the mixture is perfect. 
TABLE 7 


Total pressure (atm) 10 30 | 50 100 | 300 | 600 
K; x 10° (atm-) 65 | 66 | 66 | 66 | 66°] 74 ios 


4°10. Free energies of formation of non-gaseous substances 
or from non-gaseous elements 


As defined in § 4-8, the standard Gibbs free energy of formation of 
‘a compound at 25°C is the increase in G when 1 g formula weight of 
the substance at 1 atm pressure is formed from its elements, each at 
latm pressure. The question arises whether any modification needs 
to be adopted when the substance in question, or the elements from 
which it is formed, are not in a stable gaseous state at 25° C and 1 atm. 
This can best be discussed by use of an example, and we shall take the 
case of the free energy of formation of water. ; 

At sufficiently high temperatures water vapour is appreciably 
dissociated (e.g. about 1% at 2000°K) and measurements on the 
equilibrium of the reaction 

H,+40,~H,0 (g) 
were made by Nernst, Langmuir and others. Using experimental 
results of this kind, together with the available data on the heat 
capacities, Lewis and Randall used equation (4-29) to obtain AG’ as 
a function of 7’: . 
AG. = 3-92T — 57,410 +0-94T In T + 1-65 x 10-7" — 3-7 x 10-77", 
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In this equation if we put T = 298-16° K we obtain 
AG@Lyg= — 54,507 cal/mole. 
This is therefore the value} at 25°C of 
HFt,00 — 1, = toy 
and it refers specifically to gaseous water at latm pressure. This is 
because the result has been obtained by extrapolation from the high- 


temperature data and because K, for the reaction has been expressed 
in atmospheres. ; 


760} - = -- -je--- --- - ----------- 


Vapour pressure (mm. Hg) 


om em eee ee ee a ee 


= 


ct 


100 


3s Temperature (°C.) 


Fig. 19. Vapour pressure of water. 


Thus whenever the above equation for AG’ is applied to a tem- 
perature below 100°C it refers automatically to a metastable state 
where the water vapour is supersaturated. However, the free energy 
of formation of water in its stable state as a liquid at 25°C and latm 
may be readily calculated by considering a change of state in three 
successive steps.. 

A diagrammatic representation of the vapour pressure of water is 
shown in Fig. 19; the stable state to the left of the curve is liquid and 
to the right is vapour. The metastable vapour state to which the 
figure A@J,.= — 54,507 refers is marked P. Consider the isothermal 
expansion of one mole of this vapour from the pressure 760mm. to 
the pressure 23-8mm (point Q) at which it would be in stable equi- 
librium with liquid water at 25°C. Using the relation (2-1115), 


} A more recent value is — 54,636 cal/mole. 
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(04/0P),>=v, and assuming the water vapour to be a perfect gas, we 
obtain for the change of G in this process 


23-8 
ag= | vd P= RT In—— 
760 760 


==: — 2053 cal/mole, 


The second step is the condensation of the vapour at 23-8 mm and 
25°C to give liquid water at the same temperature and pressure. 
Since this is a phase change at equilibrium there is no change of @ 
(u? =p, as shown in § 2-96). 

The final step is the compression of the liquid water from 23-8 mm 
to the standard pressure of 1 atm. In this process the change of G is 
negligible. Thus 


760 
AG= | vdP, 
23-8 


where v is now the volume per mole of liquid water. Tis value may be 
taken as 18 cm* and independent of pressure. The value of the integral 


eae AG= 18 (760 ~ 23-8)/760 = 17 cm? atm, 
which is equivalent to a mere 0-43 cal. It may be noted as a general 
result that a change in pressure of a few atmospheres has a negligible 
effect on the free energy of a condensed phase, on account of its small 
molar volume. 

As a result of these calculations we can now obtain the free energy 
of formation of liquid water at 25°C and 1 atm: 


H, + 40, = H,O (9, l atm), AGf = 54,507, 
H,0 (g, latm) =H,O(g,23-8mm), AG=-—2,053, 
H,0 (g, 23:83mm)=H,0 (J, 23-3mm), AG=0, 
H,0 (J, 23-8mm) =H,0 (J, latm), AG=0-43. 
Thus adding the equations 
H, + 40, = H,O (I, 1 atm), 
AGiog= — 56,560 cal/mole. 

Exactly similar considerations apply if one or more of the elements 
from which the compound is formed is solid or liquid at 25°C and 
l1atm. In general, the values of the standard free energies of formation 
which are quoted in the literature are equal to the increase in G when 
lg formula weight of the substance in question is formed from its 
elements at 25° C, the substance and the elements each being in their 


normal stable states at 1 atm pressure. Similar considerations apply 
to the enthalpy change of reaction. 


Sg rt pest pneu ap eens posi a 
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4:11. Preliminary discussion on reaction equilibria involving 


gases together with immiscible liquids and solids 


We now consider chemical reactions in which one or more of the 
products or reactants is a solid or liquid. In the present chapter the 
discussion will be limited to cases where each of these solids or liquids 
is present in the system as a pure phase, i.e. when they do not take 
into solution appreciable amounts of the other components. Under 
these conditions the free energy of mixing, which has been shown to be 
an important part of the ‘driving force’ of reaction, is limited to the. 
gaseous phase. (The discussion of the case where there is an additional 
free energy of mixing in the condensed phases depends on a know- 


ledge of the chemical potentials in solutions and will be deferred to 


Chapter 10.) 
Examples of the type of reaction under discussion are 
ZnS + $0,=Zn0+80,, 
CaCO, = CaO + CO,. 
Now every substance has a finite vapour pressure and therefore the 
reaction equilibrium may be thought of as being established in the 
gaseous phase, according to the principles already discussed. If the 
various solids or liquids which take part in the reaction are in phase 
equilibrium with their vapours, there will be reaction equilibrium 
throughout the entire system. 
For example, in the second of the above reactions, the condition 
of reaction equilibrium is 
Hca00, = H0a0 +Hooy (4-40) 
The conditions of phase equilibrium for the oxide and carbonate 
between their solid phases and their vapours are 


Loac0,(o) = HCacogte 
Load = Load) 

In equation (4-40) it is therefore immaterial whether “aco, 20d Ho,0 
are taken to refer to the solids, or to the vapours in equilibrium with - 
these solids. 

Consider the second of these alternative ways of regarding the 
problem. If the gaseous phase is assumed to be a perfect gaseous 
mixture, then we can write, in accordance with (3-19), 


Hoaco,e) = Hbeco,to +RT In Poaco,» 


together with similar equations for the CaO and CQ,. Substituting 
these in (4-40) we obtain the equilibrium constant in its normal form: 


= RT eos 


= Mane) +o, — Haco,r (4-41) 
P0200; 
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K, —PCa0PO0, (4-42) 


Therefore 
Pcaco, 


is a function only of temperature. 

Now the quantities 12,0.) and L%,coys, Which appear in equation 
(4-41) refer to highly metastable states, that is, to gaseous calcium 
oxide and carbonate each at 1 atm pressure. To be sure these quantities 
are calculable (by the methods of §4-10), but only if the vapour 
pressures of the oxide and carbonate are known, and in many 
instances of this type of reaction the vapour pressures may be 
immeasurably small. 

This difficulty may be avoided by noting that the pressures pogo 
and Pogco, Which occur in (4-41) are the saturation vapour pressures, 
because of the supposition of phase equilibrium. These terms there- 
fore have fixed values at any particular temperature.t Therefore it is 
possible to remove these particular terms from K, and to define a 
partial equilibrium constant, Kj, which does not contain them. Thus 


Ki, = p00, = Ky 2, (4-43) 
Pcao 
and this has a definite value at any particular temperature. 

The value of Ki, may be expressed in terms of standard free energies 
by returning to (4-40). As mentioned previously it is immaterial 
whether Aoaco, 20d /ogo are taken as referring to the solids or to 
the vapours of the carbonate and oxide. We now adopt the first of 
these alternatives and in equation (4-40) ; 


 Logco, =Hca0 t+ Hoo, 
we substitute Hoo, =Hb0, + RT In pogo, 


but no longer make the peetiicclis substitution for the oxide and 
carbonate. Hence 


Poa00, = #020 + #0, + RT In Poo, 
or — RT ln K,=/ica0 + #0, — H0ac0,: (4-44) 


In this equation only the term ho, refers to the standard state of 
latm; the terms figgo and fogco, Te reler to the chemical potentials of 
solid oxide and carbonate at the particular pressure P of the reaction 


+ These statements are correct only because CaO and CaCO, do not form 
with each other a solid solution, i.e. there is no free energy of mixing in the 
condensed phases. Also it may be noted that vapour pressures are affected 
very slightly by the total pressure on the system, as will be discussed in Chapter 
6. This dependence of Poo 2nd Poago, ON the total pressure is equivalent to the 
pressure coefficient of the chemical potential of a condensed phase, as discussed 
in the present section, and is quite trivial. 
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system. However, it will now be shown that these quantities may 
usually be taken as equal to the chemical potentials of solid oxide 
and carbonate respectively at unit pressure. Let these latter quantities 
be denoted pR,o 20d HS.co, (and these are to be distinguished 
from the quantities appearing in (4-41)). Now since the calcium oxide 
is present in the system as a pure phase, and not as a solution, we 
have from (2-1116) 

(Ess0 


oP ) =P: (4-45) 


where Yq is the volume per mole. Integrating this equation at con- 
stant temperature and disregarding any change of 19,0, 


L-oao — Lao) = %oa0(P —1), (4-46) 


where P is the pressure of the reaction system. 

As noted in the calculations on water in § 4-10, this kind of integral 
is usually trivial compared to the free-energy change of the reaction. 
For example, v¢,9= 16-5 cm’, and therefore at 100 atm Loo — Hao) 
has a value of only 40 cal. Similar considerations apply to the calcium 
carbonate. Thus, provided the pressure P is not excessive, (4-44) may 
be written as follows with negligible error: 


—-RTK a = Peaow) tT H&o, — Lacogey (4:47) 


As compared to (4-44), the useful result has been to obtain quan- 
tities on the right-hand side of this equation which refer to the stable 
. States at unit pressure. These standard chemical potentials may be 
replaced by the standard free energies of formation at the appropriate 
temperature, in accordance with the discussion of § 4:8. 

It follows from the above that K‘,= Poo, is @ function only of tem- 
perature to a normally sufficient degree of approximation. In 
particular, it is independent of the quantities of calcium oxide and 
carbonate which are present in the system (provided that at least 
some of each of these solids is present, as otherwise there would not 
be an equilibrium). 

Let it be supposed that poo, is below its equilibrium value Kb 
for example, by means of a current of hot air as in limestone burning. 
This would result in complete reaction from left to right of the equation 


CaCO; =Ca0+CO,. 


Conversely, if poo, were maintained above its equilibrium value, the 
oxide would be completely converted into the carbonate. 
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4°12. Concise discussion on reaction equilibria involving gases 
together with immiscible liquids and solids 


The discussion of the preceding section will now be presented in 
more general terms. For a reaction 


. N . 
> vy, ‘= 0, 
i=1 
involving N species, the condition of equilibrium is 
N 
Ls =9, 
i=1 


and this is applicable to phases in any state of aggregation. In this 
equation there is evidently no need to substitute any more relations 


of the formt f=LET)+ RT Inp,, 


than is desired or is found convenient. Let it be supposed that the 
substances 1 to m are present in the gaseous phase only, whilst the 
substances 2+ 1 to N are also present as solids or liquids. The condition 
of equilibrium may then be ore 


2 Vipigt z v;4,=0. (4:48) 


t=n+1 
In this expression we ane the substitution in terms of partial 
pressures (or fugacities if the vapour is not perfect) pied for the 
substances 1 to n. This gives 


RT > eae 3 Vibe a > Dibe= =0. (4-49) 
i=l 
Defining the partial cquilibrium cietia 
K,= WT Pe, (4-50) 


i=1 


the equation (4-49) may be areas 
aa RT ln K,= -¥ ViHy + > Vise. (4:51) 


t=n+1 

The first term on the agua oes refers to the standard chemical 
potentials, at the temperature 7’, of those substances which are present 
only in the gaseous phase and whose partial pressures are contained 
in Kj. The second term refers to the chemical potentials of all the 
remaining substances, and these chemical potentials are the values 
as they actually occur in the reaction system, that is, at a particular 
pressure, composition and temperature. 


t The notation 4?(7) means that x? is a function only of T. 
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So far no assumption has been made with regard to the various 
solids and liquids, substances +1 to N, being present in a pure 
state. If this assumption is now made, each of the ~; which occur 
in the second summation of (4-51) is a function of temperature and 
pressure only and is independent of the composition of the system. 
Thus for each of the substances 7 +1 to N we have 


Of | 
2) on V%» (4°52) 


where v, is the volume per mole. As shown by a numerical example in 
§4-11, the integral of (4:52) between unit pressure and the pressure P 
of the reaction system is usually quite trivial. It follows that each 
of the 4, in (4-51) may be replaced by 1°, the chemical potential of 
the pure liquid or solid at unit pressure. Equation (4-51) may there- 
fore be written re 
—RT In K,= Dv ph =AGy, (4-53) 
i=1 


the term on the right-hand side being a summation of the standard 
chemical potentials of all the substances in their normal states of 
aggregation at unit pressure and the temperature 7’. 

The above theorem shows that, to a satisfactory degree of approxi- 
mation, Kj, is a function only of temperature and also that its value 
may be calculated from the free energies of formation of the various 
substances at the temperature 7. The temperature coefficient of 
K;, is the same as in equation (4-21) and the process of extrapolating 
from one temperature to another, or of utilizing the tabulated free 
energies of formation at 25°C, is the same as was discussed in §4-6. 


It is perhaps worth discussing in more detail the significance of the 
assumption that the various solids or liquids are each present as pure 
phases. If this were not the case it would not be possible to neglect the 


difference between 4 and yf for these substances, as has been done above. 


For example, in the reaction 
CaCO, =Cad + CO,, 


let it be supposed that the calcium oxide and carbonate are miscible with 
each other and form a solid solution. Then, in addition to their depend- 
ence on pressure and temperature, fiog and fcago, Will also depend on 
the mole fractions of the two components of the solution, and this may 
be quite a large effect. It gives rise to a free energy of mixing in the 
condensed phase, and in such instances it is quite inappropriate to use 
@ partial equilibrium constant. Instead it is necessary to adopt a different 
procedure, involving the thermodynamics of solutions, as will be described 
in Chapter 10. 

In general, it may be remarked that whenever a reaction takes place 
in a mixed phase, the chemical potentials of the various components of 


s 
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this phase modify themselves during the course of the reaction on account 
of the change in composition. For example, in the perfect gas mixture 
the chemical potential of a component is related to its partial pressure 


by the relation 4=+RT Ing, 


and is infinitely negative for zero p,. There would therefore be an infinitely 
large ‘driving force’ in any gas reaction which tends to raise this partial 
pressure above zero. 

A similar effect occurs in solutions. In general, in any mixed phase the 
magnitude of the ‘driving force’, — Xv, 4,, alters during the course of the 
reaction because the 4’s are themselves dependent on the composition. 
As discussed in § 4-3 there is always some composition, short of complete 
conversion, at which the driving force falls to zero and gives rise to a 

‘state of equilibrium. 

On the other hand, in a process such as nthe dissociation of calcium 
carbonate, the two solid phases are practically immiscible and their 
chemical potentials depend only on the temperature (and to a very slight 
extent, the preesure). These potentials are therefore unable to modify 
themselves as reaction proceeds. The condition of equilibrium is 

Ponce, = Hoan + Hoo,» 
and if the pressure of the CO, is shaintainad at such a value that 
Foec0, > Hoan + Hoo, 
‘the carbonate will disappear entirely. Conversely, the oxide will be com- 
pletely lost if the CO, pressure is maintained above equilibrium. Such 
reactions have an ‘all-or-nothing’ character. 


In brief, whenever a pure solid or liquid phase participates in a 
reaction it may disappear entirely, and this is because its chemical 
potential is not affected by the composition of the system. On the 
other hand, the concentration of a component of a miazture cannot 
fall to zero, since this would give rise to an infinite driving force 
tending to form this substance. 


4-13. Example on the roasting of galena 


For the purpose of illustrating the principles discussed above it is 
of interest to calculate the equilibrium constant of the reaction 


at a temperature of, say, 800° K. 
The free energies of formation at 25° ©, and the enthalpies of for- 
mation at 18°C are as follows: 


AGhs AH fg; 
80,(9) — 69,660 — 70,920 
PbO(s) — 44,900 - — 52,060 


PbS(s) — 18,000 — 22,300 
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Assuming the gas phase to be perfect, the partial equilibrium constant 
is t $: 
kK; =Dgo,/Pd, 
and its value is given by (4°53): 

~ RT in K5=/p0 + 480, — Pps — $0,: 


At 25°C, using the data on the free energies of formation, we obtain 


— 96,560 
298 _ 
Equations for the molar heat capacities of a number of gases have 


—RinK,,= == — 324. 


been collected by Spencer.} The equations for oxygen and sulphur 


dioxide are 
Og, ¢,= 6-148 +3-102 x 10°27 -—9-23 x 10-77", 
SO,, c,= 11-895 + 1-089 x 10-87’ — 2-642 x 10/7. 
In order to illustrate a useful approximation we shall assume that the 
heat capacities of the lead compounds are not available and instead 
apply Kopp’s rule.{ This states that the molar heat capacity of a 
solid compound is the sum of the atomic heats of its component 
elements (6-4 cal/g atom °C for most elements). With this approxi- 
mation the heat capacities of the lead oxide and the lead sulphide 
clearly cancel. 
Noting that the last term in the heat capacity equation for SO, is 
in 7'~?, the equation analogous to (4-26) is 
AH —AH,=T (11-895 — § x 6-148) + 47 x 10-9(1-089 — 3 x 3-102) 
. +§x $7 x 9-23 x 10-74 2-642 x 10°7'-1 
= 2-6737' — 1-782 x 10-872 +4-61 x 10-778 + 2-642 x 1057'-1, 
From the data on the enthalpies of formation we have AH = — 100,680 
cal at 7'=291-16° K. Substituting in the last equation we obtain 
AH, = — 102,230 cal/mole. Van’t Hoff’s equation, 


: Rdink, AH 
at TR? 
can therefore be put in the form 


BEE 3 eee BS ai 10-84-61 x 10-"7 


dT i T 
: +2-642 x 1057-8 


+ Spencer and Justice, J. Amer. Chem. Soc. 56 (1934), 2311; Spencer and 
an, J. Amer. Chem. Soc. 64 (1942), 2511; Spencer, J. Amer. Chem. Soc. 
67 (1945), 1859. 
¢ This rule is also known by the names of Woestyn and Neumann. For a 
discussion of ita bagis see § 13-9. 
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This may be worked out as a definite integral between the limits 
298-16 and 800°K. Using the value Rln K,=324 at T'=298-16°K 


we finally obtain = _ 19% at 800°K. 


It may be concluded that reaction from left to right of the equation 
PbS + $0,= PbO+S0, 


is essentially complete at 800° K. For example, if oxygen were heated 
with an excess of lead sulphide, the partial pressure of oxygen would 
fall to a value given by (pgo,/10*)#. Alternatively, if the oxygen 
were in excess, the lead sulphide would disappear entirely} before 
the oxygen and sulphur dioxide partial pressures had reached their 
equilibrium values. 


It is instructive to consider the reverse reaction. In principle, if a 
steady stream of pure SO, were passed over lead oxide, it would be possible 
in time to achieve a complete conversion to lead sulphide. However, the 
concentration of oxygen as an impurity in the inflowing SO, would need 
to be less than one part in (10%), if the SO, were at latm! 

As far as the roasting of galena is concerned it may be remarked that 
the above is not a complete discussion, because alternative products 
such as lead sulphate and metallic lead need to be considered. By 
utilizing the known free energies of these substances it may be established 
by similar reasoning that the main products of reaction at 800°K are 
lead oxide and lead sulphate. 


4°14. Measurement of the free energy of reaction by use of 
galvanic cells 


Four important methods of measuring the free energy of reaction 
are as follows: 

(a) the direct measurement of equilibrium constants as discussed 
above; . 

(6) the determination of the e.m.f. of galvanic cells; 

(c) the measurement of the spacing of molecular energy levels by 
spectroscopy; 

(d) the use of the ‘third law’. 

The third and fourth of these methods will be discussed in Part IIT. 
The present section is concerned with a short outline of the method 
based on the galvanic cell. 

The essential aspect of the cell is the fact that the equilibrium 
composition of the reaction system is not the same as it would be in 
the absence of a potential difference between the two electrodes; if 
the potential difference is # the reactants and products come to a 

t Always assuming that the lead oxide and lead sulphide are not mutually 
soluble. 

Be 4 ; DCE 
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certain state of equilibrium, whereas if the cell is short-circuited 
they come to a quite different state of equilibrium. This state of affairs 
is in no way contrary to the correctness of the relation Lv, 4,=0, but 
arises from the fact that electrons participate in the reaction process 
as it occurs in the cell. Whenever the cell is on open circuit the 
electrons in the one electrode do not have the same chemical potential 
as those in the other electrode, and this difference of chemical poten- 
tial can only exist because the liquid phase of the cell is a very poor 
electronic conductor. The existence of the e.m.f. thus depends on the 
cell being in a state of metastable equilibrium as regards the internal 
passage of electrons. 

These points will be made clearer in § 4-15. For the moment it may 
be remarked that the important feature of the cell is simply this: 
it is possible to discover what value of the potential difference across 
the electrodes will cause any arbitrary composition of the chemical 
system to be a state of equilibrium. 

As an example we consider the reaction 


4H, (g, 0-9 atm) + HgCl (¢) = HCl (g, 0-01 atm) + Hg (1). 


This process could be carried out electrochemically in a cell in which 
one of the electrodes consists of mercury covered with a layer of solid 
mercurous chloride. The latter is in contact with a solution of hydro- 
chloric acid of a concentration such that its partial pressure of 
hydrogen chloride is 0-01 atm.f Dipping into the acid is a piece of 
platinum (or other inert metal) and hydrogen, at a partial pressure 
of 0-9atm, is released as gas bubbles in close proximity to the 
platinum to form the hydrogen electrode. 

The cell is represented symbolically in the sequence of the electrical 
contacts: 


H, (0-9 atm) Pt | HCl (0-01 atm) | HgCl| Hg; £49,=0-0110 V, 


where each vertical line represents an interface betweeen the phases. 
Eo, is the measured potential difference across the electrodes at 
25-00°C when the cell operates reversibly (the current flowing 
through an external circuit being infinitesimally small). This rever- 
sible potential difference is called the electromotive force (e.m.f.). 
Convention. The cell is written in the above sequence, and not in 
the reverse, on account of a generally accepted convention; the 
electrode at the right-hand side is the one which would tend to 
become positively charged if the chemical reaction were to take place 
spontaneously, i.e. without opposing potential difference. 


+ The cell reaction is here regarded as involving gaseous hydrogen chloride 
in equilibrium with its aqueous solution. This is for reasons of simplicity since 
the standard states of substances in solution have not yet been discussed. 
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Now, in the above reaction, the direction of spontaneous change is 
from left to right; that is, the partial pressure of 0-9 atm of hydrogen 
is greater than would be in equilibrium with a partial pressure of 
0-01 atm of hydrogen chloride, together with mercury and mercurous 
chloride, if there were no electrical constraints. Thus, if the cell were 
short-circuited, the reactions 

4H,>H* +e, 
H* +HgCl> HCl+ He", 
Hgt +e—>Hg, 


would occur at the hydrogen electrode, in the body of the solution 


and at the mercury electrode respectively. The first and third of these: 


would give rise to an excess of electrons on the platinum and a deficit 
of electrons on the mercury. The latter electrode would thus become 
positively charged. It may be noted that as soon as the above con- 
vention has been adopted there is no further need to state the direc- 
tion of the potential difference, and the e.m.f. is always taken as 
being positive. 

Let it be supposed that the cell performs work by driving a current 
through an external circuit under reversible conditions, the rate of 
flow of electricity being vanishingly small. Over a certain period of 
time let dng atoms of hydrogen pass into solution as ions. In order 
to preserve electroneutrality} in the system, dng atoms of Hg* ions 
are simultaneously discharged at the mercury electrode, and a corre- 
sponding amount of electricity flows through the external circuit. 

As discussed in §2-56 

—d@G=dw’=2FE dn, (4-54) 


and in this equation z may be taken as the valence of any ion of which 
dn gatoms pass from left to right through a cross-section of the cell.f 
dG is the change in the Gibbs function of the entire system including 


} Even a very small disparity in the number of positive and negative ions 
would give rise to an enormous Coulombic force tending to restore electro- 
neutrality. According to Schriever and Reed (Nature, Lond. 165 (1950), 108) 
the disparity between the number of positive and negative ions in an electro- 
lyte solution does not exceed one in 10°, even when an appreciable current 
passes through the solution. 

{ Suppose that the cell reaction is such that the two electrode processes are 
+H,—> H*+e and Zn** + 2e=Zn, the latter involving a divalent ion. Then one 
zinc ion is discharged for every two hydrogen ions passing into solution. Thus 
dng =2dnz,. Also zq+=42z,3+. Thus the expression zFEdn is the same for 
both ions. If the electrode reactions are }H,->H*+¢ and $Cl,+e->Cl", then 
for dn hydrogen ions passing from left to right, dn chloride ions pass from 
right to left, i.e. ~dn chloride ions pass from left to right. Also zg-—= —zg+, 
since z must be taken as negative for negative ions. Thus the expression 
2FE dn is again the same for both ions. 28 


IiI-2 
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the external circuit, but, since the latter is unchanged, d@ is simply 
the change in G of the reactants and products in the chemical process. 

In the reaction in question dz moles each of mercury and hydrogen 
chloride are produced, and dv and $d” moles of mercurous chloride 
and gaseous hydrogen respectively are used up. Therefore, at con- 
stant temperature and pressure, we have from (2°61) 


dG = (Wag + Mac — ago — tx,) dn. (4:55) 
Between the last two equations we obtain 


Hag + Hao10-01 atm. — Hage tH,osatm= —2FE, (4-56) 


and zis +1 in the reaction in question. Inserting the numerical values 
E=0-0110 V and F=23,052 cal/V, we obtain . 

AGlogg = — 254 cal, (4:57) 
where AG's, is merely a symbol for the left-hand side of (4-56) at the 
particular temperature (and is not AG%,,). It is the increase in the 
Gibbs function of the system when half a gram-mole of gaseous 
hydrogen at 0-9atm completely reacts with 1gmole of solid mer- 
curous chloride to give 1gatom of liquid mercury and 1 gmole of 
gaseoust hydrogen chloride at 0-01 atm. The negative value of A@ 
corresponds to the fact that this reaction takes place spontaneously, 
in the absence of any potential difference. This is consistent with the 
convention. 

In (4-56), yg and gygo, may be taken as equal to vf, and pho), 
even if the quoted e.m.f. refers to the cell operating at a pressure 
somewhat different from latm; this is because the free energy of 
condensed phases is insensitive to pressure, as discussed already in 
§§ 4-10 and 4:11. The chemical potentials of the hydrogen and hydro- 
gen chloride may be corrected to atmospheric pressure by assuming’ 
that they are perfect gases. Thus from equation (3-2) 


4i,=Hayosatm, —RTn0-9 
=/ayovatm) +62 cal, 
Mio =ao1'01 atm) — RT 1n0-01 

=/ic10'01 atm, +2730 cal. 
Combining these equations with (4:56) and (4:57) we finally obtain 
the standard change in free energy in the reaction 

4H, (g, 1 atm) + HgCl(s) = HCl (g, 1 atm) + Hg (2), 
| AG og = 2445 cal/mole. 


T Alternatively, one mole of hydrogen chloride in solution at the concen- 
tration which is in equilibrium with gaseous ae chloride at 0-01 atm. 
The chemical er are equal. 
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It is of interest to use the above figure for A@® to calculate the 


partial pressure of hydrogen which would be necessary to achieve 
chemical equilibrium in the absence of the electrical constraint. 


a eneye at 25°C ~ RT In K',=AG%_= 2445 cal, 
and thus | K4=Pao/Ph,=0-016. 


For the same hydrochloric acid solution, equilibrium would therefore 
have been attained with a hydrogen pressure of 


(0-01/0-016)?=0-39 atm. 
In brief, the effect of the potential difference of 0-0110 V is to raise the 
equilibrium partial pressure of hydrogen from 0-39 to 0-9atm for 
a constant concentration of acid. 
In general (4:56) may be written in the form 


Magt Hho + RT In pac — ages — 44%, — RT 0 py, = —2F Ep, 
or —RT In (2) =AGS.+2FE,z, (4:58) 


where AG}, has the value 2445 cal at 25°C. Thus for the particular 


_ value of the electrical constraint £,.,=0-0110V, the equilibrium 
condition is satisfied by an infinite set of values of py, and pam, of 
which py,=0-9atm and pyo,=0-Olatm is merely one possible 
choice. For H,;=0, (4-58) reduces to the normal condition of reaction 
equilibrium in the absence of a potential difference within the system. 


4:15. Alternative discussion of the galvanic cell 


In the last section the cell was discussed under conditions where it is 
in process of performing external work reversibly and the equations 
were based on the relation —dG=dw,,,, of § 2-4. An alternative method 
is to consider the cell on open circuit, not performing work. This method 
has the advantage of showing that the cell obeys the condition of reaction 
equilibrium ee 

Ve f,= 9, 
provided that proper allowance is made for the electrons. 

Consider the same cell as in the last section and let dn be any variation 

in the number of moles of hydrogen chloride. Because of the stoichio- 


metry of the reaction 
id 0" ¥H, + HeCl=HCl+ Hg, 


the corresponding variations are dn moles of mercury, —dn moles of 
mercurous chloride and —4dn moles of gaseous hydrogen. In addition, 
the two electrode processes involve the gain of dn moles of electrons on 
the platinum and the loss of dn moles of electrons from the mercury. 
The reaction should thus strictly be written 


- gg +$H, + HgCl= HCl + Hg +ep, (4-59) 


7 oe ee —e kt ~. v¢ te ee Mor TN Be I ae a ee 
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where ég, and ép, are symbols for 1 gmole of electrons} in the mercury 
and the platinum respectively. These two terms do not cancel in the 
chemical equation because the electrons are not in an equivalent state 
in the two metals. In particular, they have different chemical potentials 
and these may be denoted p®* and pF*. 

When the cell is held at constant temperature and pressure, but 
performs no work, the condition of equilibrium is a minimum of G. Using 
equation (2°61) we have for the change in G in the above process 


dG = —SdT + VdP + (Mag + Haat Me’ — Pag — bon, — HE) dn. 


: F 
Putti x) =0, 
ies & ay 


we obtain Pegg t Pct Me’ — Maga — Hn, — He = 9, (4-60) 
which is seen to be the normal condition of reaction equilibrium 
LV; p,=0, 


when proper allowance is made for the electrons as in (4:59). The reason 
why the electrons did not appear explicitly in the discussion of the last 
section was that the cell was there supposed to be in process of per- 
forming work; the passage into solution of hydrogen gas did not cause 
any actual variation in the number of electrons on the two electrodes, 
because these electrons were able to pass round the external circuit 
with the performance of work. 
Equation (4:60) may be written 

Prag Paso — Pages — He, = He — He. 
Let it be supposed that the mercury is connected to a copper terminal I. 
Since electrons are able to pass freely between the mercury and the 
copper they have the same chemical potential in each. Similarly, let it 
be supposed that the platinum is connected to a second copper ter- 
minal IT. Then the last equation may be written 

Boag + Pozen — Prago. — bon, = Ha — Poa (4-61) 
where #, and 4,, denote the chemical potentials of electrons in the two 


terminals. Since these have identical composition their electrical poten- 
tial difference has a definite meaning, as discussed in § 2-9c. Using (2°58) 


we obtain fy~ Ps = — F($,— Gy), (4:62) 


the valence of the electrons being —1. The question arises whether we 
should take ¢,-—¢,=H or $,—¢,=£. The first of these choices is 
consistent with the convention of the last section. For in this case we 
obtain from the above equations 

Hag + Maa — Haga — ta, = — FE, (4-63) 
and it is evident that, since Z is always to be taken as positive, this 
corresponds to spontaneous reaction from left to right of the chemical 


f Le. the Avogadro number of electrons. 
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reaction, whereby the terminal I becomes positive and the terminal II 
becomes negative. 

Equation (4-63) is the same as (4-56) of the last section. This important 
equation has therefore been obtained by a method which is in harmony 
with the theory of reaction equilibrium of the present chapter. 


4°16. Number of independent reactions 


The discussion so far in this chapter has been based on the supposi- 
tion that there is only a single stoichiometric process in the system of 
interest. As noted in §4-2, this means simply that the changes in the 
mole numbers of all substances in the system can be expressed as 
small multiples or submultiples of the change in mole number of any 
one of them. For example, if the only stoichiometric process is 


H,+Cl,=2HCl, 


the decrease in the number of moles of hydrogen and chlorine are each 
equal to one-half the increase in the number of moles of hydrogen 
chloride. This would no longer be true if bromine were also present in 
the system. 

When only a small number of substances are present it is usually 
quite easy to write down by inspection the minimum number of 
chemical equations which will represent the complete stoichiometry. 
In more complex systems it is desirable to use a more systematic 
procedure. For example, it would be time-consuming to determine, 
by trial and error, what are the minimum number of independent 
chemical equations involving, say, a dozen hydrocarbons, as in a 
cracking process. 

A simple rule for determining this minimum number is as follows. 
Chemical equations are first written down for the formation from their 
component atoms of all compounds which are regarded as being pre- 
sent in the system.t These equations are then combined in such a 
way as to eliminate from them any free atoms which are not actually 
present. The result is the minimum number, R, of chemical reactions 
which are sufficient to represent the stoichiometry (although not 
necessarily the kinetics){ of the system. 

By way of a simple example let it be supposed that the system of 


t By ‘present in the system’ is meant ‘present in significant amount’. 
Within the context of any particular problem it is always necessary to decide 
which of the various possible species may be neglected. 

{ Free radicals or other intermediates may be important in regard to the 
kinetic mechanism, but these may be insignificant in regard to the overall 
stoichiometry. 
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interest comprises the species H,, CH,, C,H, and C,H. We write 
down the equations oH=H 
; ibe 


C4+4H=CH, 
2C + 6H. = C.H,, 


Since, by hypothesis, the system is not regarded as containing free 
hydrogen atoms in significant amount, the first equation may be 
used to eliminate H from the other two. This gives — 


C+2H,=CH,, 
2C + 3H, = C.H,, 
3C + 4H, = C,Hsg. 


Similarly, eliminating the carbon atom, which is also not present 
in the above sense, we finally obtain 


2CH,— H,=C,H,, 
3CH, —< 2H, = C,H. 


There are thus only two independent equations and R=2. Any third 
equation made by combination of the last two, for example, 


5CH, = 3H, = C,H, + C,H,, 


does not represent an independent stoichiometric process. It is, of 
course, quite immaterial which two out of all the possible linear com- 
binations are chosen as the independent ones. 


The following method for determining the number of independent 
reactions is very instructive, although it is less simple in practice than the 
method already described. Any chemical equation is simply a concise 
statement of the conservation of the atoms. This conservation may be 
expressed equally well by means of algebraic equations and the number, 
R, of independent reactions can be determined by finding the number of 
independent variables’ in these equations. Consider, for example, a 
closed system consisting of the five species CO, H,, CH,OH, H,O and 
C,H,, and let Ago, Au, etc., be the changes in the mole numbers due to 


reaction over a given interval of time. The three equations 


Ago + OAg,+0Ag,o+ Acson + 24,5, = 9, 
Aco + OAy,+ Anjo t+ Acu,on + OAcux, = 9; 


are based on the conservation of C, H and O atoms respectively. An 
examination of these equations shows that any two of the A’s will deter- 
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mine the other three.t Thus if we choose Agyog and A,y, as the two 
independent variables, the solving of the equations (most conveniently 
by determinants) gives the changes in the dependent variables Ajo, 


Ag, and Ago: Ago= — Acson— 2Aon, 
Ag,o = 2Agu, 


Because two of the A’s determine the other three, there are just two 
independent reactions. On account of the above choice of the independent 
variables, these two reactions may be conveniently chosen as those which 
represent the formation of CH,OH and C,H, from the other three 


puherenees: —C0+2H, se 
2CO + 6H, — 2H,O =C,H,. 


The question may now be asked, what are the number of components of 
the above system? By the number of components is meant the minimum 
number of substances which must be available in the laboratory in order 
to make up any chosen equilibrium mixture of the system in question. 
Thus, suppose it is required to prepare a mixture containing n,. moles 
of CO, ny, moles of H;, etc. It would be possible to do this by starting 
with the three substances CO, H, and H,O, whose mole numbers we have 
chosen to regard as the dependent variables in the above equations. For 
if we make up @ mixture of these substances only, and allow it to react, 
the mole numbers figy,og and Nog, of CH,OH and C,H,, when reaction 
is complete, are equal to the increases Acgon and Ayn, respectively, 
because neither of these substances were present originally, Equations 
(4-65) show that these increases completely determine the amounts of 
CO, H, and H,O which must react. 

Expressed alternatively, the equations (4-65) may be written 

no —%o = = Non on + 2g 

nh, — Na, 2%cu,0n + Sng,» : ; (4°67) 

NE,0 — Ma,o = — 2on,» 
where the n°’s are the initial mole numbers of CO, H, and H,O. It is 
evident from these equations that the choice of the particular mixturet 
which it is desired to prepare (i.e. the choice of the five n’s), requires 


definite values of the three n°’s. The mixture can therefore be prepared 
from three components. ' 


(4-66) 


¢ In this instance the number of independent A’s, namely, two, is equal to 
the total number of A’s, less the number of equations between them. The 
fact that this ts by no means generally true may be seen by setting up the 
corresponding equations for the system composed of NH,, HCl and NH,Cl 
in which there is one independent A (and therefore one reaction) despite the 
fact that there are three A’s and three equations between them, one for each 
type of atom. 

} However, this mixture must also be ‘accessible’ within the conditions of 
reaction rate or equilibrium. 
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In general, it may be shown that if there are N species present in the 
system at reaction equilibrium, and if there are R independent reactions 
between them, the number of componentsf is C= N—R., For the present 
purposes it is not necessary to give a general proof of this relation. The 
matter has been discussed by Jouguet, Brinkley and others,} and it has 
been shown that the number C of components in a system of N reacting 
species is equal to the rank of the matrix of the subscripts to the symbols 
of the elements in the formulae of the N substances. The number, R, of 
independent reactions is then given by R=N—C. This procedure is 
mathematically the same as is involved in obtaining the solutions (4-65) 
of the equations (4-64), in the example already discussed, the deter- 
mination of the rank of the matrix involving the same steps as in the 
sorting out of the dependent variables in the equations (4:64). For 
practical purposes it is easier to determine the number R of independent 
reactions by use of the rule which was formulated at the beginning of the 
section. 


4:17. Conditions of equilibrium for several independent 
reactions 


In § 4-4 we obtained the important condition of equilibrium 
Lv, 4,=0 


for the case where there is only a single reaction in the system of interest. 
Its derivation was based on minimizing the total Gibbs function of all 
species which are present. Therefore it cannot be taken for granted that 
when there is more than one reaction there will be a relation of the above 
type for each of them, but it will now be shown that this is the case. ’ 
Consider the system comprising the species CO, H,, H,O, CH,OH and 
C,H,, a8 discussed in the last section. For this system the equation for 
a change in G is 


dG = —SdT' + VdP + fgg Ang + fa, Ig, + Mx,0 IM, 
+ Hox,on WMog,on + Hogu, Woe, 


In this equation only two of the dn’s are independent; using ( 4-65) the 
changes in the mole numbers of CO, H, and H,O can be expressed in terms 
of the changes in the mole numbers of CH,OH and C,H,. The above 
equation may therefore be written 


d@= —SdT + VdP + (¥gu,0n — Hoo — 2fty,) Icy .on 
+ (Mog, + 24,0 — Zoo — 5/4a,) Anon? (4-68) 


} But see §5-4 concerning electroneutrality. 

t Jouguet, J. He. Polyt., Paris, (2), 21 (1921), 62; Defay, Bull. Acad. Roy. 
Belg. 17 (1931), 940; Brinkley, J. Chem. Phys. 14 (1946), 563; Prigogine and 
Defay, J. Chem. Phys. 15 (1947), 614; Peneloux, C.R. Acad. Sci., Paris, 228 
(1949), 1727. 
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in which the variations drog.oq and dny,g, are quite independent. This 
being the case, there are two conditions of equilibrium 


lines in 


Gn) 
—— =0. 
AL f, Ps Ronson 


_ These give the equations 


Hono Hoo ~ 2h, a4 (4-69) 


Hogi, + 2/0 — feo — 5a, = 9, 


which correspond to the chemical reactions (4-66). 

By generalizing the above it is readily seen that, for a system in which 
there are & independent reactions, there are R independent conditions 
of chemical equilibrium of the form 


Ly, 4,=0, 


and there will also be R independent equilibrium constants. 

It may be noted that the equilibrium constants of reactions which are 
not independent may be expressed as products or quotients of those 
which are. For example, the K, of the reaction 


3CO + 7H, = 2H,0 +CH,OH + C,H, 


is the product of the K,’s of reactions (4-66). Similarly, the value of 
AG} for this reaction is the swm of the values for the reactions (4-66). 


4°18. General remarks on simultaneous reactions 


Section 4-17 was concerned with the problem of calculating the 
equilibrium composition of a system when it is already known what 
are the substances which are present in significant amount. On the 
other hand, the following rather different problem will often present 
itself: given an initial set of reactants what are the various products 
which might be obtained? This question really precedes the one 
already discussed, for we are here concerned with finding which are 
the N species to be considered. 

As an example we shall consider a project for the production of 
methanol from a mixture of carbon monoxide and hydrogen—as is 
actually done on the industrial scale. From these reagents it would 
obviously be possible to form many thousands of organic chemicals, 
some of which might be formed in much higher yield than the methanol 
itself and might be quite valueless, due to difficulties of separation. 
As a preliminary to such a project it is therefore necessary to carry 
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out a thermodynamic analysis, based on available free-energy data, 
to determine: 

(a) at what temperature and pressure methanol would be formed 
in appreciable yield; . 

(b) what other compounds might be formed under the same 
conditions. . 

An investigation of this sort is not always such a large undertaking 
as it might seem. In each homologous series there is usually a fairly 
constant change in the free energy of formation from one member to 
the next. Therefore it might be possible to eliminate from considera- 
tion, as possible products, all members of a particular homologous 
series by examining the possibility of the formation of only two widely 
separated members. Conversely it is evident that almost all water 
forming reactions, e.g. 

CO+3H,=CH,+H,0, 
will be thermodynamically favoured because the free energy of 
formation of water has a large negative value, corresponding to its 
great stability. 

The result of the preliminary survey would establish the optimum 
conditions of temperature and pressure for the required product and 
also what other compounds might be formed under the same con- 
ditions.t In general let it be supposed that a total of NV substances 
are likely to be present at approximate equilibrium. It would then 
be a question of determining the number, R, of independent reactions 
between these substances, as described in § 4-16, and finally of setting 
up R equations of equilibrium. For example, if the system in question 
is a perfect gas mixture, there will be & simultaneous equations of 


etre ~RTInK, =A}, 


and their solution, together with the conservation equations such as 


(467), will give the equilibrium composition of the system. 


However, the solving of this family of equations is often a matter 
of considerable algebraic complexity. One method is to obtain a first 
approximation by treating each reaction as if it were the only one to 
occur in the system. This rough solution then becomes the basis for a 
second approximation and so on bysuccessivesteps. Useful discussions 
on: the solving of complex equilibria are given in the literature.} 


{+ In the methanol example a large number of alternative products are 
possible; successful manufacture therefore depends on the discovery of a 
selective catalyst which speeds up the required reaction to the exclusion of 
others, i.e. a kinetic rather than a thermodynamic effect. 

t. Dodge, Chemical Engineering Thermodynamics (New York, McGraw-Hill, 
1944), p. 526; idem, Amer. Inst. Chem. Engng, 34 (1938), 529; Taylor and 
Turkevitch, Trans. Faraday Soc. 35 (1939), 921; Brinkley and Kandiner, 
Industr. ingng Chem. 42 (1950), 850. 
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4°19. General remarks on maximum attainable yield 


A large positive value of AG® at 25° implies a small value of K, at 
this a in accordance with 


—~ RT In K,=AG}. 


This does not necessarily mean that the reaction in question is un- 
suitable for preparative or manufacturing purposes. In the first place, 
it may occur that the equilibrium becomes more favourable at 
some other temperature; in endothermic reactions, for example, the 
equilibrium is favoured by a rise of temperature, as follows from the 


equation ainK, AH 
dT RT?’ 


and conversely in the case of exothermic reactions. 

Secondly, although the total pressure does not have any influence 
on K,, (in perfect gas mixtures), it may have a large effect on the yield. 
Whenever a gaseous reaction takes place with decrease in the number 
of molecules, a rise in pressure increases the fraction of the reactants 
which are converted. 

Sone for example, the reaction 


A+2B=C, 


which will be supposed to have a very unfavourable value of AG@®, 
namely, 10,000 cal/mole at 500° K. Then, at this temperature, 


Pe 
K,= ——, = 4x 10-5. 
” PoP? 
Let x be the number of moles of C which are obtained at equilibrium 
from a reactant mixture containing originally one mole of A and two 
moles of B. The equilibrium gas therefore consists of (1—2) moles 
of A, (2—2x) moles of B and x moles of C and the sae relation 


can be expressed as (3—2z)* 
| 4PX1—2) 


where P is the total pressure. Solving this equation, we obtain the 
values of P which result in a given value of the yield x. The results 
are given in Table 8 and they show that a yield of as much as 50% 
may be obtained at 316 atm, despite the apparently unfavourable 
value of AQ. 


=4x10-, 


TABLE 8 


% 0-01 0-1 0:5 
P (atm) 24 82 316 


SW Se SREP ia) Oe Fe eg te eee age, hea) Te 
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It may be remarked that incomplete reaction does not necessarily 
imply wastage of the unused reactants. Ammonia synthesis is usually 
operated at a conversion of only 20-30%, but the unused nitrogen 
and hydrogen are recirculated to the inlet of the reaction vessel, after 
condensation of the ammonia which has been formed. 

The converse situation to that which has been discussed above is 
where there is an increase in the number of molecules. Gas reactions 
of this type are favoured by a decrease of pressure, or alternatively 
by dilution with an inert gas. Under practical conditions the advan- 
tages of such a procedure might be seriously offset by decreased rate 
of reaction. 

Some other factors concerning the yield of a reaction are as follows: 

(a) The effect of an excess of one of the reactants is to decrease the 
yield relative to this reactant and to increase the yield relative to 
the other. For example, in the reaction discussed above let it be 
supposed that recirculation of unconverted A and B is for some 
reason impracticable. Then, if A is a more valuable raw material 
than B, it might be found advantageous to operate with an excess 
of B, in order to raise the degree of conversion relative to A. 

(6) Whenever it is desired to achieve maximum partial pressure of 
the reaction products in the equilibrium gas, the reagents should be 
present in their stoichiometric proportions. Consider, for example, 
the reaction A+2B=C; by setting up the equilibrium equation for 
an arbitrary mixture, followed by differentiation and maximization, 
it can be readily proved that the highest partial pressure of C is — 
obtained when p,=2p,.t 

(c) In the case of exothermic reactions the equilibrium becomes less 
favourable with rise of temperature, but it may occur that a high 
temperature is necessary in order to obtain a sufficient rate. There is 
therefore a conflict between the thermodynamic requirements for 
maximum yield at equilibrium and the kinetic requirements for the 
approaching of that equilibrium with a sufficient speed. In such 


instances there are considerable advantages in reducing the tem- 


perature progressively, from an initially high value, along the path 
of reaction. If kinetic data is available it is possible to make a quan- 
titative evaluation of the optimum temperature at any stage of the 

reaction process.} , 


+ This result is strictly true only if the gas mixture is perfect. 
} Denbigh, Trans. Faraday Soc. 40 (1944), 352. 


Equilibria of Reactions Involving Gases 1% 


PROBLEMS 


1. The gaseous reaction $4,+$B,=AB at 500°K has a standard 
free-energy change of —1000cal. A reaction system consists initially of 
4+ mole of A, and 4 mole of B, at 500° K and a total pressure of 1 atm. 
Calculate the free energy of the system, relative to the elements A, and 
B, in their standard states, at 10, 20, ..., 100% conversion to AB, and 
plot the values. Show that the lowest point on the curve agrees with that 
calculated from the equation 


RT log K, = — AQ. 


2. A catalyst has been found which gives adequate velocity at 500°C 
in the reaction CO + 2H, =CH,OH. Estimate the order of magnitude of 
the pressure which would be required to make this reaction feasible as 
an industrial process. The free energy and heats of formation are as 
follows (cal/mole): 


AGL» AHi,, 
co — 32,810 — 26,420 
-  CH,OH(g) — 38,690 ~ 48,080 


3. Prove that the maximum concentration of NH, is obtained in an 
ammonia synthesis process when the ratio of nitrogen to hydrogen is 
1:3, provided that the gas mixture may be assumed to be perfect. In 
what respect will deviations from perfection cause this conclusion to be 
modified ? 


4. At 450°C the equilibrium constant for ammonia synthesis is 


Ja, 
Fifi, 
Using the Lewis and Randal] rule and the fugacity data of Newton 
(Indusir. Engng Chem. 27 (1935), 302) calculate the maximum per- 
centage yield of NH; in a 1:3 nitrogen-hydrogen mixture at 450°C and 
200 atm pressure. 


= 6-56 x 10-8 atm—. 


5. What are the thermodynamic conditions under which the equi- 
librium constant of a chemical reaction passes through a maximum or 
minimum value? 


6. Gaseous nitrogen peroxide consists of a mixture of NO, and N,0O,, 
and the chemical equilibrium between these substances is established 
very rapidly. It has been suggested that this gas should be used as a 
heat-transfer medium. Show in outline that the effective heat capacity 
per unit mass of the mixture may be expected to be much larger than for 
either of the pure components and that it passes through a maximum 
at a certain temperature. (Modified from C.U.C.E. Qualifying, 1954] 


7. A producer gas contains 7% CO,, 22% CO and 14% H,. In order 
to increase its hydrogen content the gas is mixed with steam, and the 
water gas reaction, H,0 + CO=CO,+ H,, is carried out over a catalyst 
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at a temperature at which K, equals 8-0. It may be assumed that 
equilibrium is attained. The hydrogen which is formed has a monetary 
value which is n times the value of the added steam, mole for mole. On 
' the assumption that the material costs are predominant, obtain an 
equation or equations for determining the most economic ratio of steam 
to producer gas, as a function of n. [C.U.C.E. Qualifying, 1949] 


8. A nitrous gas obtained by oxidation of ammonia is analysed 
(a) for total nitrous gas content, by absorption in alkali; (b) for degree of ~ 
oxidation to equivalent NO,, by use of an oxidizing agent. 

It is thus found that the total nitrogen oxides, expressed as equivalent 
NO, amount to 10 % by volume and that the gas is 80 % oxidized to the 
higher valence state. Assuming that the nitrogen oxides are entirely 
present as NO, NO,, N,O, and N,Q,, calculate the percentage of each of 
these constituents in the gas. The temperature and pressure are 25°C 

_and latm respectively, and the standard free energies of formation are 
as follows: 
NO NO, N,0O; N,0, 
AG{,,(cal/mole) 20,650 12,275 33,130 23,350 
{C.U.C.E. Qualifying, 1949] 


9. At 1200°K the equilibrium constants of the reactions 


C (graph) + CO,=2C0, 
CO,+H,=CO+H,0, 


are 63 and 1-4 respectively (atmosphere units). The standard free energy 
and enthalpy of formation of water vapour at 25°C are — 54,640 and 
— 57,800 cal/g mole respectively. Heat-capacity data are as follows (in 
cal/g mole per °C); 

H,, C, = 6-947 —0-2 x 10-87'4+. 4-8 x 10-772; 

O,, c,= 6-148 +3-1 x 10-§7'— 9-2 x 10-772; 

H,O0(g), ¢,= 7-256 + 2-3 x 10-°7' + 2-8 x 10° 772, 
Use the data to evaluate the equilibrium constant, at 1200°K, of the 


mpaciion C (graph) + 40, =CO. 
[C.U.C.E. Qualifying, 1952] 


10. It is required to estimate the maximum percentage conversion 
which might be expected in the gas reaction A + B=C+D when carried 
out in mild steel equipment. 

It is known that the changes of standard Gibbs free energy and of 
enthalpy in the reaction are AG%,, = 4000 cal/g mole and AH,,, = 10,000 
cal/g mole. No data are available on heat capacities, but A and C are 
diatomic molecules, B is a linear triatomic molecule and D is a non-linear 
triatomic molecule. 
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Estimate probable values for the upper and lower limite of the difference 
of heat capacity of products and reactants. Calculate the corresponding 
upper and lower limits for the degree ‘of conversion which might be 

under practicable conditions in a mild steel vessel. Assume 
that the initial gas is an equimolal mixture of A and B. 
[C.U.C.E. Tripos, 1952} 


11. Outline the steps necessary to establish from the laws of thermo- 
dynamics, and the minimum other necessary postulates and definitions, 
the conditions under which the equilibrium constant of a gaseous reaction, 
expressed in terms of partial pressures, is independent of total pressure. 
. {C.U.C.E. Tripos, 1951] 


12, The equilibrium C+2H,=CH, was studied experimentally by 
Pring and Fairlie and the following rather discordant values were 
obtained for Ky =Dou,/Pu,: 


Temp. (°K) 1473. 1573 1573 1648 1648 1673 1723 
Kix 10° (atm) 2-44 1-46 S158) = 1001-17 0-89) 075 


Carbon c,=1-1 + 4:8 x10-*Z7-—1-2 x 10-*7', 
H, Cy=6-88+ 0-07 x 10-*7' +-0-28 x 10-*7"3, 
- CH, C,= 3-38 + 17-91 x 10-*T' — 4-19 x 10-72, 


Estimate upper and lower limits for the standard free energy and 
enthalpy of formation of CH, at 25°C. 


13, A gas consisting of CO and H, in the proportion 1:2 is heated to 
500° C at 250 atm in the presence of a catalyst. Assume that only CH,OH, 
C,H,OH and H,0 are formed. Estimate the ratio of these products at 
equilibrium using the following data: 


AG, AH; 08, 
CO — 32,810 — 26,420 
CH,OH (g) — 38,900 — 48,100 
C,H,OH (g) — 38,700 — 56,300 
H,0 (g) — 64,640 — 57,800 


-14, The. standard free energy of formation of methanol vapour at 
25°C is — 38,900 cal. Calculate the standard free energy of formation of 
liquid methanol, assuming the vapour to behave as a cee gas. 

The vapour pressure is 122mm Hg. 


15. A system consists initially of NO, and water at 25°C. Consult 
tables of free energies and determine what substances might be formed 
in significant amounts. Which of these can be excluded on account of 
the known slowness of reaction? What are the minimum number of 
relations required to determine all the equilibria which are likely to be 
established in a short period of time? 
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16. A gas obtained from ammonia oxidation enters a counter-current 


absorption system with the composition 10% NO, and 1% NO, the 
remainder being nitrogen, oxygen and water vapour. The predominant 


nection 18 3NO,+H,0 =2HNO,+NO. 


Estimate the. maximum concentration of nitric acid which can be 
obtained by absorption in water at 20°C and latm total pressure. Use 
the following data for the free energy and heat of formation and the 
partial pressures of nitric acid: 


AG es AF os 

NO, (g) 12,275 8,030 

NO (g) 20,650 21,600 

HNO, (g) — 17,900 — 32,000 

H,0 (g) — 54,640 — 57,800 
% HNO, by weight 49:94 53:83 60-12 69:62 765 
Pano, ram Hg 0-183 0345 0:93 2-86 689 
Puio tam Hg 79 6-77 4:80 2-65 1-33 


[Modified from C.U.C.E. Tripos, 1951] 
17. A cell in which the following reaction takes place at atmospheric 
aa Zn (8) + 2AgCl (s) = ZnCl, (1m) + 2Ag(s), 


has an e.m.f. of 1:005V at 25°C and of 1:015V at 0°C. Assuming the 
temperature coefficient to be constant, estimate the following at 25°C 
and atmospheric ‘pressure: 

(a) the change in enthalpy in the reaction, 

(6) the amount of heat absorbed, per mole of zinc reacting, during 
the reversible operation of the cell. 

Explain clearly the relation between these quantities. How would 
they compare if the cell were not operating reversibly ? 


18. In the manufacture of formaldehyde a mixture of air with methanol 
vapour is brought into reaction on a silver catalyst. In this process the 
silver slowly loses its metallic lustre and partially disintegrates. Use the 
following data to examine whether this might be due to the formation 
of silver oxide: s 

Gas pressure: 1 atm. 

Operating temperature: 550° C. 

Standard molar free energy of formation of silver oxide: — 2590cal 
at 25°C. 

Standard molar enthalpy of formation of silver oxide: —7310cal 
at 25°C. 

The following mean heat capacities may be used: silver 6-4, silver oxide 
15-7, oxygen 7-5 cal/g mole °C. [C.U.C.E. Qualifying, 1953] 


19. It is proposed to prepare barium oxide by heating witherite 
(BaCO,) in a furnace open to the atmosphere. Use the data below to 
show that a first estimate to the lowest temperature at which the process 
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could be carried out is about 1400°C. It may be assumed that BaO and 
BaCo, do not form a solid solution. Indicate in what respects the discus- 


sion of the system would need to be modified if this were not the case. 
The standard free energies and heats of formation are as follows in 


kg cal/g mole: AG. a AHt,, 
co, — 94 — 94 
BaO ~ 126 —133 
BaCO, —272 — 291 


The heat capacity of barium carbonate is about 21-7 cal/g mole °C 
and that of barium oxide may be estimated as about 10-4. To the same 
accuracy, the heat capacity of carbon dioxide may be taken as 9-0 cal/g 
mole °C, . [C.U.C.E. Tripos, 1951] 


20.. Zine sulphide is roasted in a current of dry air at atmospheric 
pressure and at a temperature of 1700°K. Determine whether zinc 
oxide or zinc sulphate is the more stable solid reaction product under the 
above conditions. In such a process the outgoing gas is found to contain 
7% by volume of sulphur dioxide. What percentage of sulphur trioxide 

would this gas contain if the trioxide were in equilibrium with the dioxide 
' at the above temperature? What statements could be made with regard 
to the mechanism of the reaction, if the actual content of sulphur trioxide 
in the gas was found to exceed the calculated equilibrium figure? 

The free energies of formation in cal/gmole at 1700°K and latm 
pressure are as in the following table: 


ZnO ZnSO, SO, SO, 
~43,300  —94,300  ~69,700  —55,900- 
[C.U.C.E. Qualifying, 1950] 


21. It is desired to produce the substance B by the gas reaction 
| A=B+O. | 


For technical reasons it is required that the process shall be carried out 
in @ single-stage flow system, without recycling, at a total pressure of 
latm and a temperature of 500°C. The catalyst which is used in the 
reaction chamber is sufficiently active to bring the gas to equilibrium 
and no appreciable reaction takes place in the absence of the catalyst. 
The substance B may be readily condensed to a liquid, without dissolving 
_ appreciable amounts of A or C, by cooling the gas after it has left the 
reaction vessel. 

By what device would it be possible to attain, from a single-stage 
reactor, & maximum yield of liquid B, relative to the quantity of 4 which 
enters the system? Estimate its value. 

The increase in the standard Gibbs free energy in the reaction process 
at 500°C is 3530 cal/g mole. The vapour pressure of B at the temperature 
of condensation is 0-01 atm. [C.U.C.E. Tripos, 1952] 
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CHAPTER 5 
PHASE RULE 


5-1 . Introduction 


Two phases which are in equilibrium must always have the same 
_ temperature (§§ 1-4 and 1:13). In addition, they must have the same 
‘pressure, provided that they are not separated by a rigid barrier or 
by an interface having appreciable curvature (§2-9a). Finally, any 
substance which is able to pass freely between the two phases must 
have the same chemical potential in each of them (§2-96). These 
important criteria of equilibrium, expressed in terms of the intensive 
properties 7’, P and j, lead directly to the phase rule of Willard Gibbs. 

The origin of the phase rule may be understood most clearly if we 
consider, in the first place, a pure substance. Now the state of each 
of its phases is completely determined by temperature and pressure 
(at any rate when external fields have a negligible effect). The fixing 
of these variables completely determines all other intensive properties 
of a pure phase. In particular, therefore, it completely determines 
the value of the chemical potential. It follows that if ~ is plotted as 
a function of 7 and P in threé dimensions, the continuum of the y 
values for a particular phase will all lie on a certain surface. Different 
phases of the same substance will be represented by different surfaces; 
for example, for the phase « the equation to the surface will be a 
function, y,(7, P), of temperature and pressure, and for some other — 
phase f it will be a quite different function, (7, P). In general, 
such surfaces will intersect, as shown in Fig. 20. 

Now, as has been said, the state of phase a is determined by its 
temperature 7’, and pressure P,. Similarly, the state of phase £ is 
determined by 7’, and P,. Thus the state of the combined system of 
two phases is completely determined by the four variables 7, ..., Py. 
But, if there is equilibrium, there are three equations between these 
four variables. These aret = 7,—7',, 


P. a =P iD 
HelT 2, P,) = p,(T's, P,). 
It follows that only one of the four variables can be chosen arbitrarily; 
there is one degree of freedom. For example, if we choose the tem- 


+ The fact that the third equation is also a relation between the tem- . 
peratures and pressures, like the first two, may perhaps be seen more clearly 
by imagining that y,(T,,P,) and p(T, P,) are known explicitly, e.g. 
f= RT(constant—In T#/P). Cf. footnote to § 1-16. 
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perature of one phase as being 20°C, the other sshaae will have the 
- ‘game temperature and the pressures of the two phases will also be 
equal and will have.a definite value which is determined by the 
nature of the particular substance. 

The three relations above are obviously satisfied only along the line 
of intersection of the two surfaces of Fig. 20. This line therefore 
determines the simultaneous values of temperature and pressure 
which allow of the co-existence of the two phases. If one of these is 
@ vapour phase, the projection of the line on to the P-7' plane would 
give the ordinary vapour-pressure curve. 


B—_ 


T ; 
Fig. 20. Chemical potential surfaces for two phases « and f. 


Similar considerations apply to the equilibrium of three phases, 
a, 8 and y. There are six variables of state, T',, P,, Tg, ..- , P,, and 
between these there are six independent equations of equilibrium: 


T,=T,=T,, 
P,=P;=P,, 
ba = p= by- 


The equations entirely determine the values of the variables and 
therefore none of these can be chosen arbitrarily—the freedom of the 
system is zero. Considered geometrically, the three phases can only 
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be at equilibrium at the point of intersection of three surfaces. This 


- occurs at a unique temperature and pressure, known as the triple 


point. 

Considered in a possibly simpler manner, it might be said that there 
are only two variables, the single temperature 7 and the single 
pressure P, which are assumed in the first place to be equal throughout 
the system. Between these two variables there are two equations of 
phase equilibrium: . 

LAT, P) =,(T, P) =4,(T, P), 


which therefore determine 7' and P completely. 


5-2. The phase rule for non-reactive components 


Consider a system containing a number, C, of distinct chemical 
species, none of which enter into reaction with each other. Let it be ' 
assumed, for the moment, that all of the substances are present in 
all of the phases, although some of the concentrations may be 
extremely low. 

The state of each phase of a mixed system of this type requires a 
specification not only of its temperature and pressure but also of its 
composition. Since, by hypothesis, each phase contains C substances, 
the composition of each phase is specified by C — 1 variables, e.g. mole 
fractions or weight percentages. Thus, including the temperature and 
pressure, each phase is completely specified by C+1 variables. Let 
the number of phases be P. Then for the entire system we have 


number of variables = P(C +1). (5-1) 


It may be noted that these variables specify the state of the phases, 
but not their size. 

If the system is in complete equilibrium there are the following 
equalities between the variables: 


T, =T, =T, =... (P—1 equalities of temperature), 


P, =P; =P, = (P—1 equalities of pressuref), 
Mya=/ap=lhy=-.. (P—1 equalities of « for species 1), 
Hae =/lap=Hay=+.. (P—1 equalities of » for species 2), 


ete., for the remaining components. 


{+ The advantage of not assuming in the first place that the temperatures 
and pressures are necessarily equal is that it is then easier to see how the phase 
rule must be modified if the phases are not at the same pressure, as in osmotic 
equilibrium. The form taken by the phase rule for osmotic equilibrium has 
been discussed by Guggenheim, Modern Thermodynamics (London, Methuen, 
1933), p. 28. 
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Adding these up we obtain | . 
number of equations between the variables =(P— 1) (C +2), (5-2) 


With regard to the relations 1, = /,,, etc., it should be noted that 
the chemical potentials in a mixed phase are functions of the C—1 
composition variables, as well as of temperature and pressure. For 
example, if we denote the mole fractions of species + in the a and £ 
phases by 2, and 2,2 respectively, the condition of equilibrium of 
+ between these phases, when the ,’s are written out in full as functions 
of the independent variables, is 


HialT 2; Pos Hy a2 Caqy sey %o-1, a) = fb; _(T'g, P,, Hy Bs Vapy -+y a A) 


This is therefore a relation between the 7s, the P’s and the z’s. 

Now, in general, the number of independent equations connecting 
a set of variables must not be greater than the number of these vari- 
ables themselves. Otherwise some of these equations will be in- 
compatible. Therefore, from (5-1) and (5-2) we have 


P(€+1)2(P—-1)(C+2) 
or C+2—P >0. (5-3) 


We thus obtain the conclusion that the number of phases cannot 
exceed the number of components by more than two.} For example, 
in a single component system the maximum number of phases in 
equilibrium together is three, as occurs at the triple point. 

The result (5-3) may also be expressed as an equality as follows. 
Let F be the amount by which the total number of variables exceeds 
the number of equations between them. Then subtracting (5-2) 


~ from (5-1): P=C0+2-P. (6-4) 


This is the phase rule and F is called the variance or degrees of freedom 
of the system. It is the number of variables of the system whose 
values may be freely chosen by the experimentalist and must be so 
chosen before the system is in a determinate state. 

For example, in a single component system of two phases, w we have 
F=1 and the system is said to be univariant. We can freely choose 


+ It is interesting that Gibbs, in his original derivation of the phase rule, 
expressed this conclusion rather cautiously, as being probable rather than 
certain. It may be that he had in mind the possibility of ‘hidden’ parameters 
of state (e.g. strain in a solid), or, alternatively, the possibility that the 
chemical potential of 8 component might be the same in two phases over 
finite ranges of temperature and pressure. This implies contact of the 4 
surfaces and seems very unlikely to occur. 

An interesting photograph of seven liquid phases and a vapour phase in 
equilibrium in a seven-component system is given as the frontispiece to Hilde- 
brand and Scott, Solubility of Non-Electrolytes (New York, Reinhold, 1950). 


mf SER BER ETE TYE I SE PE ATI SETI 


184 Principles of Chemical Equilibrium [5-2 


the temperature of the pair of phases, but not also the pressure. The 
latter has.a definite value, at the chosen temperature, and is deter- 
mined by the nature of the particular substance. In a two-component 
system of two phases we have /' =2; therefore it is necessary for the 
experimentalist to decide on the values of two of the variables, 
e.g. temperature together with the mole fraction of one of the com- 
ponents in one of the phases, in order that the state of the system 
shall be completely determined. 

In the above derivation it has been supposed that every component 
is present in every phase. Suppose, however, that a particular com- 
ponent j is unconditionally absent from a certain phase y. In this 
case the number of composition variables which are required to 
specify the state of that phase (and thus of the whole system) is 
reduced by unity. On the other hand, the number of conditions of 
equilibrium is also reduced by the same amount, since the fact that 
j is not present in the phase implies that 


By > Bia = Hip= bg ++ 
The result (5-4) is therefore unchanged. 


The proof of the phase rule originally given by Gibbs in 1875 is simpler 
but more sophisticated than the one above. In place of the mole fractions, 


-he takes the chemical potentials as independent variables. He regards 


the state of each phase as being determined by its temperature and 
pressure and by the chemical potentials of each of its C components, 
i. C+2 variables in all. At equilibrium the value of each of these 
variables is constant through all of the phases. The state of the whole 
system is therefore determined by the O +2 variables, 7’, P and the 4,.. 
However, in each phase the possible changes in these variables are 
related to each other through a Gibbs~Duhem equation (2-83). Thus for 
the a phase we have 
8,aT ~ V,dP + in, du, =0. 


Since there are P such equations, the number of independent variables 
is only O+2—P, This is the same result as obtained previously. 

It may be remarked that the number 2 which appears in (5-4) is a 
consequence of the following assumptions: 

(a) the pressure is constant across each phase interface; 

(6) in addition to the variables of composition, two other variables, 
namely, temperature and pressure, are sufficient to determine the state 


_ of the system. 


Now in osmotic equilibrium the two liquid phases do not have the same 
pressure. In certain problems it may occur also that additional variables 
are significant, such as the magnetie field intensity. The statement 
F=C+2—P is therefore by no means universally true. 
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5-3. The phase rule for reactive components 


Consider a system in which there are altogether N chemical species, 
some of which may be inert and do not react at all, whilst the re- 
mainder are at reaction equilibrium with each other. Let R be the 
number of the independent reactions, as determined by the method 
described in § 4-16. Let P be the number of phases.. __ 

Proceeding as in 5-2, the state of the system is specified by P 
values of the temperature, P values of the pressure and by P(N —1) 
composition variables, such as the mole fractions. Thus 


number of variables = P(N +1). . 


The conditions of equilibrium include P—1 equalities of tempera- 
ture, P—1 equalities of pressure, N(P—1) equalities of chemical 
potential of the N species between the P phases, and finally, R con- 
ditions of chemical reaction equilibrium, each of the form Xv,4,==0. 
Thus 


number of equations between the variables = (N +2)(P—1)+R. 
Therefore _ F=P(N+1)—(N+2)(P—1)—R 
or F=N—R+2—P. (5-5) 
Comparing with (5-4), the quantity N — R is seen to take the place 
of C, which was the total number of species in the case of a non- 
reactive system. The two forms of the phase rule, (5-4) and (5-5), may 
be made formally identical if we define the number of components 
of the reactive system by the relation . 
C=N-R. | (5-6) 


The number of components, in the sense of the phase rule, is therefore 
to be taken as the total number of chemical species less the number of 
independent reactions between them. In §4-16 it has already been 


shown (but not in complete generality) that N—R is in fact the - 


minimum number of substances which must be available in the 
laboratory in order to prepare the system containing N species. The 
‘number of components’ is therefore the same in both senses in which 
the term is used. . 

In the proof as given above it may be noted that there are only R 
conditions of reaction equilibrium and not PR such conditions. If 
reaction is at equilibrium in any one phase it is necessarily at equi- 
librium in every other phase; at any rate whenever the N(P—1) 
equalities of chemical potential between phases are also satisfied. 
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5-4. Additional restrictions ; 


In certain types of problem there are additional restrictions on the 
system, and the effect of each of these is equivalent to an extra 
equation between the variables and thus reduces the number of 
degrees of freedom by unity. 

As a preliminary example consider a , liquid A which is in contact 
with its vapour and also with the atmosphere at its standard pressure. 
Such a system may be discussed in several different ways: 

(a) By disregarding the presence of the air. Then we have C=], 
P=2 and therefore F=1. Thus, as we know from experience, the 
liquid has a definite vapour pressure at any chosen temperature. 

(6) By regarding the system as consisting of two components, 
A and air, and allowing for the restriction that the total pressure on 
the system is 1 atm. Thus = 1, as before. 

(c) By regarding the system as consisting of three components, 
A and oxygen and nitrogen, and allowing for two restrictions, namely 
the constancy of the total pressure and of the oxygen : nitrogen ratio. 
Thus again we have F=1. 

The several alternative ways of considering the problem are thus 
entirely equivalent. 

In general, what we have called an ‘additional restriction’ implies 
that the system under discussion is of a special type, for example, 
that the pressure has a certain value or that the concentrations of 
two species in a particular phase are in a fixed ratio. An important 
instance occurs in the case of ionic solutions; on account of the © 
powerful Coulombic forces, the concentrations of the ions must be 
such that the solution as a whole is electrically neutral. 

It is evident that whenever a restriction is operative, it is equi- 
valent to taking the number of components as being one less than is 
given by the relation C=N—R. For example, in the case of ionic 
solutions the number of effective components is N —R—1, on account 

of the electroneutrality restriction.t 


5-5. Example of the ee the phase rule 


By way of a more elaborate example we consider now the applica- 
tion of the phase rule to a system comprising the species A, B and C 
between which there is the equilibrium 


A=B+C. 


+ For example, a solution of acetic acid in water contains five species: 
H,0, Ht, OH, HAc and Ac’. There are two independent diseociation reactions 
and there are two componente. 
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It follows from what has been said previously that there are two 
components. 


(a) Vapour phase only. If the system consists only of a single 
phase, we obtain F=3 (i.e. temperature, total pressure and one 
mole fraction may all be varied independently). On the other hand, 
let it be supposed that the system has been prepared from A only, 
e.g. by heating pure A to the appropriate temperature. There is 
therefore the restriction that the partial pressures of B and C are 
equal and thus F' =2. We should evidently have obtained the same 
result if we had been unaware that the substance A suffered the 
dissociation into B and C;; for we should then have regarded the system 
as consisting of a single component only and have obtained 


r F=1+2-—1=2. 


(b) Vapour plus a liquid phase consisting of pure A. Let it be 
supposed that only the species A is present in the liquid phase, the 
vapour phase consisting of A, B and C in equilibrium. We obtain 
F=2 in the general case and #=1 in the special case where the 
system has been prepared from pure A only. 


(c) Vapour and liquid phases each comprising all species. 
We now suppose that all three substances are present in both the 
liquid and the vapour phases. In the general case we have F=2, as 
in the last paragraph. However, in the special case where the system 
has been prepared from A only there is no longer the restriction that the 
partial pressures of B and C are necessarily equal; this is because these 
substances will in general have an unequal solubility in the liquid 
phase. Although it remains true that the number of moles of B and 
C are equal in the total system, there is no longer a restriction on the 
composition of either of the single phases. Therefore / remains equal 
to two and does not fall to unity as in case (b) above. 


_ Itis this point which the present example, otherwise rather elementary, 
has been intended to illustrate, and it is perhaps worth considering the 
matter in rather more detail. We shall suppose that the reaction system, 
prepared from A only, is contained in a veasel equipped with a movable 
piston and held at constant temperature. If only the substance A is 
able to be present in the liquid phase, then /'=1 as shown above. It is 
therefore possible to change the relative amounts of the two phases, by 
causing a change in the volume of the system by means of the piston, 
without change in the total pressure or of the partial pressures; at a fixed 
temperature each of these variables has a definite value for as long as 
the two phases co-exist. 

On the other hand, let it be supposed that either or both of the gases 
B and O can dissolve in the liquid A. If we draw out the piston there will 
be a change in the relative proportions of B and CO in the two phases, due 
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to their unequal solubilities. ‘The: composition of the phases is thus not 
uniquely determined by the temperature and, in fact, F=2 as shown 
above. The situation is, perhaps, clearest if we suppose that only B is 
able to dissolve appreciably in the liquid A. If the piston is touching 
the liquid surface, so that no vapour phase is present, the reaction 
equilibrium, A = B +-C, is entirely to the left, since by hypothesis no 0 
can be present in the liquid. As the piston is drawn outwards the vapour 
phase enlarges and some dissociation of A is able to take place. Thus the 
composition of both liquid and vapour phases change progressively as 
vaporization. is continued. In the limit, when all liquid has disappeared, 
the stoichiometric restriction p,=p, becomes operative. However, 
since a phase has now disappeared the variance remains unaltered. at 
F=2. 

In brief, the system prepared from A only is univariant if B and C are 
confined to the vapour phase and is divariant if one or both of them can- 
dissolve in the liquid A.f 

The phase rule is not concerned with the quantities of the phases which 
are in equilibrium, only with their intensive variables. On the other hand, 
whenever a stoichiometric restriction applies to a collection of two or. 
more phases, rather than to each phase separately, it is often useful.to 
introduce the ratios of the quantities of these phases as additional vari- 
ables. In the above example let there be m, moles of vapour phase, con- 
taining mole fractions y, and y, of components B and C, and let.n, 2, 
and 2, be the corresponding quantities for the liquid phase. Then if the 


' system has been prepared from pure 4 we have 


NM Ly + Ng Yo = MX%_ + NgYo 
nr, 
or (2% —2%,)= = (Yo Yo) (5-7) 


The stoichiometric restriction on the system as a whole can thus be 
expressed in terms of an additional variable, namely, the ratio n,/m. An 
application of this type of equation will be discussed shortly in connexion 
with zine smelting. 

It may be remarked that if we were unaware of the dissociation of A 
to form B and C the system would be regarded as consisting of a single 
component only. We should thus have deduced that F=1+2—-2=1; 
as we have seen this is incorrect whenever the products of the dissociation 
are not confined to a single phase. Two systems, each prepared from A 
only and held at the same temperature but of different ratios Melty 
would not have the same physical properties. 


+ It may seem a paradox that a discrete change from F=lto F=2is datet: 
mined by a quantity such as the solubility which is continuous. However, 


_ there is nothing absolute about a value F=1 or F=2; if the solubilities of B 


and O in the liquid are both small, the system is effectively univariant, although 
not precisely so. In the application of thermodynamics it is always necessary 
to idealize the system under discussion, by oes the variables which are 
significant and neglecting all others, 
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5°6. Alternative approach 


reater physical insight into a particular problem may often be 
obtained by making direct application, not of the phase rule itself, 
‘but of the conditions of equilibrium on which it is based. As an 
example consider the system discussed under case (c) above. Let 
T and P be the temperature and total pressure respectively and let 
Pq etc., be the partial pressures in the vapour and let z,, etc., be the 
mole fractions in the liquid phase. If the gas phase may be assumed 
for simplicity to be a perfect mixture and if the liquid phase is an ideal 
solution, then the eight variables are related by the following six 


equations: PatPy+p,=P, 
e. : %qgt+%t,+2,=l1, 
Po=f(T,P, 24), 
Po=S(T,P, x), 


Pe=NT,P, ty 
PoPe_ x _ 
7 = Ke=f(2). 


For example, the third equation states that the partial pressure of 4 
is determined by the temperature, by the mole fraction of A in the 
liquid phase and also, although only to a small extent, by the total 
pressure (see § 6-5). The final equation states the condition of reaction 
equilibrium. 

An examination of the equations shows that two of the variables 
are independent. The system is therefore divariant, in agreement 
with the result of applying the phase rule. If the system had not been 
assumed to have the properties of a perfect gas and of an ideal solu- 
tion, the equations would have taken a rather more complicated form, 
but the same conclusion would have been reached. 


5°7. Two examples from the zinc smelting industry 


(a) The reduction of zinc oxide by carbon. This reaction gives 
risé to metallic zinc and also to the two oxides of carbon. We shall 
discuss an equilibrium state of the system in which the following 
species are all present: ZnO, C, Zn, CO, CO,. Between these there are 
two independent reactions and therefore there are three components. 

}~ These may be written formally as 

ZnO +C=Zn+Co, 
2CO0 =C+CO,, 
but the following alternative choice probably corresponds more closely to the 
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Let it be supposed, in the first place, that there are three phases 
present, namely, zinc oxide and carbon as immiscible solids, and a 
vapour phase consisting of CO, CO, and zinc vapour. (The possibility 
of forming liquid zinc as a fourth phase will be discussed later.) The 
system would therefore be divariant if it were an entirely arbitrary 
mixture of the five species in question. However, the fact that it is 
prepared from zinc oxide and carbon implies a stoichiometric restric- 
tion on the composition of the vapour phase; for every atom of zinc 
vapour there must be one atom of combined oxygen as CO or CQ,. 
rae Pzn=Pcot2Pco, (5:8) 
The system is therefore univariant, so that at any chosen temperature 
it has a definite total pressure and vapour phase composition. It 
may be noted that if the process is operated in a furnace open to the 


_ atmosphere it is impossible for any steady evolution of zinc oxide 


to occur until the condition 


Pun+Pcoot+Pco,= 1 atm 


is satisfied. This occurs at a particular temperature, 7, and in this 
respect the system resembles the dissociation of calcium carbonate, 
which was discussed in § 4-11. 

The matter may also be discussed by the method of §5-6. The 
state of the system may be specified by means of the five variables, 
P,T, pon; Poo: Poo, Between these there are four equations: 


Pzn=Pcot2Pooy . (5-9) 
Pant Poot Poo,=P; (5-10) 
PznPoo= Kin = f(T), (5°11) 

Po0,|Pto=Kn=fill), (5-12) 


and it is evident that only one of the variables can be chosen arbi- 
trarily. The last two equations refer, of course, to the partial equi- 
librium constants of the reactions as written in the footnote. 

We consider now the possibility of the presence of an additional 
phase, namely, liquid zinc. If the temperature of the reaction system 
is raised above 7’, the pressure will rise above ] atm. It is found that 
the displacement to the right in the chemical reactions causes the 
partial pressure of the zinc vapour to rise more rapidly, with increasing 
temperature, than the vapour pressure of liquid zinc. The vapour 
actual mechanism of the process, in which it is the gaseous CO, rather than the 
solid carbon, which reduces the zinc oxide: 

ZnO +CO=Zn+C0,, 
CO,+C=2C0. 
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phase therefore becomes saturated and liquid zinc makes its appear- 
ance in the system above a certain temperature and total pressure. 
Under such conditions there is an extra phase but the stoichiometric 
restriction (5-8) no longer holds. The system therefore continues to 
_ be univariant. 

Under such conditions, of course, the total number of atoms of 
metallic zinc in the system is still equal to the number of atoms of 
oxygen which are present as CO and CO,. The following equation is 


analogous to (5-7): ; 
SOMEONE * acca meet naa. (5-13) 


where ¢ is the fraction of metallic zinc which is present as vapour. | 
This equation now replaces (5-8) but introduces the additional 
variable ¢. However, there is also the condition that the zinc vapour 


is saturated Pan=f(T,P), (5-14) 


so that there are altogethe:five equations ‘between the six variables. 
Therefore the system is univariant and ¢ has a definite value at any 
chosen temperature. 


(6) The oxidation of zinc sulphide by air. In zinc manufacture 
the process discussed above is preceded by the roasting in air of the 
mineral zinc sulphide. The substances which may be formed in signi- 
ficant amounts are ZnO, ZnSO,, SO, and SOx. It is readily seen that 
there are three independent reactions and these may be written 


ZnS +30, =Zn0+80,, 
me ZnS + 20, = ZuSO,, 
SO, + 40, => SO,. 


An examination of the equilibrium constants of these reactions shows 
that zine sulphate is not formed above a certain temperature whose 
value depends on the SO, partial pressure. Under industrial con- 
ditions, where a steady stream of air passes through a bed of the red- 
hot sulphide, the formation of sulphate may therefore be avoided. 
However, for the present illustrative purposes it will be supposed 
that the conditions are such that all the species occurring in the above 
equations are present in the equilibrium state of the system. 

Let it be assumed, in the first place, that the system is prepared 
from zinc sulphide and from pure oxygen, in place of air. There are 
thus six species in all, and, since there are three independent re- 
actions, there are three components. Assuming that the oxide, sul- 
phide and sulphate are present as immiscible solids, there are four 
phases and the system is therefore univariant. 


t See one of the problems at the end of this chapter. 


E 
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In this example the fact that the system is prepared in a certain 
way does not give rise to any stoichiometric restriction on the com- 
position of the vapour phase. There is no relationship analogous to 
(5-8) between 7o,, PSO, and pgo,- This is because the sulphur and 
oxygen atoms do not originate from the aame substance and because 
they are present in more than one phase at the equilibrium state of 
the system. 

If it were now supposed that the system is prepared from zine 
sulphide together with an oxygen-nitrogen mixture, the number of 
components would be increased by unity and the system would be 
divariant. Its state could be specified by a statement of, say, the 
temperature together with the total gas pressure, or the partial pres- 
sure of nitrogen. The fact that we might have used a particular 
nitrogen-oxygen mixture, such as air, would not affect this result; 
some of the oxygen, originally present in the gaseous phase, is trans- 
ferred into the solids, i.e. the zinc sulphate and oxide. Therefore 
there is no necessary relationship between the partial pressure of 
nitrogen and the partial pressures of O,, SO, and SQ. 

On the other hand, the variance of the system is not further affected 
by the presence in the air of argon, krypton, etc., since the partial 


. pressures of these gases stand in a fixed ratio to the partial pressure 


of the nitrogen. 


PROBLEMS 


1..How many independent components are there in the following 
systems ? 

(a) any mixture of N,, H, and NH, at room temperature; 

(6) any mixture of N,, H, and NH, at a temperature at which the 
chemical equilibrium is rapidly established; 

(c) a system obtained by heating ammonia gas to a temperature at 
which it partially dissociates into nitrogen and hydrogen. 


2. An aqueous solution contains n solutes whose mole fractions are 
24, Wg) -+-y Ly. The solution is in equilibrium with pure water through a 
membrane permeable only to the solvent. The temperature of the system 
is 7’ and the pressures on the water and the solution are P,, and P, 
respectively. How many of these variables are independent ? 


3. State the degrees of freedom in the sense of the phase rule in each 
of the following systems. In each example state briefly the considerations 
on which your result is based: 

(a) A pure substance at its critical point. 

(b) An azeotrope in a binary system. 

(c) The system obtained by heating a metallic nitrite MNO, to a tem- 
perature at which the substances present at equilibrium in significant 
amounts are as follows: MNO,, MNO,, M,O, N,, O,, NO and NO). Write 
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down sufficient independent chemical reactions to represent all the - 


equilibria, Discuss the degrees of freedom of the system on the supposi- 
tions (i) that the first three substances above are present as immiscible 
phases, (ii) they are completely miscible. The solubility of the gases in 
the condensed phases may be neglected. [C.U.C.E. Qualifying, 1951] 


4. Derive from first principles the form of the phase rule applicable to 
& system containing N species between which there are R independent 
‘chemical reactions. . 

A liquid-vapour system contains the species H,O, NO,, N,O,, NO, 
N,O,, HNO, and HNO,. What are the number of independent chemical 
reactions and the number of degrees of freedom in the sense of the phase 
rule? Show that any property of this system at equilibrium can be repre- 
sented by means of a surface e through a triangular prism. 


[C.U.C.E. Qualifying, 1952] 


5. Establish the number of degrees of freedom, in the sense of the phase 
rule, of the system composed of solid iron, the solid oxides FeO and Fe,O, 


-. «and gaseous CO and CQ,. 


_ Bhow that the following data on enthalpies and free energies of forma- 
tion and heat capacities, all at 25°C, suggest that the temperature at 
which all the above substances are at equilibrium together at 1 atm is 
about 1120°K. Mention briefly the possible sources of error in the 
calculation. Will the equilibrium temperature be dependent on the total 
pressure? Discuss this in relation to the phase rule. 


Ait AG? Cy 
(cal/g mole) (cal/g mole) (cal/g mole °C) 
Fe (8) 0 0 6-0 
FeO (a) — 63,700 —~ §8,400 10-4 (estimated) 
Fe,0, (8) — 267,000 —~ 242,400 36-4 
co — 26,400 — 32,800 7-0 
. CO, — 94,100 —~ 94,300 8-9 


. [C.U.C.E. Tripos, 1954) 


6. A mixture of three miscible liquids X; Y and Z is subjected to a 
simple distillation. Component Z is almost involatile. The progressive 
change in the weight percentage composition of the residue is determined 


by sampling and is represented bv a curve on a triangular diagram X YZ.. 


On this curve point A represenis the initial composition of the liquid 
and point B represents the composition of the residue at a later stage in 
the distillation. Through A a line is draw parallel to the XY axis and 
intersects BX and BY at C and D. Show that the ratio CD/XY is the 
fraction of the liquid which has evaporated. 

Show also that the composition of the vapour which is in equilibrium 
with the liquid phase at any point P on the curve is determined by the 
intersection of the tangent at P with the XY axis. 


[C.U.C.E. Qualifying, 1962] 
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CHAPTER 6 


PHASE EQUILIBRIA IN SINGLE 
COMPONENT SYSTEMS 


6°1.. Introduction 
It is a familiar fact that the phase changes 
| solid -> liquid -> gas, 


in the direction of the arrows, each require an input of heat to the 
system whenever these changes take place under conditions of 
constant temperature and pressure. Only a small part of the heat 
absorption is due to the work which is associated with the change of 
volume and by far the greater part is due to an increase in the internal, 
energy. This is because the phase changes, in the directions considered, 
involve a disorientation or a separation of the component molecules. 
The relative smallness of the work may be illustrated by the 
vaporization of water. At 100°C and latm the latent heat which 
must be provided is 9706 cal/mole. At the same time there is an in- 
crease of volume of.3-02 x 104cm?, and the work done on the atmo- 
sphere is thus 3-02 x 10*cm*atm or 730 cal. This is only 8% of the 
latent heat. The remaining 92% is accounted for by the increase in | 
internal energy in the change from water into steam: 


gq=AU +uw, 
or AH=AU+A(PYP). 


This increase in internal energy consists in a change, probably rather 
small, in the translational, rotational and vibrational energy} of the 
molecules, together with a much more substantial increase in their 
potential energy, consequent on an increase in their separation. 
Similar remarks apply to the solid > liquid transition, although in this 
case the change in potential energy is much smaller. 

Ifh,, h,and h, denote the enthalpies per mole of a substance in the 
solid, liquid and gaseous states of aggregation respectively, then at 
any temperature and pressure we may expect 

hh, < h, < hy, 
and this sequence is due, at least in part, to the relative magnitude 


of the attractive forces in the three states of aggregation. On the 
other hand, the processes solid + liquid and liquid > vapour are both 


{ All these are forms of kinetic (‘thermal’) energy at the molecular level. 


« 
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characterized by an increase in the ‘randomness’ of the system, or 
degree of spread over the quantum states. Thus, if Q is the total 
number of distinguishable micromolecular states or ‘complexions’, 


we have 
. 2,<02,<Q,, 
or | 8,<8;,<8,, 


where s denotes the entropy per mole. 
At any particular temperature and pressure the stable phase is 
that which has the smallest value of its chemical potential, or Gibbs 
free energy per mole. Thus, considering liquid and vapour phases, if 


Li<Py 
the liquid is the more ‘stable of the two. This condition can also be 
expressed in the form (n—Ts,) < (hp —T#,), 


or T(8, —8;) < (ity —Iy). (6-1) 
_ Conversely, if T'(8,—8;,)>(h,—hy), (6-2) 


the vapour is the more stable form. Equilibrium between the phases 
is determined by the temperature and pressure at which these 
relations become equalities. — | 
Therefore, as emphasized already in § 2-8, the equilibrium between 
two phases is determined by a compromise between the energy and 
entropy factors, or, in molecular terms, between order and disorder. 
The transition from a stable liquid phase to a stable vapour phase, 
which takes place with rising temperature, is due to a transition from 
the condition (6-1), where the molecular forces, as reflected in the 
value of h, —h,, are the most significant factor, to the condition (6-2), 
where the increase in randomness, as measured by 8, —8,, becomes the 
dominant effect. The transition is made possible by the increased 
energy available to the system, as‘a consequence of its being in an 
environment at a higher temperature.t 


'6°2. The Clausius—Clapeyron equation 


Consider any two phases a and of the same substance. Now in a 
single component system y, and yz, are each functions of the tem- 
perature and pressure only. On the other hand, they are not the same 
functions and the two phases can co-exist only at such values of the 
temperature and pressure that the chemical potentials are equal. 

The possible states of equilibrium correspond to the line of inter- 
section of the two ~ surfaces, as discussed in §5-1. Let yj, and yy be 


| { See also the remarks at the end of §4-3. 
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the particular values of the potentials which occur at a certain point 
along this line. Then row 

ha Las (6-3) 


and at a neighbouring point along the line we have 
Ha + Vlg = Hg + App. 
Thereforet du,=Auz (6-4) 
This equation may also be writtent ; 
Ofte, Ofte OMe Ope 
——— —— = | — —= 5 
(a) ar+ Ge oak aT a ap ae (6-5). 


which expresses the relationship between a change of temperature 
dT and a simultaneous change of pressure dP, such that the phase 
equilibrium is maintained. 
Substituting from (2°1116) and (2:112b) we obtain 
. —8,dT +v,0dP = —3,AT' +0,dP, 


where 8, and 8, are the molar entropies of the substance in the two 
phases and v, and v, are the corresponding molar volumes. Hence 


dP 8,—8% 
dT v,—v, 


At the point of equilibrium, where a= Hg, the transition between the 
two phases is reversible and therefore 


(6-6) 


h,—h 
8 —8p= = 1 B (6-7) 
where ZL is the latent heat. Hence 
dP L 
— 6-8 
ar TAv’ “) 


where Av is the increase in volume in the phase change. 
This equation, known by the names of Clausius and Clapeyron, 


. determines the pressure increase dP which is necessary in order to 


+ It may be remarked that this equation is not a sufficient condition of 
equilibrium, because it would be satisfied by “, =g+ constant. The equation 
merely asserts that between two neighbouring points along the equilibrium 
curve there is an equal increment of potential for each phase. 

t+ dP and dT are necessarily the same for the two phases, if they are to 
remain at hydrostatic and thermal equilibrium. Thus when 4, =//g, we also 
have T,=T, and P,=P,, and thus dT,=dT, and dP,=dPz. The latter 
relation will apply even when there is a significant pressure difference across 


@ curved interface, as in equation (2°51), provided that the radii of curvature 


are held constant. — 
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maintain phase equilibrium when there is a temperature increase dT’. 
Its derivation does not depend on any assumptions concerning the 
nature of the two phases, but the equation is applicable as it stands 
only to single-component systems, because y, and fig have been 
assumed to be functions of T' and P only. It may. be noted that a 
substance such as water is of this type, even though it may contain 
several chemical species, such as H,O, OH, H,O*, (H,0)., etc., 
which are at reaction equilibrium. If their total number is N, it is 
readily seen that between them there are altogether N—1 chemical 
reactions and stoichiometric restrictions. There is thus only one 
independent component} and only ope independent chemical poten- 
tial. As shown already, in connexion with the phase rule, such a 
system has one degree of freedom when there are two phases a and . 
Thus an arbitrarily chosen temperature change, AT’, will give rise 
to a definite pressure change AP, as given by the integral of (6-8). 
For the same reason the left-hand side of this equation is a complete, 
and not merely a partial, differential. a 

Of course the equation is not applicable to a mixture of alcohol 
and water, between which there is no reaction equilibrium. Such a 
system contains two components and there are two independent 
chemical potentials. Each of these is a function of composition, as 
well as of temperature and pressure; equation (6-5), on which (6:8) 
is based, is therefore incomplete and incorrect. From the point of 
view of the phaserule a two-phase, two-component system is divariant; 
a change in pressure, AP, is thus not uniquely determined by a tem- 
perature change, A7', but depends also on the change in composition 
of one of the phases. The analogue of equation (6-8) for two com- 
ponent systems will be discussed in §7-2. - 

For application to solid-solid or solid-liquid phase changes, the 
Clausius-Clapeyron equation may be expressed in the inverted form 


d7 TAv 
apoE 


which shows the effect of the applied pressure on the temperature of 
phase transition. This is usually quite small; for example, the freezing- 
point of water is depressed by 0-007° C/atm. 

For application to solid-vapour or liquid-vapour phase changes, 
the equation may be put in a more convenient approximate form by 
neglecting the volume of the condensed phase by comparison with the 
vapour and also by assuming that the latter behaves as a perfect gas. 


ee Av=v, + RTP. (6-10) 


. T The number of components here being understood in the sense of the last 
paragraph of § 5-4. 


(6-9) 
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With this approximation, (6-8) may be written 
dnP. ZL 
“a? RT? 
The approximation is a good one only under conditions where the 
vapour pressure P is not too large. 


(6-11) 


6°3. The latent heat and its temperature coefficient 


The integration of (6-8) or (6-11) over a range of temperature and 
pressure requires a knowledge of the temperature and pressure- 
dependence of the latent heat. Putting L=h, —he and expressing as 
functions of temperature and pressure: 

OL OL 
dL= Gr), aT'+ +(5), aP 


_ Ah, — hg) Ah, — hg) 
eer el dT + oP dP 
Oh, Oh 
= (Co.— Cg) AT + Fg Pp -) dP. 
Now dh=Tds+vdP 
(ah Qs 
and therefore (),- T (Fs) +v 


by one of Maxwell’s relations. Substituting in the previous equation 


dv 
dL = (Cy, —Cy) dT + (ve—2 ot Tn) dP 


=Ac, dT + Av— 7) ap. (6-12) 
oT 
Now the variations dT and dP of temperature and pressure which 
maintain phase equilibrium are not independent but are related by 
means of (6:8). This equation may therefore be substituted in (6-12) 
to eliminate dP. We thus obtain the following equation for the change 
of Z along the equilibrium curve (Fig. 20 on p. 181): 
aZ dAv\ ZL 
aga “ot + (0-7) To 


L _[élmAv 
=he,+5-L("F) (6-13) 
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This formula was obtained by Planck and is usually known by his 

‘nhame. ; 
In the case of solid-vapour and liquid-vapour transitions equation 


(6-10) may be used as an approximation. Substituting (6-10) in the. 


last term of (6-13) 7 ' 
@lndv\ . _/alnRT] 
(a ed a 
L 


Therefore, for these types of phase change, the last two terms of 
(6-13) approximately cancel and we obtain 


Fe Mey (6-15) 
In the case of solid-solid and solid-liquid transformations this equa- 
tion is quite inapplicable and (6-13) must be used as it stands. 


. It is appropriate to conclude this section with a few remarks on the 
magnitude of the latent heats. For most liquids the latent heat of vapor- 
ization amounts to a few thousand calories per mole; ita value at the 
. boiling-point is related to the temperature of boiling on the absolute 
scale by the following approximate relation due to Trouton: 


Asy=72=21 cal/mole°C. (6-16) 


The entropy of boiling is thus approximately the same for all liquids. 
There are, of course, appreciable deviations from this rule, particularly 
in the case of hydroxylic substances. Nevertheless, it is useful for the 
purpose of obtaining an estimate of the latent heat in cases where it has 
not been measured. A more accurate rule of a similar type is due to 
Hildebrand. t 

If Ly is the latent heat of melting and Jy is the melting-point, the 
entropy of fusion is AS, =Ly/Te- (6-17) 


This quantity is much less constant than the entropy of boiling, and its 
magnitude seems to depend to a considerable degree on molecular shape. 

In the case of substances consisting of fairly compact molecules the value 
of AS, is usually about 2~4 cal/mole ° C, but in exceptional cases the value 
may be as high as 10cal/mole °C. On the other hand, substances such as 
the paraffins and their alcohols consisting of elongated molecules have 


entropies of fusion which may reach values as high as 30 units or more. | 


t Planck, Treatise on Thermodynamics, transl. Ogg (3rd ed.; London, 
Longmans, Green, 1927), p. 154. 

-} Hildebrand and Scott, The Solubility of non-Elecirolytes (New York, 
Reinhold, 1950); see also Staveley and Tupman, J. Chem. Soc. (1951), p. 3597. 
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These large values may be explained as due to the great increase in the 
number of complexions when a long molecule, previously extended and 
orientated in the crystalline solid, is able to coil up, in a great many 
alternative ways, on passing into the liquid state.t 

In the case of covalent substances, the value of the latent heat of 
fusion is usually about 10-30 % of the corresponding latent heat of the 
liquid-vapour transition. 


6°4. Integration of the Clausius—Clapeyron Equation 


As shown previously, a form of the Clausius—Clapeyron equation 
which is approximately valid for solid-vapour or liquid-vapour 
systems at not too high values of the vapour pressure is 


dinP_ L 
“ar RT? 


With the same approximation, and for the same types of phase change, 
we also nave equation (6-15) — 


: 
Hence L=L, +{ Ac, dT, (6-18) 
0 


where J, is an integration constant and denotes the value of the 
latent heat at a temperature approaching the absolute zero. 
Between the two equations we have 


dP L, 1 
ar van, a ad 


and therefore InP= C— tl x RT |, Ac, dT, (6-19) © 


_ where C is a second integration constant. It will be recognized that 
the theory on which this integration is based is closely analogous to 
that used in obtaining the integrated form of van’t Hoff’s equation 
in Chapter 4.} 

+ For a discussion on the entropy of fusion see Ubbelohde, Quart. Rev. 
Chem. Soc, 4 (1950), 356. 

{ The condition of equilibrium between the condensed phase # and the 
vapour phase « may be written as follows, if a is a perfect gas: 

Hg=hy =, + RT In P,. 

Thus RT In P, =pg—p2. 
This is ‘the analogue of equation (4°51) as applied to reaction equilibria in- 
volving condensed phases. 
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Over short ranges of temperature Ac, may be taken as being 
approximately constant. With this assumption the integration gives 
Ly , Acy 
but ZL, in this equation is no longer to be interpreted as the true value 
of the latent heat at a temperature approaching the absolute zero.” 
Equation (6-20) is a useful approximate form for the purpose of 
expressing the vapour pressures of liquids and solids. For example, 
the vapour pressure of mustard gas is given byt 


logy) P= _ Se -9:86 logy 9 7’ +38-525. 
For this substance the value of the latent heat, as determined by 
plotting InP against 1/7’ and taking tangents at various points, 
varies from 14,420 cal/mole at 14-4°C to 13,260 cal/mole at 104-0°C. 

For many substances it has been possible to compare the values 
of L, as obtained by use of the Clausius-Clapeyron equation, with 
values obtained by direct calorimetric measurement. With sufficient 
care the agreement seems always to be exact, and this may be 

regarded as one of the confirmations of the second law. 


6:5. The effect of a second gas on the vapour pressure of a 
liquid or solid 


Consider a solid or liquid phase f in equilibrium with its vapour a. 
Let it be supposed that in the gas phase there is present some other 
gas which is not appreciably soluble in f. The total gas pressure will 
therefore be greater than the vapour pressure of the solid or liquid. 
‘The former will be denoted P and the latter p. 

As in equation (6-4) we have for the equilibrium of the liquid or 
solid with its vapour 

dy, = dig. 


However, in the gaseous phase the chemical potential is now a func- 
tion of the mole fraction, y, as well as of the temperature 7’ and the 
total pressure P. (1—y is the mole fraction of the second gas, with 
which we are concerned. only i in so far as it makes P>p.) The expan- 
sion of the above expression in terms of the independent variables 
T, P and y gives 


Ofte Ofte Oka Oleg Oi, 
op Ol + ap dP +" o dy= Fal + BaP. 


_ t¢ Baleon, Denbigh and Adam, Trans. Faraday Soc. 43 (1947), 42. 
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Substituting from (2-111), (2-112), (2-111) and (2:1125) 
—8§,d7'+ V.aP + Pedy= —8,0T +v,dP, (6-21) 


where §, and V, refer to the partial molar entropy and volume 
respectively of the substance in the gaseous phase, and s, and v, refer 
to the entropy and volume per. mole respectively in the condensed 
phase. 

Let it be supposed that the gaseous phase behaves as a perfect 
mixture. Then according to equation (3-18) the chemical potential 
of the saturated vapour is given by 


Ma=p/8(T)+RTnP+RTiny, 


and thus () ee, 
| Cy}rep Y 
and also, from (3-23), lamas. 
Substituting these relations in (6-21) and noting that p= yP, we obtain 
RT dlnp=(8,—s8,) dT +v,dP. (6:22) 
Thus at constant total pressure 
@ln p 8, — 8p 
ee )- RT ’ (mes) 
and at constant temperature 
ln p | Up : 
Cae) Re ee 


It will be seen that these expressions are entirely consistent with the 
phase rule. A two-component two-phase system is divariant, and 
therefore two variables such as temperature and pressure may be 
varied independently; in fact (6-22) shows that the changes d7’ and 
dP entirely determine the change in the third variable, dln p, which 
is not independent. 

In (6-23), 8, — 8, may be replaced by L/T as in (6-7). We thus obtain 


ln p L 
CP) -E cee) 


This equation is obviously very similar to (6-11). However, the latter 
is accurate only under two conditions, namely, that the vapour is 
perfect and that the molar volume of the condensed phase is negligible 
compared to that of the vapour. The accuracy of (6-25) depends only 
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on the first of these conditions. Expressed in an alternative way, the 
approximate form of the Clausius—Clapeyron equation 

dinp JL 

“a? ~ RT? 
becomes more accurate if a second gas is present, insoluble in the 
condensed phase, in such a way that the total pressure is constant. 
This applies, for example, to liquids open to the atmosphere, provided 
the air does not dissolve in them appreciably. 

The second equation (6-24) shows the effect of the total pressure P 
on the vapour pressure p at constant temperature. The magnitude of 
the effect, which is usually small, is seen to depend on v,, the molar 
volume of the condensed phase. For example, in the case of water 
vz is about 18cm’. Putting R=82cm*atm and 7’ =273° we find that 
the logarithm of the vapour pressure increases by about 0-1 % per atm. 
If v,; may be taken as constant the integration of the equation gives 


me = FE (P- —?), 


where p’ denotes the vapour pressure at the total pressure P and p is 
the vapour pressure of the substance under its own pressure only. 


The interpretation of the increase in vapour pressure due to the 
presence of the second gas is roughly as follows. The surface of the liquid 
or solid is in process of ‘bombardment’ not only by the molecules of its 
own vapour but also by those of the second component. The effect of the 
higher total pressure may therefore be regarded as causing some of the 
molecules of the condensed phase to be ‘squeezed out’ into the vapour, 
resulting in an increase in its vapour-phase concentration until a new 
state of equilibrium is attained. In a perfect gas there is no compen- 
sating effect in the reverse direction; the presence of the second gas does: 
not give rise to an increased tendency of the vapour to condense, because 
® perfect gas is to be interpreted ee as consisting of point 
particles. 

The equations for an imperfect vapour analogous to (6-23) and 
(6-24) may be obtained by a similar procedure. The following method 
of derivation is rather simpler, and could also have been adopted for 
the derivation of (6-23) and (6-24). Let f be the fugacity of the 
volatile substance in the vapour phase, where its chemical potential 
is 2. Then from the fugacity definition (3-56) 

Ha= e+ RT Inf. 


As before, the condensed phase will be denoted B and the condition 


- of equilibrium 4, = 4, may be written 


Hat RT Inf= yp. 
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| | He ba 

Hence Rinf=7, 7 

and  Rainf=a(“4) —a@ be (6-26) 
7 Ty" 


Now jis a function of temperature and pressure, but 1° is a function 
only of temperature. The last equation may therefore be expanded 


Rd Inf=—4#"* A(u,/T) dP+ O(f,/T) dT a(#). 


oP oT T 
Using i 1116), (2: 1135) and (3-64) we obtain 
Rainf="tap— "ar he = dT, (6-27) 


where AQ, is the enthalpy per mole of the substance in the vapour 
phase at a pressure low enough for it to pebaye as a perfect gas. 
Hence finally 


olnf ad 
( oP )- RT O22) 
; . Olnf L 
and. (ZF Ta on) “RE (6-29) 
where L=hi— hp. 


Some results of Diepen and Scheffert are an example of the need for 
(6-28) in place of (6-24). These workers found that the concentration of 
naphthalene in the vapour phase is very greatly increased if ethylene is 


also present in the gas space. At 12°C and 100atm total pressure the 


concentration of naphthalene in the vapour phase was 25,600 times 
larger than would be expected from the vapour pressure of naphthalene 


alone. Equation (6-24) accounts for only a very small part of this increase, 


and the remainder must be due to large deviations from the perfect gas 
laws, with specific interaction between the mephebalene and ethylene 
molecules in the vapour phase. 

This kind of effect may be called the solubility of a solid in a gas and it 
was discovered by Hannay and Hogarth in 1880.{ In one of their experi- 
ments they showed that a solution of cobalt chloride could be raised above 
the critical temperature, and the ‘dissolved’ salt was then present in the 
vapour phase. Its absorption spectrum was the same as in the normal 
liquid solution. More recently it has been stated that the deposition of 
silica on turbine blades is due, at least in part, to the solubility of silica 


_ in high-pressure steam.§ 


+ Diepen and Scheffer, J. Amer. Chem. Soc. 70 (1948), 4085. 

} Hannay and Hogarth, Proc. Roy. Soc. 30 (1879-80), 178. 

§ A review of such effects is given by Booth and Bidwell, Chem. Rev. 44 
(1949), 477. 
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These phenomena are only significant under conditions of high pressure 
where the density of the vapour phase is appreciable. Under such con- 
ditions the separation between gas molecules is quite small and many of 
them may be present as clusters. When there is also a strong specific 
interaction between the gas and any solid substance which is present, it 
may be expected that the latter will show a greatly enhanced volatility. 
The solvent power of a gas may thus be accounted for along the same lines 
as for a liquid solvent. 


6°6. Lambda transitions 


Simple kinds of phase change, such as melting and vaporization, 
are characterized by considerable changes of volume, and also of 
entropy and enthalpy, at the point of transition. Thus, whereas the 
chemical potentials of the two phases are equal when they are at 
equilibrium together, their volumes, entropies and enthalpies are 
far from equal. 

For a pure substance we have from equations (2-1116), (2-1125), 
(2-89) and (2-86) 


(6-30) 


Ga _ _ (28\ _ ve | 

oi), (),- ee 

and these equations express v, 8, x and c, as first and second deri- 
vatives of y. 

In the ordinary type of phase change, if j, 8, v, etc., are plotted as 
functions of temperature and pressure, we obtain curves as shown 
diagrammatically in Fig. 21. The chemical potential itself shows a 
change of gradient at the point of phase change, but no discontinuity. 
The latter is manifested in the entropy, volume and all other higher 
derivatives of the chemical potential. 

Apart from the discontinuous changes of entropy and volume, an 
important feature of these normal types of phase change is that the 
values of c, and x do not usually change at all rapidly as the transition 
point is approached ; the observable physical properties of the material 


+ With regard to the heat capacity, it may be noted that its value may 
either increase (as in the ice-water transition) or decrease (as in the water- 
steam transition) in passing from the lower to the higher temperature phase. 
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give no intimation that a change of a rather drastic nature is about 
to take place. 

Other types of phase change have been discovered which show 
quite a different character. In these there seems to be no difference 
of volume between the two forms of the substance and also little or 
no difference in entropy or enthalpy, i.e. zero or almost zero latent 
heat. The transition is manifested simply by a sharp change in the 
heat capacity and compressibility. These properties also vary rather 
rapidly as the transition point is approached. 


Fig. 21. Changes in the thermodynamic functions 
in @ normal type of phase transition. 


A carefully studied example is the transition which takes place in 
liquid helium at about 2-2° K. The heat capacity and density of liquid 


helium as functions of the temperature are shown in Fig. 22. In this 
instance at least it is known that the two ‘phases’ are able to co-exist, 


not merely at a particular temperature and pressure, but along a 
P-T equilibrium curve, as in the ordinary phase transitions already 
discussed. Similar effects are known to occur in many solids, notably 
in alloys, in the crystalline ammonium salts, in polymers and in 
solidified methane and hydrogen halides, For example, in ammonium 
chloride there is a sharp break in the heat capacity curve at — 30-4°C. 

Now in any given example, if it were known with certainty that the 
latent heat and volume change are vanishingly small, the entropy 


6-6] Phase Equilibria in Single Component Systems 207 


and volume, as functions of temperature and pressure, would pre- 
sumably be of the form shown in Fig. 23. Thishasled tothe conception . 
of phase changes which are of ‘higher order’ than the ordinary ones 
such as melting. According to this terminology an nth order phase 
- change is one in which it is the nth derivative of 1, with respect to 
temperature and pressure, which first becomes discontinuous at the 

point of phase change. For example, in the ordinary first-order phase 


Specific heat 


7 
Fig. 22. Lambda transition in liquid helium. 


T ; P 
Fig. 23. Entropy and volume changes in 4 lambda transition. 


change, such as melting, it is the first derivatives, namely, entropy 

- and volume, which are discontinuous, and in the second-order phase 
change it is the second derivatives. The theory of such changes, if 
they exist, has been discussed by Ehrenfest and others, but it is not 
yet in an established position.{ The discussion is based on the sup- 
position that the « surfaces of the two ‘phases’ do not intersect at a 
finite angle, as in ordinary phase change (see Fig. 20), but actually 
make contact over a range of temperature and pressure. On this basis 
Ehrenfest obtained an equation analogous to the Clausius—Clapeyron 


+ For discussion of the theory and literature references. see Epstein, Thermo- 
dynamics (New York, Wiley, 1937); Roberts and Miller, Heat and Thermo- 
dynamics (London, Blackie, 1951); Temperley, Sct. Progr. 39 (1951) 27; 
Mayer and Streeter, J. Chem. Phys. 7 (1939), 1019. f 
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equation,} but based on the second derivatives of 4 instead of on the 
first. This equation is in approximate agreement with the experi- 
mental data on the transition in liquid helium, but has not yet been 
adequately tested in other examples. 


One of the difficulties on the experimental side is to show whether any 
particular anomalous phase change really satisfies the theoretical 
criterion of being ‘second order’. For this purpose it is necessary to 
demonstrate experimentally that the heat capacity does not rise to in- 
finity, for if it did it would be equivalent to a latent heat. This requires 
heat-capacity measurements of very high accuracy taken at very small 
intervals of temperature close to the temperature of discontinuity. In 


c 


Fig. 24. Characteristic variation of heat capacity at a lambda transition. 


many cases the measured heat capacity rises to extremely high values, 
and it is therefore difficult to eliminate the possibility that it rises to 
infinity. | 

However, the question whether or not the latent heat is zero is perhaps 
not.the most significant aspect of many of the observed anomalous phase 
changes. What can be clearly demonstrated experimentally is that they 
differ from ordinary phase changes in regard to the way in which c, varies 
as the point of apparent discontinuity is approached. The curves are of 
the type shown in Fig. 24 and are clearly distinct from those characteristic 
of normal phase change, as shown in Fig. 21, where c, remains almost 
constant up to the transition point. Considering the lower temperature 
portion of the curve in Fig. 24, it is seen that the increase in c, rapidly 
accelerates, as if a change is already taking place in the substance below 
the temperature 7,. 


. + In the Clausius—Clapeyron equation iteelf, if L and AV are both zero 
dP/dT ia indeterminate. 
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The shape of the curve, similar to the Greek letter lambda, has led to 
the term lambda transition. This is preferable to the term ‘higher-order 
phase change’, which presupposes the correctness of the theory as outlined 
above. Indeed, the occurrence of such transitions seems really to imply 

a breakdown, or at least a limitation, in the usual concept of ‘phase’. 
This concept is based on the idea that there exist entirely distinct forms 
of a substance, and for each of them there is a 4 surface which may be 
thought of as being continued into an unstable region, as in Fig. 20. The 
most fruitful approach to the theory of the lambda transitions seems to 
lie in quite a different direction—namely, that there is a gradual transi- 
tion, over a range of temperature and pressure, from one kind of arrange- 
ment of the component atoms and molecules to some other arrangement, 
characterized by a different degree of orderliness, the point of apparent 
discontinuity on the c, curve being that at which the gradual change has 
completed itself. 

This kind of interpretation may be made clearer by considering the 
lambda transition in # brass, which consists of copper and zinc atoms in 
almost equal numbers. The crystal structure has been established by 
X-ray methods, and both above and below the A point (about 470°C) 
the system has a body-centred cubic lattice, each atom having eight 
nearest neighbours. The structure thus consists of two interpenetrating 
simple cubic lattices, which may be called A and B. It seems that at 
temperatures well below the A point all of the copper atoms are on one 
of these lattices and all of the zinc atoms are on the other, so that each 
copper atom is surrounded by eight zinc atoms as nearest neighbours, 
and vice versa. However, with rise of temperature the copper and zinc 
atoms tend to change places, and this process occurs to a gradually 
increasing extent over a fairly wide temperature range, until finally the 
system becomes a completely random arrangement of copper and zinc 

‘atoms over the A and B lattices. The temperature at which randomization 
is complete seems to be that at which c, is observed to fall very rapidly, 
i.e. the A point. . 

It seems that the interaction energy between a zinc and a copper atom 
is larger than the mean interaction energy between a copper-copper pair 
and & zinc-zine pair. For if the interaction energies are as stated, the 
lowest potential energy of the system will occur when each atom is 
surrounded by eight atoms of the other kind, and this is the observed 
structure at low temperature. As noted in § 6-1, the energy factor dominates 
over the entropy factor at low temperatures and the system tends to 
take up the configuration in which the attractive forces are most com- 
pletely satisfied. On the other hand, a completely ordered structure of 
this type is an intrinsically improbable one. Therefore, with rising tem- 
perature (i.e. with increasing energy available from the heat bath), 
there is a tendency for the completely ordered structure to pass over into 
one which is more random and has higher entropy. For this to occur 
interchange of zinc and copper atoms must take place, against the 
operation of the interatomic forces, and thus considerable heat must be 
absorbed per unit rise of temperature, i.e. c, has a large value. However, 
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when the structure is at last completely random, any further interchange . 
does not increase the potential energy, and the heat capacity falls to a 
lower value characteristic only of the kinetic energy of vibration of the 
atoms in the lattice. There is therefore a fairly sharp discontinuity of c,, 
as is observed. But there is no discontinuity in the internal structure of 
the material itself, and there is nothing which could be called a phase 
change in the accepted sense. The A point seems to be simply that tem- 
perature at which the process of randomization has approximately 
completed itself. 

According to the theory the accelerating rise in c, below the A point 
is due to the fact that the greater the number of zinc and copper atoms 
which have already changed positions between the A and B lattices, the 
easier it is for the next interchange to occur. When the randomization is 
already partially complete any particular copper atom is surrounded on 
the average by fewer than eight zinc atoms; the total force on the copper 
atom, tending to prevent its interchange, is therefore less than at a lower 
temperature where the number of zinc atoms in its vicinity was larger. 
It is thus as if the change catalyses itself, and such effects are said to be 
‘co-operative’. 

In brief, it seems that the discontinuity in the heat capacity is not due 
to an abrupt change from one well-defined phase to another, but arises 
from a gradual change in the internal degree of order of the material. 

Similar ideas may be applied to transitions in other materials. The dis- 
continuities in heat capacity which have been observed in solid methane 
and the ammonium salts have been attributed by Pauling to the gradual 
onset of free rotation of the CH, molecules or NH} ions inside the lattice. 
At low temperatures these particles are thought to carry out small tor- 
sional oscillations about an axis, but with increasing temperature, the 


‘amplitude of the oscillations gets larger, with absorption of heat and 


increase in c,, until the molecules or ions eventually rotate freely about 
their lattice poin 1#.An alternative explanation is that it is not so much 
@ case of transition from vibration to rotation but rather a transition 
from vibration about fixed axes to vibration about disordered axes. The 
evidence has been discussed by Staveley. 

Discontinuities in heat capacity and other properties are quite common 
in a number of salts which contain symmetrical ions, e.g. NH{, NO;, 
SO!-, PO3-, etc., and also in polymeric materials such as rubber. In the 
polymers it is probably a question of the side groups, or segments of the 
molecular chains, developing increased disorder of vibration or rotation 
as the. temperature rises, the process becoming essentially complete at 
a fairly closely defined temperature, the A point. The latter often co- 
incides with important changes in the plastic properties. 


+ Bragg and Williams, Proc.Roy. Soc. A, 145 (1934), 699; Proc. Roy. Soc. A, 
151 (1935), 540. 
¢ Staveley, Quart. Rev. Chem. Soc. 3 (1949), 65. 
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PROBLEMS 


1. The increase, AT’, in boiling-point of a liquid due to a small increase 
in pressure may be expressed in the following approximate form: . 
AT_ap | 
TT,” 10’ 
where 7’, is the boiling-point at 1 atm and AP is the excess pressure as a 


fraction of an atmosphere. Derive this expression, using the Trouton 


relation. 


2. Calculate the melting-point of water at a pressure of 17-8atm. 
Take the densities of ice and water as 0-917 and 1-000 respectively and 
the latent heat of melting as 1436 cal/mole. 

[Kelvin’s direct measurement gave ~ 0-129°C.] 


3. Calculate the temperature coefficient of the latent heat of melting 
of water, under the equilibrium pressure. The coefficients of thermal 


_ expansion of water and ice at 0°C are —6-0x 10-5 and 11-0x 10-5 


respectively, and the specific heats are 1-0 and 0-5 respectively. The 
specific volume of ice is 1-093 cm®/g. 


4. For water at 100°C, dp/d7' has the value 27-12mm Hg/°C. The 
volume of 1 g of saturated water vapour at 100°C is 1674cm?. Calculate 
the latent heat and compare with the calorimetric value of 538-7 cal/g. 


5. Show that the change of volume with temperature of a fixed quan- 
tity of vapour which is in equilibrium with a liquid phase is given by the 
approximate relation 

ldV_ 1 L 
Var T ( zz) , 

6. Estimate the maximum weight of oil which can be vaporized into 
® stream of air at 20°C and 1 atm. The only available data on the oil are: 
mol. wt. = 120 and boiling-point = 200° C. 


7. A quantity of steam contains suspended droplets of water. The 
‘dryness’ q is defined as the fraction of the total mass which is actually 
present as vapour. Show that if the system is heated at constant volume 


4) - 1 F) 
(= r (v’—v) (i) 


where V is the specific volume of the mixture and v’ and v’ are the specific 
volumes of the vapour and liquid phases respectively when they are at 
equilibrium (the ‘saturated’ phases). ; 


8. Consider a vapour-liquid system at equilibrium. The heat capacity 
of either phase at ‘saturation’ is defined as the value of its heat capacity 
when the temperature is raised and at the same time the pressure is 


14-2 
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adjusted so as to maintain the two-phase equilibrium. If cf and c} are the 

saturated heat capacities of vapour and liquid respectively, show that 
of =c" — = oan (sn), foe ote ee (=), . Foe ee rnall 
vee (=v) let oe (wmv) \aT/, * * ar 

C and c;, are the normal heat capacities of the phases at constant pressure 


and v” and v’ are the specific volumes. Estimate the value of ¢} for 
steam at 100°C. 


9. Show that, under certain conditions, the effect of the total pressure 
P on the vapour pressure 7 of a liquid is given by the equation 


alnp\ 
6P }, RT’ 
where v, is the volume per mole of oe liquid. 

A gas leaving an ammonia synthesis converter contains 12mole % 
of NH,. It circulates through a cooler at 250 atm and passes out of the 
cooler at 30°C. Use the data below to estimate the fraction of the entering 
ammonia which is condensed. 

[Properties of ammonia at 30°C: 

Liquid density 0-595 g/em§, 
Vapour pressure 11-5atm.] 
(C.U.C.E. Qualifying, 1951) 

10. Ammonia is to be made by bringing a stoichiometric mixture of 
nitrogen and hydrogen to chemical equilibrium over a catalyst at a tem- 
perature 7, and a high pressure P,. The resulting gas mixture will then 


. pass to a condenser where it will be cooled to a temperature 7’, at the. 
same pressure P,. 


Explain how you would estimate the minimum value of P, required 
to cause liquid ammonia to condense at 7’, if the following information 
were provided: 

Standard free energy AG{,, and enthalpy AH{,, of formation of NH, 
at 25°C. 

c, for Nz, H, and NH, between 25°C and 7, at l atm. 

P-V relations for pure Nz, H, and NH, at T, and 7, between latm 
and P,, including the data for liquid NH, at 7,. 

State any assumptions and approximations involved in making the esti- 
mate. What further thermodynamic information would you seek to obtain 
in order to make your estimate more reliable? [C.U.C.E.Tripos, 1953) 


11. Below the triple point (-—56-2°C) the vapour pressure of solid 
carbon dioxide may be expressed by the relation 


1353 
logigp= — rT + 9-832, 


where p is in mm. Hg and T in °K. The latent heat of melting is 1990 cal 
per mole. 

Make an estimate of the vapour pressure of liquid carbon dioxide at 
0° C and indicate sources of inaccuracy in the method used. 
[C.U.C.E. Qualifying, 1955] 
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CHAPTER 7 


GENERAL PROPERTIES OF SOLUTIONS 
AND THE GIBBS-DUHEM EQUATION 


7°1. The Gibbs-Duhem equation 


In the previous chapter we obtained a number of relations, such as 
the Clausius—Clapeyron equation, which are correct whatever the 
nature of the phases which are in equilibrium, provided that there is 
only a single component. The question arises whether any equations 
of a comparable generality may be obtained for the case of a multi- 
component system. 

The present chapter is concerned with the general relationships 
concerning a binary solution, together with some discussion of its 
empirical behaviour. The following chapter is concerned with the 
special relationships which arise when the solution may be assumed 
to be ideal. 

At the outset it may be remarked that the chief difficulty in the 
study of solutions is that thermodynamics provides no detailed in- 
formation concerning the dependence of the chemical potential (or 
other thermodynamic functions) on the composition. The Clausius— 
Clapeyron, and other equations of the last chapter, were based on the 
temperature and pressure coefficients of yw: 


(7-1) 


which thereby relate the temperature and pressure of the phase 
equilibrium to measurable latent heats and volume changes. There 
are no comparable equations for the dependence of uz on the com- 
position, except in the special case of the ideal solution. | 

_ The only guidance comes from the Gibbs—Duhem equation (2-83). 
For a homogeneous phase of two components A and B this reads 


SdaT — VdP + ng dig +m dpy = 0, . (7-2) 


where 8. and V are the total entropy and veining of the phase respec- 
tively and 7, and n, are the mole numbers. The equation shows that 
of the four variables 7’, P, 4, and jm, oe three can ce. varied in- 
dependently. 
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If we choose the mole fractions in place of the chemical potentials 
as the independent variables, it is evident that the state of a binary 
phase can be completely specified by means of temperature and pres- 
sure together with a single mole fraction. : 

For the present purposes equation (7-2) may be expressed in an 
alternative form as follows. Expanding the equation in terms of the 
variables 7', P and the mole fraction x (which will be taken to refer 
to component A) we obtain 


gar — vaP+n,( Hears ear + Fe ) 


or 


Bhi arn 4 a ap, He a,\ 
+m( aT + paP + a dz) =0. 
Substituting from equation (7-1), 
SdaT _ VaP— (n,SetM 8;) aT + (14Vg-+ V5) aP 


Cu; re) 
+ (n, e+, E) dx=0. 
The first term cancels the third and the second term cancels the fourth. 


Hence 
Oa + 4, Pro, (7-3) 


or, dividing through by (n,+,) and noting that s=n,/(n,+7,) and 
1—z=7,/(ng +m), we obtain 


7-2. Pressure-temperature relations} 


(a) Solution in contact with two pure phases. We consider 
a binary solution in contact either with the vapour of component A 
and the solid phase of component B, or, alternatively, with the pure 
solids of both components. An example of the first type is an aqueous 
salt solution in contact with water vapour and also with solid salt. 
An example of the second type is an aqueous salt solution in equili- 
brium, at the eutectic, with solid ice and solid salt (but under a pres- 
sure greater than the vapour pressure). Such a system is univariant 
and we may therefore expect a unique relation between pressure and 
temperature analogous to the Clausius-Clapeyron equation. 

+ For other examples of the type discussed in this section see the article by 


Morey in the Commentary on the Scientific Writings of J. Willard Gibbs, vol. 1 
(New Haven, Yale Univ. Press, 1936). ; 
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Let the pure phases of components A and B be denoted by single 
and double primes respectively. The solution phase will be denoted _ 
by symbols without a prime. The condition of equilibrium for 
component A is Pen 

‘a? 


and therefore for any variations of temperature, pressure and 
composition} 


Ofte Ofte Has Oe Oe 
gp ol +apdP+ —rde=s aT +S aP. 


Substituting from equations ae (2-1115) and (2-1125) 


—8,dT + 7,4P + Heda = ~3,dT +, dP, (7-5) 

or [be a = —(s,—8,) dT +(v;, ~V,) dP. (7-6) 
Similarly for component B, whose mole fraction is (l—2), 

P= _ (ef —§,) dT +(vf—V,) aP. (1-7) 


Multiplying the first equation by x and the second by (1—z) and 
adding, we obtain by use of equation (7-4) 


—2(s,—8,) dT -(1—2) (6; -§,) dT 


+a(v;,—V,)dP+(1—2) (v}— V,)dP=0. 
After rearrangement _ 
dP _ (&- S,) +r(8; a Sy) 
dT (v,—V,)+r(07—V,)’ 
’ where r is the ratio of the mole fraction of component B to the mole 
fraction of component A in the solution. 
Since x,= 4, and #,=,, the entropy differences in (7-8) may be 
replaced by enthalpy differences divided by the absolute temperature. 


Thus (7-8) pea 
. (hg —AH,) +7(hy— Hi) 
a T{(vg-+ Va)+1(v,— Vs)}? 
where the primes have been deleted as unnecessary. This equation 
thus gives the change of pressure with temperature along the three- 
phase equilibrium curve in terms of measurable heat and volume 
effects. Consider, for example, the application of the equation to the 
system: solid salt +solution + water vapour. From a quantity of the 


(7'8) 


(7-9) 


¢ Note that y, is a function of 7, P and 2, but «, is a function of T and P 
only, since it refers to a pure phase. 
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solution let 1 mole of water (component A) be evaporated, at constant 
temperature and pressure, and let r=n,/n, moles of salt (component 
B) be simultaneously precipitated. In these proportions the com- 
position of the solution remains unchanged. The heat absorbed in 
this process is {(h,—H,)+17(h,—H,)} and may be denoted AH. The 
simultaneous volume change is {(v,—V,)+r(v,—V,)} and may be 
denoted AV. The last equation may therefore be written 


dP_ AH 
dT TAV'’ 
As in the case of the Clausius—Clapeyron equation, it is usually a good 
approximation to put AV = RT/P, equivalent to neglecting all terms 
except v, in (7-9) and also assuming the vapour to be perfect. Hence 
dinP AH 
. dt = RT? 
It is to be noted that AZ includes both the latent heat of vaporization 


of water from the given solution and the heat of precipitation of 
r moles of the solute. 


(7-10) 


(7-11) 


(b) Two binary phases in contact. As examples of the type of 
system now under discussion there are 

(1) a mixture of alcohol and water in equilibrium with their 
vapours; 

(2) a solution of ether in water in equilibrium with the conjugate 
solution of water in ether; 

(3) a liquid solution in each other of bromobenzene and iodo- 
benzene in equilibrium with a solid solution of the same two com- 
ponents. 

These systems are all divariant and there is no unique relation - 
between changes of pressure and changes of temperature. It is only 
when, say, the temperature and the composition of one of the phases 
are both held constant that the pressure and also the composition of 
the other phase have definite values. Therefore we cannot obtain an 
equation for dP/d7, but only a relation for (OP/0T),, where the 
subscript 2 denotes constant composition of one of the phases. 

Let the chemical potential, partial molar volume and partial molar 
entropy of one phase be denoted by quantities without a prime and 
let x be the mole fraction of component A in this phase. Let the corre- 
sponding quantities for the other phase be denoted by primes and let 
y be the mole fraction of component A in this second phase. In place 
of (7-5), we now have for component A 

_5,aT+ 7.aP + Hean= _War+ V.aP + Leay, 
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since 4, now depends on y, as well as on 7 and P. After rearranging 


| we obtain 


Ps de, — Beay=—(B,- shea a= V,) dP. (7-12) 


Similarly for component B 


Po ae — Wray = — (BB) aT +(Vi-V,)aP. (7-18) 


In these equations not all of the variations are independent, because 
for the one phase we have the relation (7-4) 


Pe se +(1- 2) He -0 | (7-14) 


and for the other phase the analogous relation 
y ite Myo 
Voy TOM ey 


Between the four equations above we obtaint 


i (7-15) 


(0-2) Me dem —(y8,—8,)+ (1 Spar 
HyPi-V.)+(L-w (Vi Poa. (7-16) 


Therefore of the three variables, x, 7’ and P, only two are independent, 
as is known already from the phase rule. The thermodynamic in- 
formation used in deriving (7-16) is, of course, the same as is used in 
obtaining the phase rule and (7-16) extends our knowledge only in 
showing the quantitative relationship between the variables. 

The mole fraction x refers to one of the two phases. Let it be sup- 
posed that this phase is maintained at constant composition. Then 


mole) a _ 48-3.) +(1-y) %-3,) 
ar). (V.—V.)+(—y) (Ve) 


During the temperature rise d7' there will, of course, be a tendency 
for both phases to change in composition, but constancy in com- 
position of one of the phases can always be maintained artificially— 
for example, in the first example quoted above, by addition to the 
liquid of an increment of alcohol, to reprenil what is lost to the 
vapour. 


(7-17) 


t Multiply (7-12) by y and (7- 13) by (1—y) and add. i aati (7-15) then 
allows the elimination of 4j and y;. Finally, apply (7-14) and simplify. Equa- 


tions similar to (7°16) but applying to multicomponent systems are given by 


Srivastava and Rastogi, Proc. Nat. Inst. Sci. India, 39 (1953), 613, 653. 
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Since 4,= 1, and = 4, the entropy differences in (7-17) may be 
replaced by enthalpy differences divided by the absolute temperature. 


one (22) y(H,—H,) +(1—y) Hy— Fh) 

O}_ Thy(V—Vi)+(1—y) (Vs—P,)} 
The numerator, which may be denoted AH, is clearly the heat 
absorbed, at constant temperature and pressure, when y moles of 
component A and (1 —y) moles of component B are transferred to the 
primed phase from a quantity of the unprimed phase which is so great 
that its composition remains virtually unchanged. 

In the case of vapour-liquid equilibrium this is called the differential 
latent heat of vaporization. If only the component A is appreciably 
volatile, y=1 and (1—y)=0, and thus Ad is the heat of vaporization 
of component A from the solution in which its mole fraction is 2. 
In general this is not the same as the latent heat of pure A. 

The bracket in the denominator has a similar interpretation and 
may be denoted AV. Then (7-18) takes the form 


oP\ AH | 
Gz) -7ar — (7-19) 


In the case of vapour-liquid equilibria it is a good approximation to 
put AV =RT/P, and therefore 
OlInP\ AH 
( oT ) =r 
In this equation P refers to the total vapour pressure of the two 
components. On the other hand, in the application of (7-19) to the . 
equilibrium with each other of a pair of liquid or solid solutions (in 
the absence of vapour), P must be taken as some pressure greater 
than the vapour pressure. (@P/@T), is then to be interpreted analo- 
gously to equation (6-9). 
Another important consequence of (7-16) relates to maxima and 
minima. From this equation we can obviously obtain expressions for 


fe), ™ (a). 


These equations need not be written down explicitly, but both of 
the above differential coefficients are.seen to be proportional to 
(y—zx)/(1—x). Now in certain mixtures it may ocour that there is a 
particular composition of one phase which is in equilibrium with a 
second phase which has an equal mole fraction, that is, y—x=0 at 
a particular value of x. When this occurs it follows that 


3 OP\ _ (7.9) 
@),-° and (5=),-° (7-21) 


(7-18) 


(7-20) 
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For example, a mixture of benzene and alcohol containing a mole 
fraction of alcohol of 0-46 has a vapour phase of equal composition, 
when the pressure is 1 atm. The first relation above, states that the 
boiling-point of the mixture will pass through either a maximum or 
a minimum at this composition (actually a minimum), Similarly, the 
~ second relation states that the total vapour pressure, at constant 
temperature, will pass through a maximum or a minimum at the 
same composition (actually a maximum). 

Mixtures which have the above properties are known as azeotropes. 
The azeotropic composition is itself a function of temperature or 
pressure; for example, the proportions of alcohol and benzene which 
give rise to a maximum boiling mixture vary somewhat as the 
pressure of ebullition is changed. 

Similar conclusions apply to a liquid solution in equilibrium with 
a solid solution of the same two components. For example,t bromo- 
benzene and iodobenzene are completely miscible over the. whole 
range of composition both in the liquid and solid phases; the liquid 
and solid solutions have the same composition when the percentage 
of iodobenzene is about 35 %. At this point the freezing-point passes 
through a minimum value, at constant pressure. 

It can be readily proved that a similar conclusion applies when the 
solid phase is of fixed composition. For example, the solubility curve 
of ferric chloride shows a number of eutectics, due to the various 
hydrates, and between each of these eutectics the curve passes 
through a maximum. At each of these maxima the solution has the 
same composition as the solid hydrate with which it is in equilibrium 
at constant pressure. 


7°3. Partial pressure-composition relations | 


Consider a liquid or solid solution of several cemponents in equi- 
librium with its vapour. For the ith component we have 


ppm = wze?-, 
At temperatures at which the vapour pressure is sufficiently small 


the vapour phase may be expected to approximate fairly closely to 
a perfect gas mixture. Thus 


, Hye? = f+ RT Ing, 
and therefore 1801 x 49+ RT In py, (7-22) 


+ Quoted by Butler in the Commentary on the Scientific Writings of J. Willard 
Gibbs, vol. 1 (New Haven, Yale Univ. Prees, 1936), p. 114. 
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where yu? depends only on the temperature. This equation gives the 
chemical potential of any component of a solution in terms of its 
partial pressure.f 

It follows that the equilibria of solutions can always be discussed 
thermodynamically in terms of the partial pressures in the saturated 
vapour (or the fugacities if the vapour phase is imperfect). Consider, 
for example, the reaction of NO, with water as in nitric acid manu- 


secu 3NO, +H,0=2HNO,+NO. 
The equilibrium constant for the vapour phase is 


PiNO, Pro __ K 
8 er 
PNo,PH,O 


and this may be calculated by use of standard-free energies. In a gas 
containing known partial pressures of NO, NO, and H,O it would 
therefore be possible to calculate the maximum attainable partial 
pressure of HNO;. However, this would not tell us the maximum 
attainable concentration of this substance in the liquid phase. 

Therefore the difficulty in the study of solutions arises when we wish 
to relate the composition of the gas phase with the composition of 
the solution with which it is in contact.{.In general, the partial 
pressure of any component of the vapour may be expected to be a 
function of temperature, together with its mole fraction in solution 
and also the mole fractions of all other species (or rather a function of 
N—1 mole fractions if there are N substances in solution). Thus 


Pi =f(T, X, Xa. oery Xi ones Xy1)- (7-23) 

The simplest possible relationship of this kind is where p, is directly 
proportional to x, and is independent of all other mole fractions: 

Di K ye (7-24) 


In the next section we shall examine the extent to which such be- 
haviour is actually observed. 


7-4. The empirical partial pressure curves of binary solutions 


(a) Non-electrolytes. A very thorough experimental study of 
the partial vapour pressures of binary organic mixtures was made by 
Zawidski.§ Out of a large number of such mixtures only two were 


f Note also that , must be the same for any two condensed phases which 
are in equilibrium with respect to the particular component. 

{ This difficulty is the same as the one already mentioned in §7-1, namely, 
knowing the chemical potential as a function of the composition of the solution. 

§ Zawidski, Z. Phys. Ohem. 35 (1900), 129. e 
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found whose behaviour approximated at all closely to the relation 
(7-24). These were ethylene bromide with propylene bromide and 
benzene with ethylene chloride; in each of these mixtures the partial 
pressure of a component is almost exactly proportional to its mole 
fraction in the solution. Behaviour of this kind is shown diagram- 
matically in Fig. 25, where the lines AJ and BK represent the partial 
pressures of components B and A respectively, when plotted against 
the mole fraction at a particular temperature. The line JK shows the 
total pressure of both components. 
Thus 


= m* 
Pa=Po s (7-28) 


— ¥ 
Po=Pr Xp, 


A x,— B 


Fig. 25. Partial vapour pressures of ideal solution. 


where py and p>} are the vapour pressures of pure A and pure B 
respectively, at the temperature 7’. These are the equations to the 
lines BK and AJ respectively, and the equation to the line JK is 


P =PatDPpr = pt Xe +p X% 
= pat, +p3(1 2,4). (7-26) 


The functional relationships (7:25) are known as Raoult’s law. 
Mixtures which obey the law over the whole range of composition 
are the exception rather than the rule, but an approximation to the 
ideal behaviour is usually found whenever the components are closely 
similar in molecular structure. Much more frequently the observed 
partial pressures are of the types shown in Figs. 26 and 27, which 


cent AREER TTS I 


ihe PRR PPT IT eel cree 


222 Principles of Chemical Equilibrium [7-4 


illustrate positive and negative deviations from Raoult’s law respec- 
tively. The former is the more common in organic mixtures. 

In the case of systems which do not obey the relation p, = p¥a, it is 
found nevertheless that the observed partial pressures are tangential 
to the straight linet represented by this equation as x, approaches 
unity. This is shown in Figs. 26 and 27, where the lines 4/J and BK 
are seen to be the tangents to the actual partial pressure curves 
at x, =1 and z,=1 respectively. 


A 


Mole fraction of CS;—= . 


Fig. 26. Partial pressures in the mixture carbon disulphide-acetone 
at 35-2°C. (Note the azeotrope.) 


Another important feature of these curves, closely connected 
thermodynamically with that which has just been mentioned, is 


{ Even where the law p,;=p¥ 2; is obeyed exactly, the lines AJ and BK of 
Fig. 25 are not precisely straight. This is because the total pressure on the 
system is not constant but varies along.the line JK. As shown in equation 
(6-24) the vapour pressures p* and pF of the pure liquids are very slightly 
dependent on the total pressure; in the expression p,= pa, the quantity pf 
must therefore be taken as the vapour preasure of pure ¢ at the pressure of the 
solution under discussion, and it is not quite constant as 7, changes (unless 
the total pressure is held constant by means of an insoluble gas). For most 


practical purposes the effect is trivial. See also a footnote to §8-3. 
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that p, has a finite slope as 2, approaches zero. This is the essential 
- content of Henry’s law and it may be expressed as 


Pir Kia, a8 = —2,->0, (7-27) 
where K, is independent of composition. Thus from (7-27) we have 
bu, 7 a8 z,->0, . (7-28) 


A Mole fraction of CHCI; —= : 


Fig. 27. Partial pressures in the mixture acetone-chloroform at 35-2°C. 
_ (Note the azeotrope.) 


which is equivalent to a finite slope at infinite dilution of component ¢. 

An alternative law, such as p,-> K,;2?, would imply either an infinite 

slope (if »<1) or a zero slope (if n>1). The case n=1 is known as 

Henry’s law. 

In brief the empirical study of the vapour-pressure curves of binary 

liquid mixtures shows that at the one side of the diagram we have 
Pa>Petq, Po>Kyx%, 28 %->1 and 2x,>0 . 

and at the other side of the diagram (7-29) 
Pa> KoXq, Py>p§rt, a8 2,>0 and 2,>1. 
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K, and K, have the significance of the lengths AM and BL in Fig. 27. 
Of course, if the mixture obeys Raoult’s law over the whole range of 
composition, the lines AZ and AJ coincide and also the lines BK and 
BM. Thus K, and K, become the same as p* and p* respectively. 


(b) Electrolytes. An apparent exception to Raoult’s law occurs 
in the case of electrolyte solutions unless allowance is made for the 
dissociation. Consider a solution made up from ng ,o moles of water 


Pu.o mm. Hg 
Prci mm. Hg 


10 


o~ XH1,0 00 


Fig. 28 


and nyc moles of hydrogen chloride. The mole fractions might be 
chosen in either of the following ways: 


aire) nao1 
(1) %go= tg = ——_——_ _, (7-30 
sas NH,.0 + aC1 te 1H,0 + aC1 
’ a0 . , ? HC] 
2) ¢t2.9= ————_,_ 49+ = 2g) - =. (7-81 
(2) 2H.0 igo + ego, H+ =Zq- ago + 2thac, (7-31) 


Figs. 28 and 29 show the observed partial pressure of water, above 
the solution at 25°C, plotted against xy,9 and xy, respectively. 
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There is clearly much more indication of a tangential approach 
to Raoult’s law, 

Pu,o> PH,07H,0 as ty ol, . (7- 32) 
when the mole fraction is chosen as xq,9 than when it is chosen as 
%y,0- Therefore it seems that the most appropriate choice of the mole 
fraction of the solvent is that which would be computed by allowing 
for all independently mobile particles in the solution—in this instance 
H,0 molecules and Cl" and H* ions.f The same considerations applied 


10 _ XH,0 00 
Fig. 29. 


to data on the depression of the freezing-point etc., were those which 
originally led van’t Hoff and Arrhenius to the idea of the dissociation 
of electrolytes. 

Figs. 28 and 29 also show the partial pressure of hydrogen chloride 
over the solution. The curves do not appear to approach a finite slope 
at zero mole fraction of hydrogen chloride and therefore Henry’s 


t As will be shown in §8-] it is only in this way that we obtain a correct 
statistical computation of the entropy of mixing. If it were assumed erroneously 
that the H and Cl particles are always together as a pair it would imply less 
randomness in the solution than corresponds to the actual situation. 
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law is not obeyed. On the other hand, if the same data are plotted 
against the product 274 %G- (or, alternatively, against 7?,,, which does 
not differ appreciably in very dilute solution), there is an indication 
of a finite slope at the origin. This is shown in Fig. 30 on an enlarged 
scale. The discussion will be taken up again in §§7-7 and 10-17. 


(c) Solids. It is not always possible to trace smooth partial pres- 
sure curves across the whole range of mole fractions from zero to 
unity. For example, in the case of aqueous salt solutions, at a certain 


4x1073F Puc! mm. Hg 


10x1073 201073 
Fig. 30. 


mole fraction of salt the solution becomes saturated. Any further 
addition of crystalline salt to the system does not change the mole 
fraction in the liquid phase, and the partial pressure of water there- 
after remains constant, in accordance with the phase rule. At mole 
fractions of salt less the saturation value the vapour-pressure curve 
of water is similar to that discussed above in connexion with hydrogen 
chloride and is asymptotic to the line pp 9 =P'H,02%n,0; provided that 
the ionization of the salt is allowed for in calculating xy_,. The partial 
pressure of the salt itself is, of course, extremely small and may be 
thought of as following a course almost coincident with the hori- 
zontal axis in the preceding diagrams. 
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(d) Gases. In Figs. 28 and 29 the partial pressure of hydrogen 
chloride is seen to rise very steeply when the mole fraction of the 
dissolved gas is appreciable. It reaches a value of 46.atm when the 
mole fraction of water is zero, this being the vapour pressure of pure 
hydrogen chloride at 25°C. 

In the case of less condensible gases such as oxygen it is not possible 
to follow the course of the partial pressures across the whole of the 
diagram, due to the enormous pressures needed to obtain a large mole 
fraction of dissolved gas.t Fig. 31 shows the partial pressure of oxygen 
over aqueous solutions at 23°C, and it is seen that Henry’s law 


Po,= K: TO, 
is obeyed fairly accurately, at least up to 3000 mm pressure. 


8x 103 


Po, mm. Hg 


10 x10-4 20 x10~4 
Mole fraction of O, in solution 
Fig. 31. Solubility of oxygen in water at 23°C. 


(e) Incompletely miscible liquids. Consider a mixture of sub- 
stances A and B. Molecular considerations indicate that positive 
deviations from Raoult’s law may be expected to occur when the 
interaction energy between an A and a B molecule is smaller than 
the mean of the interaction energy of A with itself and of B with 
itself. For example, in the case of a dilute solution of A in B, if the 
B-B interaction is larger than the A-B interaction, the ‘escaping 


{ The solubility of oxygen in water has been measured by Krichevski and 
Kasarnovsky up to a pressure of 8000 atm (J. Amer. Chem. Soc. 57 (1935), 
2168). 


15-2 
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tendency’ of the substance A will be enhanced and its partial pressure 


over the solution will be greater than corresponds to Raoult’s law. 
When positive deviations from Raoult’s law reach a certain point 
(at which the A-A and B-B interactions are large compared to the 
A-B interactions) the system may break down into two liquid layers, 
one containing an excess of A and the other containing an excess of B. 
When these layers are in equilibrium they are said to be conjugate 
phases. In both of such layers the chemical potential of a particular 
component is, of course, the same and also its partial pressure. For 
example, at 25°C a mixture of water and benzene consists of two 


A tL Q N °B 
Fig. 32. Partial pressures of a pair of partially miscible liquids. 


liquid phases, one containing about 0-07 % of water and the other 


- containing 99-9 % of water. The partial pressure of water over both 


of these solutions is the same. Similarly with regard to the benzene. 

Typical partial pressure curves of a system of this type are shown 
in Fig. 32. The dotted straight lines AJ and BK represent Raoult’s 
law, if it were applicable. Any mixture of overall composition lying 
between LM and NP consists of the two liquid layers of compositions 
L and N respectively (and it can be proved that a mixture of overall 
composition corresponding to the point Q consists of the phases of 
compositions L and N in the molar ratio QN : QL respectively). 

In the region where there are two liquid phases, together with a 
vapour phase, the system is univariant. Therefore, at any chosen | 
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total pressure, the partial pressures of each component have fixed 
values. The isobaric distillation of such a mixture, therefore, yields a 
distillate of constant composition for as long as both of the conjugate 
phases continue to co-exist in the distillation vessel. 

' With increasing temperature the mutual solubility of the two 
liquids usually increases and at a certain temperature complete 
miscibility is attained. This is called the consolute or critical mixing 


A B 
Fig. 33. Partial pressures of component B at temperatures above and below the 
critical mixing temperature. (The two-liquid region is within the dotted locus.) 


temperature. A family of curves showing the partial pressure of com- 
ponent B at a number of temperatures is shown in Fig. 33. Intuitively, 
it is fairly clear that the consolute point C is determined by the two 

conditions 


but for a more complete discussion the reader is referred to the 
literature.t It follows from the Gibbs-Duhem equation that, when 
this condition is satisfied for the one component, it is automatically 
satisfied for the other. 


+ Gibbe, Collected Work, vol.1, p. 129; Commentary on the Scientific Writings 
of J. Willard Gibbs, vol. 1, p. 163; Guggenheim, Thermodynamics, p. 205. 
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7°5. Application of the Gibbs-Duhem equation to the partial 
‘pressure curves 


The only information available from thermodynamics concerning 
the partial pressures is the Gibbs-Duhem equation, and this is 
essentially a limitation on the number of variables which can be 
varied independently. Consider a solution containing any number of 
components and held at constant temperature whilst its composition 
is varied. For such a system equation (7-2) reduces to 


in,du,=V dP. (7:34) 


This equation may, of course, be applied to any phase, but we are 
here applying it specifically to the solution; V is therefore the volume 
of this solution and the n, are the mole numbers. Now 


soln. _ ,,vap. 
pgor = wy oP 


=p8+RT In p,, 


if the vapour phase is a perfect mixture. Thus, under the latter 
conditions and at constant temperature, 


app = RTAIn p,, ; (7-35) 
Substituting (7-35) in (7-34) 
| RTZn,d ln p,= VAP. (7-36) 


' This equation therefore gives a relationship between changes in the 
total pressure P and the partial pressures p,. 


It is, of course, entirely permissible to regard the temperature as 
being held constant during the variations considered in the above 
equation. In a two-phase system of C components there are C degrees 
of freedom, and an arbitrary choice can be made of the temperature, 
together with the C—1 mole fractions required to fix the composition 
of the condensed phase. When this has been done the total pressure 
and the partial pressures have definite values, and the relationship 
between the changes in these quantities, as the composition is varied 
at constant temperature, is given by the above equation. 

Dividing through the equation by En,, the total number of moles in 
the condensed phase, we obtain, after rearrangement, 


VaP 
or Sy amgpe (7-38) 


R > 
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where v, is the mean molar volume of the condensed phase.t If the 
vapour phase is not perfect the partial pressures in this equation 
must be replaced by fugacities. . 

In (7-38) the term occurring on the right-hand side is usually quite 
trivial compared to the various terms which occur on the left-hand 
side. Thus, if we put R7T'= Pv,, where v, is the mean molar volume of 
the vapour phase, the equation may be rewritten 


Bex,dInp,=—!d InP. (7-39) 
g 


The term »,/v, is always small compared to unity in the pressure 
range which is of most general interest, i.e. well below the critical 
pressure. The right-hand side of (7-39) is therefore usually much 
smaller than any of the individual terms on the left-hand side. As an 
approximation for practical purposes we thus obtain 


E2,dIn p,=0. (7-40) 


This relation becomes exact if, on the one hand, we substitute 
fugacities to allow for deviations from gas perfection and, on the 
other hand, we hold P really constant by addition to the gas phase 
of an extra component which is insoluble in the condensed phase. 

In the case of a binary system of components A and B equation 


iO) Reo miee %,dlnp,+2,d In p,=0. (7-41) 


If we give explicit recognition to the fact that the changes dlnp, 
and dln p, are due to the composition change dx, at constant tem- 
perature, the last equation may be written 


te os +2, sha | (7-42) 
Org T T 


OX, 


Since z,+2,=1 and dz,+dz, =0, other forms of (7-42) are 


(R2).-(22), os 


OX O2ty 
ota %e (=) 7 (2) 
Pa \O%q T Po G2, r 


These are known as Duhem—Margules equations and they imply a 
relationship between the gradients of the vapour-pressure curves. 
For example, equation (7-44) means that if an increment dz, in mole 


(7-44) 


t In the special case where the condensed phase consists of a pure substance, 
(7-38) is evidently equivalent to equation (6-24) concerning the effect of total 
pressure on vapour pressure. 
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fraction causes an increase dp, in the partial pressure of component 
A, it will also cause a perfectly definite change dp, in the partial 
pressure of the other component; this will be a decrease, since X4/pP,q 
and 2,/p, are always positive and dz, = —dz,. | 
The equations may be used for checking the consistency of experi- 
mental data. For this purpose, either the partial pressures or their 


| 


A P Xp , B 


Fig. 34. Application of Duhem-Margules equation. 


logarithms are plotted against the mole fraction of one of the com- 
ponents and the tangents are measured at various points. For ex- 
ample, in Fig. 34 consider the comiposiicn P where the mole fraction 
of B is x,. Then 


% _AP ony 
5, PR oe, eae at R, 

7-45) 
z, BP ap, ( 
=, adient at 
Pa PQ’ du, © = 


These quantities must satisfy (7-44) (and at all other compositions) 
if the two experimental curves are mutually consistent. The question 
whether it is better to plot the pressures themselves and use (7-44), 
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or to plot their logarithms and to use (7-43), depends on the shape of 
the curves in the particular instance; the essential requirement is 
the accurate measurement of tangents. 

Departures from the above equations due to deviations from the 
law of the perfect gas mixture do not usually exceed a small per- 
centage except at pressures above atmospheric or if there is associa- 
tion in the vapour phase, such as occurs in the case of formic and 
acetic acids. A procedure for applying the Duhem—Margules equation 
allowing for deviations from the gas law has been described by 
Scatchard and Raymond.t 

The other approximation, the neglecting of the term containing 
din P in (7:39), may be avoided if the partial pressures are measured 
in the presence of an inert gas which is insoluble in the condensed 
phase. If the latter contains C components, the whole system, 
including the inert gas, contains C+1 components and has C+1 
degrees of freedom. Thus, having chosen the temperature and the 
C—1 variables required to fix the composition of the condensed phase, 
it is still possible to vary the pressure or to hold it constant at any 
desired value, by use of the inert gas. This point has been discussed 
in more detail by Bury§ and by Krichevsky and Kasarnovsky. || 


7-6. Application of the Gibbs-Duhem equation to the total 
pressure curve 


In the case of a binary system the Gibbe-Duhem (or Duhem- 
Margules) equation can be put into a useful form in terms of the total 
pressure.f Let 2 be the mole fraction of component A in the con- 
densed phase and let y be its mole fraction in the vapour phase. It 
will be assumed that the system contains components A and B only, 
i.e. there is no inert gas. Then 


Pa=yP, 


Pr=(l—y) P. 


Substituting these relations in (7-39), which applies at constant 
temperature, ‘ 
xdinyP+(1—2)dIn(1—-y) P=~dinP. (7-46) 
g 


ft Applications of the method are given by Adam and Guggenheim, Proc. 
Roy. Soc. A, 139 (1933), 231; Beatty and Calingaert, Industr. Engng Chem. 26 . 
(1934), 504, 905; Carlson and Colburn, ¢bid. 34 (1942), 581. 

}{ Scatchard and Raymond, J. Amer. Chem. Soc. 60 (1938), 1278. 

§ Bury, Trane. Faraday Soc. 36 (1940), 795. 

|| Krichevaky and Kasarnovaky, J. Amer. Chem. Soc. 57 (1935), 2168. 
- {| Lewis and Murphree, J. Amer. Chem. Soc. 46 (1924), 1. 
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On rearranging this equation we obtain 


lh Fg ed (:-1)amp, 


lap) y=) | 
or ( = )- : (747) 


y(1—y) (1-2) 


This equation thus gives the change in the logarithm of the total 
pressure with change in the composition. Now v,/v, is less than unity 
and the denominator of (7-47) is therefore a positive quantity. It 
follows that dln P/dy has the same sign as (y—a). Now an increase 
dy in the mole fraction of A in the vapour phase may have the effect 
of either increasing or decreasing the total pressure. In the former 
case 0In P/éy is positive and therefore y>-, i.e. the component A is 
richer in the vapour phase than in the condensed phase. Conversely, 
a component has a lower mole fraction in the vapour than in the 
solution if an increase in its mole fraction in the vapour tends to . 
reduce the total pressure. It follows also that whenever the left-hand 
side of (7-47) is zero, ie. at compositions of maximum or minimum 
vapour pressure, we have y= x and also 1—y=1—v2. The same result 
was obtained previously in equation (7:21). 

Finally, it may be noted that v,/v, in the denominator of (7-47) is 
usually very small compared to unity and therefore as a good 
approximation ( In a y—x) 


(7-48) 


dy Je y(l—y)” 


7:7. The Gibbs—Duhem equation in relation to Raoult’s and 
Henry’s laws 


Any formula purporting to give the partial pressures as a function 
of the composition of the condensed phase must comply with the 
differential expression (7-39). Such formulae are, in fact, solutions 
of this differential expression. It will be shown in the present section 
that one such solution is where all of the components obey the 


relation 0,=K jt, (7-49) 


where K, is a function of temperature and pressure only and may 
or may not be equal to p¥. (As discussed in connexion with equation 
(7-29), Raoult’s law may be regarded as a special case of Henry’s 
law with K, equal to p*, the vapour pressure of pure ¢ at the tempera- 
ture and total pressure of the solution under discussion.) 

For simplicity it will be supposed that the total pressure, as well 
as the temperature, is held constant by the presence in the gaseous 
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phase of a component which is insoluble in the solution. Under 
these conditions K, is constant and thus from (7-49) 


dinp,=din K,+dInz, 
=dInz; 


=— da, (7-50) 


Thus, provided that (7-49) is satisfied for all components of the solu- 
tion, we can multiply (7-50) through by x; and sum over all these 
components to obtain Ea,dinp,=Ede,. 


This is clearly zero since Da,= = 1. Thus (7-49) satisfies the condition 
- Za,dinp,;~0, 


and therefore satisfies the Gibbs-Duhem equation in the form of 
equation (7-40), which is applicable to constant temperature and total 
pressure. In brief, (7-49) is a permissible relation between p, and 2, if 
_ it applies to all components of a particular solution. 

Let substance I be present in the solution in large mole fraction 
and let all the remaining components, 2 to n, be present in very 
small mole fractions. Substance 1 is then conventionally called the 
solvent and the remainder are called solutes. Under such conditions, 
as discussed in §7-4, there is good empirical evidence that the partial 
pressures of all the solutes approach Henry’s law, provided that they 
are in the same molecular form in solution as they are in the vapour 
phase. (In § 8-1, it will be shown that there are also theoretical reasons 
for expecting this limiting behaviour.) 

Let it be supposed then that the various solutes all obey the relation 


pirK,2, a8 2,>0 (t=2,3,...,n). 


It follows from the above theorem that the remaining component, 
namely, the solvent, must obey the relation 


Pi >Piy, a x, ->1. 


Thus under conditions where all of the solutes obey Henry’s law, the 
solvent obeys Raoult’s law. 


It may be noted, however, that there is no thermodynamic necessity 
for the solution to appear to obey the ideal laws at infinite dilution. 
Deviations do in fact occur when there is a change in molecular association . 
between the gaseous and liquid phases and when the mole fractions have 
not been chosen appropriately to allow for this. Consider a solution of 
aq Moles of hydrogen chlonde in ny,, moles of water and let it be 
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supposed that the idea of dissociation is unknown. The mole fractions 
would therefore be chosen as in equation (7-30): 


Na.0 Nao 
x HT Py ee e 7-51) 
Ho Th, + Macy “aa FECES ( 


As shown in §7-46, the evidence indicates that the partial pressure of 

the hydrogen chloride probably becomes proportional to the square of 

%qq in very dilute solutions. Using this empirical result it will now be 

shown that the other component, the water, does not obey Raoult’s law 

when this law is expressed in terms of the above choice of mole fractions. 
From the experimental relation 


Pua >Kithg 88 tyq->0, (7-62) 
we obtain Pao _, 2K: (7°53) 
Otc 
According to the Duhem-Margules equation (7-44) 
Ta,0 2Px,0 — “aa Pua (7-54) 


Puyo O%y,0 Pao ao 
Substituting in the right-hand side of this relation from (7-62) and 
(7-53) we obtain 
%,0 Pa,o Troy 


2K: as >0 
Pu,0 2x0 Kx =e is 


ayo Pago 
Pru,o O%5,0 
Since p§,o is the limiting value of Py,0 88 Lq,o tends to unity, this relation 
may be rearranged to give 
oP 2pho AS Xy.o>1. (7-55) 
Oy 50 ; 
This is just twice the limiting gradient which would be expected from 
Raoult’s law and is in accordance with the experimental results shown 
in Fig. 28. 
Consider now the use of mole fractions assuming virtually complete 
ionization. These are 


or >2 8 2yo>1. 


, Tago ’ , ta 
ty,0 = > FE = XQ - = —————,, (7-56 
aad Nao + 230 = * Ny,0 + 2g 


where gq continues to refer to the total number of moles of hydrogen 
chloride in solution. From (7-51) and (7:56) we can obtain the following 
relation: 

g,0 
t But the limiting behaviour of a solution at infinite dilution cannot be 


investigated experimentally and can only be predicted on the basis of a 
molecular theory. 


(7-57) 


/ — 
*y,0 = 
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dno 2 
Therefore =———.. (7-58) 
dty.o (2—%y,0)* 
Now (7°55) may be written — 
2Px,0 dtg.0 . 
> ——*- > 2p* as %,,7> 1. 
Bit.0 drs.0 ‘PHO 'HgO 
Substituting from (7-58) we obtain 
oPayo +PEo 88 tao 71, (7-59) 
225.0 Puyo a 
- and therefore the z’ scale, which allows for the ionization, is one on which 
the solvent obeys Raoult’s law. 


_In brief, there is no purely thermodynamic criterion which leads us to 
prefer one definition of the mole fraction to any other. The ideal solution 
laws may be obeyed if this choice is made in one way but not in another, 
and the most appropriate choice for this purpose is determined by 
molecular considerations, 

It remains to mention very briefly why it is that the solute partial 
pressure varies as the square of its mole fraction in the solution at high 
dilution (equation 7:52). The reasons for this type of behaviour will be 
discussed in more detail in Chapter 10, but it is evidently due to the fact 
that the hydrogen chloride is almost entirely ionized in solution with the 
result that the significant equilibrium is 


- HCl(gas)=H*+Cr. 


Because there are two i ions, the partial pressure varies as the square of the 
concentration, or mole fraction, of the hydrochloric acid in solution. 

Throughout the abdve discussion it has been supposed that the total 
pressure is held constant by use of an additional component of the vapour 
phase which is not soluble in the liquid. If this is not the case, the correct 
form of the Gibbs—Duhem equation is equation (7-39) 


Ee,dinpy= > din P. 


The question may be asked whether Henry’ 8 law and Raoult’s law con- 
tinue to be compatible with this equation when the small changes in 
total pressure are allowed for. This involves the pressure dependence of 
K, in equation (7-49). This point will be discussed from a rather different 
standpoint in the next chapter where it will be shown that the thermo- 
dynamic consistency of the ideal solution laws implies constancy of the 
partial molar volumes. 


7-8. The Gibbs-Duhem equation in relation to the Margules 
and van Laar equations 


As shown in the last section, Raoult’s and Henry's laws are permissible 
solutions of the differential expression (7-40) which governs vapour- 
liquid equilibria at constant temperature and constant (or effectively 
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constant) total pressure. However, these laws are not the only functional 
relationships connecting p, and z; which are compatible with (7-40), and 
in the present section we shall discuss some alternative relationships for 
the special case of a binary system. 

In this instance the differential expression reduces to the Duhem— 
Margules equation (7-42) 


eng, élnp, 
pieced —g)-—-= -60 
a— "+ (1-2) =0, (7-60) 


where x is the mole fraction in the solution of component A. A solution to 
this differential equation may obviously be expressed in the form of a 
power series as proposed originally by Margules: 


In (p4/p* x) =a,(1—z) + $8.(1—x)®+4A,(1—2)* +..., 
In {p,/pF(1—x)} =a, 0+ 38,2? + fA,2*+..., 


where p* and p? are the vapour pressures of the two pure liquids at the 
particular temperature and total pressure. 

Even in cases where the behaviour of the solution deviates extensively 
from Raoult’s law, the observed partial pressures may be expressed quite 
accurately by means of (7:61), provided that a sufficient number of terms 
are included. However, in order to avoid undue complication it is usually 
attempted to include terms up to x* only. When the series is limited in 
this way there is a relationship between the coefficients «,, £,, etc. By 
differentiation of (7-61) with respect to x and substitution in (7-60) it 
is found that 


(7-61) 


G,=a,=0, ; 
by=PBatrAw ‘ (7-62) 
A, =i Aw 


and the first terms in the series (7-61) are therefore zero. In view of 
(7-62) the series with terms up to x? may be expressed more conveniently 
in the following form, as proposed by Carlson and Colburn: 


log (p_/p* x) =(2B—A)(1—x)?+2(A —B)(1—2)°, 
log {p./p¥(1—2)} = (24 — B) 22+ 2(B—A) 2’, 


where A and B are coefficients which depend on the temperature. 
Zero values of the coefficients in (7-61) or (7:63) are equivalent to 
Raoult’s law. Non-zero values imply that Raoult’s and Henry’s laws are 


(7-63) 


_ approached asymptotically. Thus as x > 1 we obtain for component A 


In (po/pe x) > 0 


or Pa>Pe x, (7-64) 
and for component B, 


- In{py/pp(1—2)} > Bot bd, 
or Po pe(L— 2x) obFo+BAy, (7-65) 


+ Carlson and Colburn, Indusir. Engng Chem. 34 (1942), 581. 
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Since x, = 1 ~2 this equation may be expressed as 
P,-> constant x %, (7-66) 


which is Henry’s law. In view of these results, it is evident that the equa- 
tions (7-61) or (7-63) are suitable for the expression of partial pressure data 
only when the mole fractions are chosen in such a way that the ideal laws 
are approached asymptotically at either end of the composition scale 
(cf. the discussion on hydrochloric acid solution in § 7-7). 

Another ‘two-constant’ equation for the representation of partial 
pressure data in a binary system is known by the name of van Laar. The 
equation was originally put forward as the result of a theory based on the 
van der Waals equation of state. This theory is probably erroneous, but 
the van Laar equation is nevertheless very useful for the empirical 
representation of partial pressure data. For the component whose mole 
fraction is x the equation is 


A 
log ee = 2 (7-67) 
@ 
+B —2) 
and for the other component 
B 
(7-68) 


Po _ 
8 e(1—z) (,. Ba—a)\* 
(1490) 


The relative merits of (7-63) and the van Laar equation have been 
discussed by Carlson and Colburn. The determining factor seems to be the 
ratio of the molar volumes of the two components; when this is near to 
unity the equation (7-63) may give the better results and vice versa. 
These authors also discuss the most convenient methods for evaluating 
the coefficients A and B. For example, 4 may be determined by plotting 
logp,/pex against x and extrapolating to x=0. Similarly, B may be 
determined by plotting log p,/p*(1—2) against 2 and extrapolating to 
e=1, 

Whenever the mixture in question forms an azeotrope, approximate 
values of A and B may be calculated even in the absence of published 
data on partial pressures. All that is required is a knowledge of the total 
vapour pressure and the composition of the azeotropic mixture, at the 
temperature under discussion, together with the vapour pressures of 
the pure components. At the azeotropic point we have 


La=Ya=P,/P, 
where P is the total pressure. Rearranging this equation 
Pe_p 
&q 
and dividing through by p*, the vapour pressure of pure A, we obtain 
Pe _P 


=—-_- =-. 7-69 
ptr, p* ta 


k 
&. 
p 
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Similarly for ssotiescleaib B oe ty (7-70) 
Py Py 


The substitution of these relations in (7-63), or in the van Laar equations, 
makes possible an evaluation of the coefficients A and B. These may then 
be used for the approximate prediction of the partial pressures at com- 
positions other than that of the azeotrope.f — 


PROBLEMS 


1. Confirm the relations (7-62). Show that equations (7-67) and (7-68) 
are consistent with the Gibbs-Duhem equation. 


2. The table below gives published data on the partial pressures over 
aqueous nitric acid solution at 20°C. Examine whether the data are | 
self-consistent: 


HNO, % by wt. 50 = 60—é‘200: 80 90 100 


Pao (am Hg) 763 493 288 1:35 0-46 0:00 
Puyo, (mmHg) 0-49 0-89 308 10-49 26:03 480 


3. The substances A and B form liquid and solid solutions with each 
other, and in both types of solution there is complete miscibility over the 
whole range of composition. Make sketches of the various forms of the 
phase diagram on the temperature-composition diagram. 

In a particular instance the melting-point of the solid solution passes 
through a minimum near 0°C at a certain composition C. Show that 
when a liquid of any composition other than C is pumped through a 
system of pipes and tanks, the outlet liquid will differ in composition from — 
the inlet liquid whenever there is partial freezing in the system at the 
onset of cold weather. 


4. Give a clear account of the process which takes place when salt is 
added to ice, causing the temperature to fall below 0°C. Illustrate your 
answer with a diagram of the chemical potentials as functions of tem- 
perature. 


6. A continuous flow of salt solution passes into a salting evaporator 
and crystallization takes place as the water evaporates. 

The pressure P of water vapour above the solution is maintained by a 
vacuum system. Show that the effect of a change in pressure on the 
temperature of the boiling liquor is given: is aamaiiiae by 


ar RT 
dinP “QQ” 


+ An extensive compilation of azeotropic data has been given by Leoak 
(L’ Azeotropieme, Brussels, 1918) and by Horsley (Indusir. Engng Chem., 
Anal. ed., 19 (1947), 508; 21 (1949), 831). 
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where Q is the total heat absorbed in the evaporation of one mole of water 
and the crystallization of the salt formerly dissolved in it. 
. [C.U.C.E. Tripos, 1953] 


6. A salt S dissolves in water and the solid phases which can be in 


equilibrium with this solution are ice, S and the hydrate S. 2H,0. No . 


solid solutions are formed. 

On the freezing-point diagram, at constant pressure, there are two 
eutectics and between them the curve passes through a maximum. 
Show that at this maximum the composition of the solution is identical 
with that of the solid phase which is in equilibrium with it, namely 
S.2H,0O. : [C.U.C.E. Qualifying, 1954] 


7. A solution consists of components 1, 2 and 3 and is in equilibrium 
with the pure solid phase of component 3 and with the vapours of com- 
ponents 1 and 2. This vapour phase may be assumed to be a perfect 
gaseous mixture. 

Show that the variation of the total pressure with the vapour phase 
_ composition, at constant temperature, may be expressed in the form 
dy, r ¥i( i— 41) {v, —U,— X4(¥, —2,)} : 


where »,, v; and v, are the molar volumes of the gas, liquid and solid 
phases respectively. . [C.U.C.E. Tripos, 1955] 


8. For the case of a binary solution, components A and B, prove the 


relation 
Ear ag 
fad) 9g b (32) ne 


where g= G/(ng+ ny) is the free energy per mole of the mixture. 
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CHAPTER 8 
IDEAL SOLUTIONS 


8-1. Molecular aspects of solutions 


In this section we shall outline certain points of view, actually 
quite extraneous to pure thermodynamics, concerning the molecular 
interpretation of solutions. The reader will observe that the argu- 
ments are far from precise but they will be referred to again in 


' Chapter 14. 


(a) Causes of solubility. It is often said that solubility is due to 
the molecular forces. That this is incorrect may be seen from the fact 
that two gases mix in all proportions and have infinite mutual 
solubility; the mixing is due, not to any interaction, but to the motion 
of the molecules and to the fact that a mixed state is immensely more 
probable than an unmixed one. The mutual solubility of gases is 


therefore an aspect of the statistical origin of the second law. 


However, as soon as the molecules are brought into close proximity, 
as in condensed phases, the molecular forces have a decisive influence 
and may either increase or decrease the tendency towards mixing. 
Let it be supposed that two liquids A and B are contained in an 
isolated vessel so that the condition of equilibrium is a maximum of 
the entropy or of the number 2 of complexions. The intermingling 
of the molecules, if it were the only effect to be considered, would 
certainly cause an increase in the entropy because there are a vastly 
larger number of complexions for the mixed state than for the un- 
mixed one. However, it may occur that the A-B attractive force is 
less than the attractive force of A molecules with themselves or of 
B molecules with themselves. In this case complete mixing would 
imply an increase in the potential energy of the whole assembly and 
—since the system is isolated—this could only be achieved by a 
withdrawal of energy from the thermal motion of the molecules, which 
is to say from the kinetic energy of their translation, vibration and 
rotation. This would cause a decrease in the randomness of the 


‘thermal motion with consequent decrease of the entropy. Thus, when 


the two factors are considered together, it may occur that the overall 
maximum of the entropy is attained when miscibility is not complete. 


The same ideas may be expressed in terms of the Gibbs free energy 
which is the appropriate function if we wish to discuss equilibrium at 
constant temperature and pressure, in place of conditions of isolation. 
Since G@= H —7'S a decrease of G is favoured by a decrease of H and by an 
increase of S. 
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From the discussion above, it seems probable that the highest value of 
the entropy may now occur at complete, or almost complete, mixing, 
since the effect of the heat bath, which maintains constant temperature, 
is to prevent the decrease in thermal energy. The effect of the molecular 
forces, in determining the mutual solubility of the two liquids, is now 
largely a question of their influence on the enthalpy. 

Let w,, be the increase in potential energy when a pair of A molecules 
are brought together from infinite separation—and is actually a negative 
quantity. Similarly, let w,, and w,, be the potential energies of A-B and 
B-B pairs at the equilibrium separation in the liquid state. For simplicity 
it will be supposed that the two kinds of molecules are very similar in size 
and shape so that the average number of nearest neighbours of any one 
molecule has the same value, z, in the pure liquids and in the mixture. 
The transfer of one molecule of A from the pure liquid A to the pure 
liquid B, and the transfer of one molecule of B in the reverse direction, 
will increase the potential energy of the system byt 


2(2w,, — Waa — Wyp)- (8-1) 


It will be shown in more detail in Chapter 14 that the same factor is 
significant however many molecules are interchanged. 

Now this change of potential energy may be expected to be the major 
part of the AH of mixing and will account for it entirely if the thermal 
motion of the molecules may be supposed to be unaffected by the nature 
of their neighbours. It follows that whenever w,, is a smaller negative 
quantity than the mean of w,, and w,, there is an increase in enthalpy 
on mixing; this works in opposition to the entropy increase in regard to 
the minimization of @. If the relative magnitude of w,, is sufficiently small 
it may occur that the least value of G is attained at some degree of mixing 
which does not correspond to complete mutual solubility of the two 
liquids. This frequently occurs, for example, when a polar and a non- 
polar substance are mixed, due to the large interaction energy W,, of the 
polar molecules between themselves as compared to the smaller inter- 
action energy w,, of the polar with the non-polar molecules. , 


(b) The origin of the ideal solution laws. In considering the 
origin of Raoult’s and Henry’s laws at the molecular level it is in- 
structive first of all to discuss a very rough kinetic interpretation. 
Consider the pure liquid A in equilibrium with its vapour. The rate 
of condensation of vapour molecules on unit area of the liquid surface 
is proportional to the vapour pressure and may be written as kp. 
Let r be the intrinsic evaporation rate of molecules per unit area. At 
equilibrium these rates are equal and therefore 


r=kp*. (8-2) 


+ For simplicity it has been supposed that only the nearest-neighbour 
interactions are appreciable; however, an allowance for the next nearest- 
neighbour interactions, wg,, etc., will clearly give a term of the same form 
as (8-1). 


16-2 
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Suppose now that the substance A is dissolved in another liquid B; 
it is reasonable to expect that a gaseous A molecule can enter any part 
of the surface, provided that A and B form a true solution. The 
condensation rate of A molecules per unit area of the surface can 
therefore be taken as’ kp,, where p, is the partial pressure of A. On 
the other hand, evaporation of A molecules can only take place from 
the fraction of the surface which is occupied by these molecules. This 
fraction may be taken as approximately equal to x,, the mole fraction 
of A in the solution, the two types of molecules being supposed 
approximately equal in size and the surface composition the same as 
the internal composition. The evaporation. rate per unit area may 
thus be written as r’x, and at equilibrium 


riga=kp,. . (8-3) 


Eliminating the coefficient k between (8-2) and (8-3) we finally 
obtain 


, 


r ; 
Pa ~ Pe Xq. (8-4) 


Now the quantities r and r’ depend on the molecular forces which 
oppose the escape of an A molecule from pure A and from the solution 
respectively. If these forces remain unchanged over the whole range 
of composition, then r=r’ and (8-4) reduces to Raoult’s law. On the 
other hand, even if r’ varies with the composition it may be expected 
to be constant when component A is sufficiently dilute. For under 
these conditions all of the neighbours of a given A molecule are B 
molecules, and the force field which opposes its evaporation is con- 
stant. Thus in dilute solution r’ will be independent of i a 
and (8-4) may be written 
pP,= constant x z,, 
‘which is Henry’s law. 


An interpretation of the ideal laws may also be developed on a statis- 
tical basis. For this purpose it is more convenient to discuss a solid 
solution than a liquid one—or, alternatively, to suppose that a liquid 
solution has a quasi-crystalline structure, which is to say that there 
exists something equivalent to the countable lattice sites. As in §1-17, 
we consider the intermixing of two crystals, one consisting originally of 
N, molecules of A and the other of NV, molecules of B. The two kinds of 
molecules will be supposed to be very closely similar in regard to their: 
volumes and forces. In particular, it will be assumed (a) that the original 
A and B crystals and the mixed crystal all have the same lattice structure; 
(b) that the molecules are interchangeable between the lattice sites 
without causing any change in the molecular energy states or the total 
volume of the system. Under these conditions the expression (8-1) is zero 
and in the mixing process AU=AHE0. (8-5) 
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With the same assumptions it may be expected that the A and B 
molecules are distributed at random over the lattice sites in the equi- 
librium mixture. This state can therefore be realized in 


_(Na+N))! 
~ Nat Ne! 


different ways, as regards the.position of the molecules on the N, +N, 
lattice sites. The original unmixed crystal can be realized in only one 
such way. Therefore for the entropy of mixing we have 


AS=kiIn 0/1 
= Rk{In (N, + N,)!—InN,!—nN,}, (8-7) 
as in equation (1-22). Using Stirling’s theoremt 
AS =R{(N, + N,) n(N,+N,)-N, In N,—N,InN,} 


Q (8-6) 


= Na N, | 
= —k(Nlag tg + Ming) . | | (8-8) 


It was indicated in § 1-17 (and will be proved in § 12-7) that Boltzmann’s 
constant Rk is equal to R/N, where N is the Avogadro number. Therefore 
(8-8) may be written 


AS = -R(naIn 


@ In Ny ) ; re 
iA Pa or (8-9) 
where n, and n, are the numbers of moles of A and B. Using (8-9) and 
(8-5) we obtain the change in the Gibbs function on isothermal mixing 

AG=AH-TAS | 


n ny 
=RT In cd p 8- 
| (». aa ttn) (S10) 


Let 4, and yf be the chemical potentials of A in the mixture and in the 
original pure A crystal respectively. Then from the definition of , 


aA 
—2* = | —— : 8-11 
es Pe (= T.P, My ( 
By differentiation of (8-10) we therefore obtain 
be— fe = RTInz,, (8°12) 


where %, = 14/(e+N;)- Now /4, and 4* may be equated to the chemical 
potentials of the vapour of A above the mixture and above the pure A 
crystal respectively. Using (3-19) we obtain ; 


pps S=RTIn5s, (8-18) 
t When « is a very large number In x! may be approximated by 
In ele in w—z, 


EE ee Ie a 
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where p, and p* are the vapour pressures of A above the mixture and 
above pure A respectively. Thus from (8-12) and (8-13) we finally obtain 


%g=p alPe ’ 
which is Raoult’s law. 

Tt is evident that this simple statistical derivation may be expected to 
correspond to reality only if we know the true number of particles which 
are ‘randomized’ in the mixing process. The result (8-9) for the entropy 
of mixing would clearly be too large if the B molecules were actually 
present as a dimer B, and would be too small if they dissociated to form 
ions. Therefore, as indicated previously in § 7-46, the ideal laws may be 
expected to approximate most closely to observed behaviour when the 
mole fraction which appears in the expression of these laws is that which 
would be computed allowing for the existence of all particles which are 
able to make independent movements in the solution. 

The statistical derivation depends also on the assumptions which were 
made in the lines preceding equation (8-5). Deviations from the ideal 
laws may therefore be expected to be due to either of the following factors: 

(a) inequalities in the volumes of the molecules, 

(b) disparities in the molecular forces. 

The first of these is probably not very significant in most ordinary 
solutions where the molecules do not differ very much in size. It becomes 
important in the case of polymer solutions and seems to lead always to 
negative deviations from Raoult’s law. 

The second factor is the more important and it can give rise to both 
negative and positive deviations. If there are strong specific attractions 
between the species A and B, the potential energy w,, in equation (8-1) 
is more negative than the mean of w,, and w,». This gives rise to a AH of 
mixing which is negative. Therefore AG is more negativet than is in- 
dicated by equation (8-10), and the difference between y, and yf is larger 
than appears from equation (8-12). Hence p,<p} a, and the deviations 
from Raoult’s law are negative. 

The converse case, where w,, is less negative than the mean of w,, and 
Wy», seems to occur more frequently in organic mixtures, especially when 
the molecules are not strongly polar. In this case the molecular attrac- 
tions are mainly due to the London dispersion forces and these seem to be — 
rather smaller between unlike molecules than between like ones. This 
situation leads to a AH of mixing which is positive and to partial pressures 
which are larger than would be expected from Raoult’s law. 

These results are in general agreement with observation. For example, 
Hildebrand has shown that negative deviations are usually accompanied 
by exothermic mixing and also by contraction in volume. Conversely, 
positive deviations are accompanied by absorption of heat and by 


expansion. 


+ It is here assumed that AS remains unchanged. This cannot be strictly 
true whenever the expression (8-1) is not zero, since the solution can then no 
longer be supposed to be completely random. The rough arguments which are 
used in this section will be examined in more detail in Chapter 14. 
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8-2. Definition of the ideal solution 


- A solution will be said to be ideal if the chemical potential of every 
component is a linear function of the logarithm of its mole fraction 
according to the relation 

Mm=4 + RT Ing, (8-14) 


where y¥ is function only of temperature and pressure. (Its signi- . 
ficance will be discussed in § 8-3 below.) 

The advantage of using (8-14) as the definition of ideality, rather 
than Raoult’s or Henry’s laws, is that the present chapter is brought 
more closely into relation with Chapter 3 on gaseous mixtures. In 
fact an equation of the same form as (8-14) has already been used in 
§ 3-9 for the definition of the ideal gaseous solution. All mixtures which 
are called ideal—and also the special type of gaseous mixture which is 
called perfect—show the same dependence of the chemical potentials 
on the composition. 

A solution is ideal only if (8-14) applies to every component in a 
given region of composition. However, it is not necessary that (8-14) 
shall apply over the whole range of composition. A solution may 
approximate to ideal behaviour in one region and not in others; as 
shown in the last section, there are grounds for expecting that a solu- 
tion will approach closer and closer to ideality the more dilute it 
becomes in all but one of its components. 

The limited number of solutions which are approximately ideal over 
the whole composition range are sometimes called perfect solutions. 
In many practical applications of thermodynamics it occurs that the 
behaviour of a mixture of interest has not been investigated experi- 
mentally; in such cases the assumption that the solution is perfect 
may be necessary in order to obtain an approximate answer to the 
problem in hand. It is to be emphasized, however, that deviations of 
partial pressures, etc., from the values predicted by the ideal laws are 
often very large, as may be seen from Figures 26 and 29 in §7-4. 


8-3. Raoult’s and Henry’s laws 


These laws follow at once from the defining equation (8-14) to- 
gether with the supposition that the gaseous phase above the solution 
is perfect. For the ith component the condition of equilibrium is 


Hy = wyeP 
Substituting from (8-14) and (3-19) we obtain 
pE+ RT lInz,=p8+ RT Inp,, (8-15) 


’ 
coal 


i ee 
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or after rearrangement p/t,=K;, (8-16) 


where K, exp {(ut—49)/RT}. (8-17) 

From the nature of vf and y? it follows that K, is independent of 
composition. In the case where (8:16) holds up to x,=1, it is evident 
that K, is the same as pf, the vapour pressure of pure component.f 
Thus (8-16) is the same as Raoult’s law. Otherwise, this equation 


merely asserts a proportionality between p, and «, and is the same as 
Henry’s law. 


7 Xp 
Fig. 35. Partial pressures of a binary mixture. 


The situation can be made clearer by means of Fig. 35, which shows 
typical partial pressure curves for a binary liquid mixture of com- 
ponents A and B such as was discussed in §7-4. In the extreme left- 
hand region of the diagram, where x, is quite small, we are concerned 
with an approximately ideal dilute solution of Bin A. Here we have 


Pa Bite 


(8-18) 
Py = Ky%, 

¢ Strictly speaking p¥ refers to the vapour pressure of pure component at 
the same total pressure as the solution under discussion. This follows from 
equation (8-17), where v# must refer to this pressure. The difference between 
the value of p# when the total pressure is P and the value of p*¥ when the total 
pressure is also p¥ (as is the case for the pure component under its own pres- 
sure) is obtainable from equation (6-24) and is usually quite trivial. These 
remarks are equivalent to those made previously in a footnote on p. 222. 
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where pj and K, are represented by the lengths AK and BL respec- 
tively. In the relation p=" +RT nz, 


He is the value of x, when z,=1. Thus as regards component A, 
#% is simply the chemical potential of pure A, at the same tem- 
perature and pressure a8 the solution under discussion. As regards 
component B, yu signifies the chemical potential of pure B in a phy- 
sically unattainable state corresponding to extrapolation from the 
actual solution along the line AL up to a,=1. (K, may be similarly 
interpreted as the vapour pressure of pure B in this non-attainable 
state.) 

It is to be emphasized that it is the tangent line AL which defines 
the ideal dilute solution of Bin A. How far along this line the actual 
solution obeys the ideal laws has to be determined by experiment. 
But every point along this line can be thought of as representing the 
partial pressure of a hypothetical ideal solution of B in A. 

Similar considerations apply to the extreme right-hand side of the 
diagram where we are concerned with an ideal dilute solution of A 
in B. In equation (8-14) z* will now stand for the real chemical 
potential of pure B and ,* will stand for the chemical potential of 
A in a non-realizable state—and, of course, is not the same as the 
value of nf for the ideal solution on the left of the diagram. 

The quantities xf which occur in the defining equation are thus 
' properly to be regarded as constants, which may or may not corre- 
spond to a physically realizable state. In the latter case their values 
(and also the values of K,) are strongly dependent on the nature of 
the other component (i.e. the ‘solvent’) which determines the 
position of the tangent lines AZ and BM. 

The above derivation of Raoult’s and Henry’s laws is based on the 
condition of equilibrium (equation (8: 15)), and this in its turn is 
based on the conservation of mass in 4 virtual transfer of species 
+ from one phase to the other.t It follows that the symbols p, and z; 
which occur in these laws must refer to the same species. For example, 
if a substance occurs both as a monomer A and as a dimer A,, the 
laws may be applied to each species separately, 

Pa=KaXas (8-19) 
: sue a2%qa> “4 : 
but there is no proportionality between the total amount of A in 
the one phase and the total amount in the other. Similar considera- 
tions arise in equilibria such as 
NH; (g)=NH, (soln.)} =NH, OH=NHf +045. 


ieee ea ne tare 
transfer between the a and # phases 
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In conclusion to this section, it may be noted that Raoult’s law may 
be expressed in an alternative form: when there is a single solute 
(subscript s) the relative lowering of the vapour pressure of the 
solvent (subscript 0) is given by 

* 
Po — Po 1 29 = ay (8-20) 
Po 
Another useful variant is known as von Babo’s law. Consider two 
ideal solutions at different temperatures but having the same mole 
fraction of solvent. At the one temperature p)=p*z, and at the other 
‘temperature p,=p*' x). Therefore 


ty 
rie a” (8-21) 
0 0 


and the ratio of the partial pressures of the solvent at the two tem- 
peratures is equal to the ratio of the vapour pressures of the pure 
solvent. 


8-4. Imperfect vapour phase 


When the vapour phase deviates appreciably from the perfect gas 
laws it follows from the treatment of the last section that Raoult’s 
and Henry’s laws must be expressed in terms of fugacities. Thus | 


fi= Kx, | (8-22) 
and if the liquid phase remains ideal up to «,=1, 
fi=fitn | (8-23) 


where ff is the fugacity of the pure liquid component at the same 
temperature and total pressure as the solution under discussion. 

This result may be compared with equation (3-72) which refers to 
an ideal gaseous solution and where f, is the fugacity of the pure 
vapour component at the temperature and total pressure under 
discussion. If it occurs that the liquid and vapour phases in equi- 
librium are both ideal solutions, and remain ideal up to z;=y,;=1, 


Wi btai , 
eats fru=flye (8-24) 
since f, is the same in (8-23) and in (3-72). 


8-5. The mixing properties of ideal solutions 
The defining equation for the ideal solution may be written 


. 3 
GaG+Ring, 
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' and since this is an identity the partial differential coefficients of the 
left-hand and right-hand sides may be equated. Thus 


ped -( yt] 
OF ] Png or 
i A) Gz) 
. oP TP, 24, 2; a rT 
The left-hand sides of these equations are given in terms of enthalpies 


and volumes by (2-113) and (2-111) respectively. Substituting from 
these relations we obtain 


V,= “a, (8-26) 


Now yj, and therefore also its partial derivatives, is independent of 
composition. The same must therefore be true of H, and V,; in an ideal 
solution the partial molar enthalpy and volume are ‘independent of 
composition. 

In the case of liquid mixtures which are ideal over the complete 
range of composition, from 2,=0 to z,=1, H; and V, are therefore the 
same as h, and »;, the enthalpy and volume respectively, per mole of 
the pure component. It follows that the total enthalpy H(==n,H,), 
and the total volume V(==n,V,), of any such mixture, are the same 
as those of the components before mixing. Such mixtures can there- 
fore be prepared, at constant temperature and pressure, without heat 
effect or volume change. 

The great majority of solutions, however, are those which approach 
ideality only when one of the species, the solvent, is in great excess 
and the remainder, the solutes, are very dilute. In such cases H, and 
V, can be interpreted as h, and v, respectively only in the case of the 
solvent, whose mole fraction approaches unity whilst the solution 
remains ideal. As regards the solutes, the partial molar.enthalpy and 
volume are constant, in the region of ideality, but are not equal to 
the enthalpy and volume respectively per mole of the pure solutes in 
their normal states. Moreover, the magnitude of these partial molar 
quantities i is oes! dependent on the nature of the solvent, exactly 
as in the case of wf and K, discussed previously. Suppose, for example, 


t Cf. the discussion of uf in §8-3. The line AL in Fig. 35 defines a hypo- 
thetical ideal solution of B in A; such a solution has constant values of 4, H,, 
etc., at all compositions, but theee values correspond to those of the actual 
solution only as B becomes very dilute. 
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that the substance 7 forms ideal solutions in two solvents A and B; 
either solution can be diluted with more of the same solvent without 
heat effect or volume change, but such effects will in general occur 
if the solution is diluted with the other solvent. 

The change in the free energy aud entropy on mixing may be 
obtained as follows. The total Gibbs free energy of an ideal solution is 


G= Ln, My, 
= in, ut + RTXn, In Uj. (8-27) 


Now in the case of liquid mixtures which are ideal over the complete 
range of composition the yf are the free energies per mole of the pure 
liquids, as indicated in § 8-3. It follows that the first term on the right- 
hand side of (8-27) is the total free energy of the liquids before mixing. 

The free-energy change of mixing, at constant temperature and 


pressure, is therefore AG@=RTEn,In 2; (8-28) 


Since it has been shown already that the corresponding enthalpy 
change is zero, the entropy of mixing is 


AS = — R&n, In Lee (8-29) 


It may be noted that (8-28) and (8-29) are the same as for the perfect 
gas mixture (equation (3°37 )). 


Although constant values of H, and 7, are a consequence of the solution | 
being ideal it does not follow that, when a mixture is known from experi- 
ment to have.these properties, it is necessarily ideal. Consider 4,/T' as 
@ function of temperature, pressure and the n—1 independent mole 
fractions: iz 

BoA, P, yp Wap oes Lny)3 


On,/T Ou, /T 
therefore a() = ales aT +e a F-aP +E = 
«Fier Pare? pope, | (8-80) 


If it is known that H, and V’, are independent of composition the integral 


of this expression will be of the form 


A aNT.P) +7, 1s et die. (8-81) 
However, this is clearly not the same as equation (8-14), which gives 4, 
ag an explicit function of z, Some third experimental criterion is needed 
and this must reflect, in some way, the degree of randomness in the 
toluticn: which is to say the entropy change on mixing. 
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On the other hand, deviations from (8-29) are usually fairly amall, and 
if the heat and volume change of mixing are zero, or almost zero, there 
is usually a fairly good presumption that the solution is at least approxi- 
mately ideal. 


8-6. The dependence of vapour-solution equilibria on tem- 
perature and pressure , 


The condition of equilibrium between a solution phase a and a 
vapour phase # for a component i may be written 
we Mi 
Tf? 


and therefore in any variation which maintains equilibrium we have 


a(Z) -a(#) ‘ (8-32) 


If the solution is ideal u? depends only on the variables 7’, P and x; 
according to (8-14). Similarly, if the vapour phase is perfect pf 
depends only on T' and p, in accordance with (3-19): 


uf = nT) + RT np, (8-33) 

The relation (8-32) may therefore be expanded in terms of the 
independent variables: . 

Ong iT 4, , 1 apf 

oT T op, 

The partials with respect to temperature and pressure will by now 


be very familiar, and the partials with respect to x, and pp; are ob- 
tained immediately from (8-14) and (8-33) respectively. Hence 


Ean, Vi 
pitta 


a a 
OMIT apg b CHE apy} a 


ar oP tT ds, se 


dp,. 


T2 


where H, and V, refer to the partial molar quantities in solution and 
hj is the enthalpy per mole of the gaseous component (§3-3c). Re- 
arranging this equation we obtain - 


g 
dP + ae, = ie, as 
v; Pi 


Pi _hi-H, V, : 
ala (2) “Ears ghar. (8-34) 


If the vapour phase is not perfect the partial pressure must be 
replaced by the fugacity, and hf then refers to the enthalpy per mole 
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of the gas at a pressure sufficiently low for the vapour phase to be 
perfect. 

The ratio p,/x; has been defined in (8-16) as the coefficient K, of 
Henry’s law. The temperature and pressure-dependence of this 
coefficient is therefore obtained from (8-34) as 


ainK,\ hi —H, 

ie ) <a real (8:35) 
amK\ JV 

( aP :) = Re oe 


In the first of these equations the quantity h? —H, is, of course, the 
heat absorbed in the evaporation of 1 mole of the component from the 
ideal solution at constant temperature and pressure. The equation 
may be used for calculating the change of solubility with temperature. 

In general, the effect of pressure on K,, as on other properties of 
condensed phases, is very small. For the same reason equation (8°35), 
which is strictly correct only when the total pressure P is held con- 
stant (e.g. by use of an additional gaseous component which is 
insoluble in the liquid phase), is still a very good approximation when 
the left hand side is written dln K,/d7’. 

In the special case where the component behaves ideally up to 
2,=1, K, is the same as p*, the vapour pressure of the pure liquid. 
In this instance equations (8-35) and (8-36) reduce to equations (6-25) . 
and (6-24) respectively. 


8-7. Nernst’s law 


From §7-4e it will be clear that if two liquids « and £ are partially 
immiscible their behaviour towards each other is necessarily non- 
ideal. In the present section we consider, however, the behaviour of 
a third component (subscript 7) which is present in each of the two 
liquid layers. If this substance is sufficiently dilute in each layer it 
can behave ideally in both of them.{ 


+ This may perhaps be seen more clearly by carrying out an alternative 
derivation as follows. The condition of equilibrium py=# is written in the 


form pE+RT In 2,=294+ RT Inf, 
Si_ HE Re 
‘a | ne, RT ORE 


Differentiation followed by the application of (8-25), (8-26) and (3-64) gives 
(8°34) with p, replaced by /;. 

{ The effect of increasing the concentration of 7 in each solvent is usually to 
increase their mutual solubility and this often leads to a homogeneous mixture 
at a sufficiently high concentration. On the ternary diagram this occurs at 
the ‘Plait point’. 
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When this condition is satisfied the condition of equilibrium, 


Me= HE, 
may be replaced by ; 
pk" + RT Ina? = pF? + RT Ine, 
| af pe? — pe 
and therefore a Rar (8°37) 


which is independent of composition. The ratio x7/2’, which may 
be denoted J, xt/xh = N, (888) 


is therefore independent of the individual values of x% and zf in the 
region where each solution is ideal. This is the Nernst distribution 
law. 

The ratio N is known as the partition coefficient, and a little con- 
sideration will show that it is equal to the ratio K#/K*% of the Henry 
law coefficients in the two solvents. Its temperature and pressure- 
dependence is obtained either by direct differentiation of (8-37) 
followed by the application of (8-25) and (8-26), or from (8-35) 


and (8-36): ain He He 
(Sr - RT? ° ne 

ainN\ _V4—V3 

OP Jy RT ’ 


where ¢, etc., refer to the partial molar quantities in the two solvents. 


8-8. Equilibrium between an ideal solution and a pure crystal- 
line component 


As an example, consider a solution in water of the crystalline sub- 
stance A, and it will be supposed that these two components do not 
form solid solutions with each other. When plotted against the mole 
fraction z,, the temperature at which the solution is in equilibrium 
with one or other of the pure solid phases will be of the type shown 
in Fig. 36. 

On cooling a solution of the composition R, ice will separate out at 
the temperature P, and on cooling a solution of the composition 8, 
the substance A will separate out at the temperature Q. The curve 
PT is conventionally called the freezing-point curve of the solvent, 
and the curve QT is called the solubility curve of the solute. However, 
there is no thermodynamic necessity to distinguish between the two 
components, and the general purpose of the present discussion is to 
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obtain an equation giving the tangent to either of the two curves. As 

applied to the solute, this equation gives the temperature coefficient 

of the solubility. As applied to the solvent the same equation, after 
integration, gives the depression of the freezing-point. 

The student will have observed that there are two main methods 
by which the temperature and pressure coefficients of the various 
equilibria may be derived. These are mathematically eanivalent but 
somewhat different in the details of the manipulation. 


R S. x 
Fig. 36. Equilibrium between a pure solid and its solution. 


(1) The equilibrium relation is written 
| MH (8-40) 
whence / dug=dyf, 


| Mi Mi 

or a( i) = a(#) , 
These relations are then expanded in terms of the chosen independent _ 
variables. This method was adopted in the derivation of (7-8), (8°34) 
and many other equations. 

(2) The method adopted in the footnote on p. 254, and also in 
the derivation of (6-28) and (6-29). 

The first of these has been our usual procedure, and for sake of 


variety we shall henceforth make more extensive use of the second. 
Let substance + be present as a pure solid and also as a component 
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of an ideal solution. The condition of equilibrium (8-40) may therefore 
be rewritten, in view of (8-14), as 

M=fp+RT Ing, 
where 44{ is the chemical potential of the pure solid and 2, is the mole 
fraction in the solution. Rearranging, we obtain 


§ 
Ing, = —ft4. Fe (8-41) 


In accordance with the phase rule, the two-component, two-phase 
system has two degrees of freedom, and the temperature and pressure 
may therefore be varied independently. Consider the temperature- 
dependence of Inz; when the pressure is held constant; from (8-41) 


we obtain Olnz;\ _ _. Oee|T 1 Ous/T 
oT Jp R OF "R aT 
H,-hi 
“2 sn 


by (8-25) and (2-1136). H, is the partial molar enthalpy of the com- 
ponent in the ideal solution and h§ is its enthalpy per mole as the pure 
solid, both referring to the temperature 7’. The equation may there- 
fore be rewritten alna; L, 

( or ) p RT? 
where L, is the heat absorbed, at constant temperature and pressure, 
when 1 mole of the component dissolves in the ideal solution. 

As shown previously, H, is independent of composition in the region 
of ideality. Therefore, in the case where the solution remains ideal up 
to ;=1, H, is the same as the enthalpy per mole of the pure liquid 
component and JL, is its latent heat of melting. It is to be noted, 
however, that these quantities refer to the temperature 7’ at which the 
solution of mole fraction 2, is in equilibrium with the pure solid. 
Therefore L; is not quite equal to the latent heat at the melting-point. 

Equation (8-43) gives the tangent 0x,/0T to either of the curves of 
Fig. 36 at any particular mole fraction z;, When applied to what is 
conventionally called the solute it gives the temperature coefficient 
of the solubility in terms of the heat of solution at the appropriate 
temperature. When applied to the solvent it gives, after integration, 
the depression of the freezing-point due to the solute. This can be 
seen most clearly by inverting the relation; thus 


6T RT 
élnz, LD,’ 
which shows how the equilibrium temperature 7' varies with the 
mole fraction of the solvent. 


17 DCE 


(8-43) 
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8-9. Depression of the freezing-point . 


In the second application discussed above, the concentration of 
the solutes is normally small and z;, is close to unity. If the solution 
is ideal at the particular mole fraction x,, it will continue to be so 


a fortiori over the range of mole fraction up to the pure solvent. This 


makes possible the integration of (8-43) to give the depression of the 
freezing-point, allowing only for the temperature variation of L; over 
the curve MP of Fig. 36. 

It is to be noted that (8-43) applies strictly under conditions of 
constant total pressure, as when the solution is under the pressure of 
the atmosphere. Under the same conditions the temperature coeffi- 
cient of L, is given by 


@L,\ _(0H,\ _ (ake 
(57),~ (a2), (a2), 


— Cy, C5, 
=Ac,, (8-44) 


where ¢,, is the partial molar heat capacity of ¢ in solution, equal to 
its value as a pure liquid (since H; is independent of composition in 
the region of ideality) and c‘,, is the molar heat capacity of solid 1. 
Over the small ranges of temperature which are usually encountered 
in the measurement of freezing-point depression, Ac, may usually © 


be assumed constant. The integration of (8-44) therefore gives 
Ly—L=Ac,(Ty—T), (8-45) 

where Ly is the latent heat of melting at the melting-point Ty (the 

subscript 7 will henceforth be deleted). Substitution of this result in 


Sst heAree @lnzg Ly—Ac,(Ty—T) 
or = RE eau) 


Integrating from x=1 to the particular mole fraction x at which the 
freezing-point depression is to be calculated, 


| ee 7 
in (fe) = |” A a 
— Pua AepTy) (?™ AT , Ac, (7 dT 
= R , 2 RI, T 


_ (Ly— Ac, Ty) 1. 1 Acy Ty ' 
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In using this equation for the purpose of calculating molecular 
weights, measured values of the quantities on the right-hand side are 
used for the purpose of calculating z, the mole fraction of the solvent. 
If there is only a single solute its mole fraction is obtained as 1 —2x. 
The weight concentration of the solution being known, the molecular 
weight of the solute is immediately calculable. 

A less accurate integration can be carried out by neglecting the 
temperature coefficient of the latent heat, equivalent to putting 

_Ac,=0. In place of (8-47) we obtain ' 


ir = | (8-48) 


_ where 6=T'y— T is the depression of the freezing-point. This equation 
may also be written Le 
= pepsi. Sod : 

—-n(1 22s) RT,’ (8-49) 
_ where Xz, is the sum of the mole fractions of all the dissolved species, 
Provided this quantity is small—which is to say the solution is very 
dilute—the expansion of the logarithm in (8-49) gives the approxi- 
mate expression L.6 

<2, « “~“M 


~ RTI, 


(8-50) 


8-10. Elevation of the boiling-point 


The last two sections were concerned with the equilibrium between an 
ideal solution and one of its components as a pure solid phase. An exactly 
similar theory will apply to the equilibrium between an ideal solution 
and one of its components as & pure vapour. When one or more involatile 
solutes are dissolved in a volatile solvent, and when the solution is 
sufficiently dilute to be ideal, it is readily confirmed that the elevation of 
the boiling-point of the solvent is given by equations closely similar to 
(8-48), (8°47) and (8-50). 

Let T be the equilibrium temperature when the mole fraction of the 
solvent is x, Then the equations in question are 


ding L 
| (ae), - ee a 
Can eee ts ( 1 ;) Ac,, T 
. In(1/e) = ——___** (— --]}+—2 n=, 8-52 
(1/a) R T, T)*R "7, (8-52) 
_ £0 
2a Bry (8 53) 
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where L is the heat absorbed in the evaporation of 1 mole of the solvent 
at the temperature 7’, L, is the corresponding latent heat at the boiling- 
point T', of the pure solvent, Ac, is equal to the molar heat capacity of the 
solvent as a vapour minus its value as a pure liquid, and d= 7~T, is 
the elevation of the boiling-point. 


8-11. The osmotic pressure of an ideal solution 


In a solution, such as that of sugar in water, the solvent is the com- 
ponent whose mole fraction can be varied up to unity. Let it be sup- 
posed that such a solution is separated from a quantity of the pure 
solvent, at the same temperature, by means of a membrane permeable 
only to the solvent molecules. Then what is called the osmotic 
pressure of the solution is the excess pressure which must be placed 
on it in order to prevent any diffusion of solvent through the 
membrane, 

The nature of osmotic pressure has been discussed very clearly by 
Guggenheim.j The osmotic pressure of a solution which is contained 
in a beaker open to the atmosphere is not a pressure which it actually 
exerts; it is rather to be regarded as being one of the thermodynamic 
_ properties of this solution in a manner closely similar to, say, its 
freezing-point. When a solution is said to have a freezing-point of 
—5°C this does not imply that the solution is necessarily at this 
temperature but rather that —5°C is the temperature at which the 
solution would be in equilibrium with one of its components as a solid 
phase. Similarly, when a solution is said to have an osmotic pressure 
of 10 atm this does not mean that the solution necessarily exerts this 
pressure but only that the solution would be in equilibrium with pure 
solvent, through the semi-permeable membrane, if it were given an 
excess pressure of this amount. 

The cause of osmosis is simply diffusion; the solvent is able to diffuse 
through the membrane but the solute is not. It is only when there is 
a membrane which has this property that the phenomenon can occur. 
As discussed in § 2-98, this diffusion itself arises from a difference in 
chemical potential; at the same temperature and pressure the solvent 
substance is at a lower chemical potential in the solution than in its 
own pure liquid (on account of its lower mole fraction), and there is 
therefore a tendency for it to pass through the membrane in the 
direction pure solvent—solution. The osmotic pressure is the excess 
pressure which will just prevent this flow, and if a pressure greater 
than this were applied to the solution the solvent would diffuse in the 
reverse direction and the solution would become more concentrated. 


t Modern Thermodynamics by the Methods of Willard Gibbs (London, 
Methuen, 1933). 
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In a perfect gas osmotic system, as shown in §3-36, equilibrium is 
attained when the partial pressure of the permeating gas is the same 
on each side of the semi-permeable membrane. This implies equal 
volume concentrations. On the other hand, in the case of solutions, 
the volume concentration is not an adequate criterion of the diffusion 
tendency; and it is possible for a substance to diffuse spontaneously 
from a region of lower to a region of higher concentration.t In such 
systems the only proper criterion of equilibrium, which is to say of 
the absence of a diffusion flow, is the equality of the chemical 
potential in the two regions. 

Consider an osmotic system consisting of pure solvent eackhie 
with a solution and an intervening membrane which is permeable to 
the solvent. Let P and P’ be the pressures on the pure solvent and on 
the solution respectively when there is a condition of osmotic and 
thermal equilibrium. The difference will be called II, the osmotic 


aa W=P’—P. (854) 


Now the pure solvent, since its mole fraction is unity, has a chemical 
potential of 4%, in the notation of this chapter, and the subscript 
denotes that this is the value at the pressure P. The same substance 
in the solution, if this is ideal, has a chemical potential given by 
: LE+RT Inz, 
é 
where the subscript denotes that u* refers to the pressure P’ and x 
is the mole fraction of the solvent in the solution. The condition of 
uilibrium i 

equilibrium ist ui=pt+ RT Ing. 


Rearranging this we obtain 
RT inx=pt—pe 
P 
= { vdP, (8°55) 
P 


by equation (2-111), where v is the molar volume of the pure solvent. 
This quantity does not vary much with pressure§ and therefore, to 
a fairly high degree of accuracy, the last equation can be written 


RT Inx=»,,(P—P’), (8-56) 


+ See also pp. 84-5. , 

Ri Noe that RT In x is a negative quantity, and it for this reason that 
LB > pp 

§ » cannot be taken as being entirely constant, since quite large values of 
P’—P are often encountered in practice. 
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where v,, is the mean value of the molar volume over the pressure 
range. This is easily evaluated if the compressibility of the solvent 
has been measured. Using the definition (8-54), we can rearrange 
(8-56) to obtain the following expression for the osmotic pressure of 
the ideal solution 


=———Ing. (8-57) 


Let Xx, be the sum of the mole fractions of the various solutes. Then 
(8-57) may be written 


Il= — 22 m(1—Eay), (8°58) 
Sard RT 
and if Xa, is very small, II foe xx, (8°59) 


By further approximation, this may be reduced to the form originally put 
forward in the early days of physical chemistry on the erroneous assump- 
tion that osmotic pressure is analogous to the ‘bombardment’ pressure in 
a gas. Now <2, is equal to 2n,/n, where Xn, is the total number of solute 
moles and n is the total number of moles of all kinds including the solvent. 
Therefore (8-59) can be written 


Il +=—— En,. (8-60) 
NW, 


If the solution is very dilute, n will not appreciably exceed the number of 
moles of the solvent only and nv,, will not differ appreciably from V, the 
total volume of the solution. Therefore an approximation to (8-60) is 


le 
or WRT Xe,, . (8°61) 


where <c, is the sum of the volume concentrations of the solutes. This 
result is accurate only for very dilute solutions even when the solution 
continues to be ideal to much higher concentrations. 


=RT 


8-12. The ideal solubility of gases in liquids 


Let it be supposed that a solution of a gas in a liquid obeys Raoult’s 
law over the whole range of composition and in particular up to the 
mole fraction of unity which corresponds to the liquefied gas at the 
particular temperature. Under such conditions the solubility of the 
gas can be calculated from a knowledge of its vapour pressure. This 
may be illustrated by means of an example. 

At 20°C liquid carbon dioxide has a vapour pressure of 56-3 atm. 
If carbon dioxide dissolves in a solvent and obeys Raoult’s law its 
mole fraction in the solution at 20°C will be given by 


a= p/p*, 
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where p* has the value 56-3 atm and 7 is the partial pressure of CO, 

above the solution. In particular, the solubility at 1 atm is given by 
x= 1/p*=0-0178. (8-62) 


This value may be called the ideal solubility at atmospheric pressure 
and is evidently independent of the nature of the solvent when it is 
expressed in the above form as a mole fraction. The tablet shows some 
of the observed solubilities, and it is seen that the ideal solubility is of 
the right order of magnitude in most of the solvents. 


Mole fraction of CO, in various solvents at 20°C and Latm 


Amy] acetate 0-0270 
Pyridine 0:0129 
Ethylene chloride 0-0125 
Chloroform 00123 
Toluene 0-0107 © 
Carbon tetrachloride 0-0100 
Ethy] alcohol 0-0070 
Carbon disulphide 0-0022. 


In some cases, in order to apply the theory, it is necessary to extra- 
polate the vapour pressure of the liquefied gas beyond the critical 
point. For example, suppose that it is desired to estimate the ideal 
solubility of methane at a temperature of 25°C, which is far above 
. critical. If the observed vapour pressures are extrapolated by means 
of the Clausius—Clapeyron equation, the estimated value of p* at 
25° C is found to be 289 atm—but of course this does not correspond 
to a stable state of gas-liquid equilibrium. The ideal solubility of 
methane at 25°C is therefore 1/289=0-0035. Some of the observed 
solubilities, as quoted by Hildebrand and Scott, are given in the table. 


Mole fraction of CH, in various solvents at 25°C and latm 


Ethyl ether _ 0-0045 
Cyclohexane 0-0028 
Carbon tetrachloride 0-0029 
Acetone 0-0022 
Benzene | 0-0021 
Methy! alcohol 0-0007 
Water 0-00002 


{ From Hildebrand and Scott, Solubility of Non Electrolytes (New York, 
Reinhold, 1950), Chapter xv, Table 7. It appears that this table refers to 
20°C and not 0°C as stated (cf. Hildebrand, Solubility (New York, Reinhold, 
1936), 2nd ed., p. 137). 
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According to the theory, the solubility of a gas may be expected to 
decrease with rising temperature, since this causes an increase in p*; 
this is in general agreement with experience. The most soluble gases 
may also be expected to be those which are the most condensible, 
corresponding to low values of p*. 


8-13. The ideal solubility of solids in liquids 
We have previously obtained (equation (8-43)) 


olna _ 
OT }p RT?’ 


x xy 
Mole fraction of solute 
Fig. 37. Ideal solubility of a solid. 


which gives the temperature coefficient of the solubility of a solute 
in terms of its heat of solution. If the equation is integrated at con- 
stant pressure on the assumption that L is independent of tempera- 
ture over a small enough range, we obtain 


where x, and 2, refer to the solubilities, expressed as mole fractions, 
at temperatures 7, and 7’, respectively. 

Let it be supposed that this equation continues to hold, at least 
approximately, up to a mole fraction of unity. This corresponds to 
point 4 in Fig. 37, where the pure liquid solute is in equilibrium with 
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its own solid at the melting-point. The previous equation may there- 
fore be written [77 a a | 

( ) (8-63) 


In this equation z is the solubility at the temperature T and 7'y is the 
melting-point of the solute. Lis the heat of solution, but, by the nature 
of the assumptions which have been made, it is constant along the 
curve BA and is therefore equal to the latent heat of melting of pure 
solute. 

Equation (8-63), which was first put forward by Schroeder in 1893, 
may be used to estimate the ideal.solubility of solids in liquids, from 
a knowledge of their melting-points and latent heats. It will be noted 
that the equation is entirely analogous to (8-48) which gives the 
depression of the freezing-point of the solvent; a more accurate form 
of (8-63) could have been obtained by allowing for the temperature 
dependence of LZ, as in § 8-9. 

As an example, the latent heat of melting of naphthalene is 
4440 cal/g mole and its melting-point is 80-05°C. Its ideal solubility 
at 20°C may therefore be calculated from the above equation to be 
x=0-273 and is the same in every solvent. Some of the experimental 
data for solvents of low polarity are given in the table. 


Mole fraction of naphthalene in various solvents at 20°C 


Chiorobenzene 0-256 
Benzene 0-241 
Toluene 0-224 
Carbon tetrachloride 0-205 
Hexane 0-090 


As deductions from equation (8-63) we have: (a) the solubility of 
a solid may be expected to increase with rise of temperature; (b) the 
solubility of a solid may be expected to be the greater the lower is its 
melting-point and the smaller is its latent heat of melting. These 
results, although they are based on the supposition of ideal solutions, 
are in fairly general agreement with experience. 


PROBLEMS 


1. It was shown by Zawidski that mixtures of benzene and ethylene 
chloride obey Raoult’s law quite accurately. At 50-0°C their vapour 
pressures as pure liquids are 268-0 and 236-2 mm Hg respectively. At this 
temperature calculate the total pressure and the composition of the 
vapour which is in equilibrium with the liquid containing mole fractions 
of 0-25, 0-50 and 0-75 of benzene. 


+ From Hildebrand and Scott, The Solubility of Non-Electrolytes, Chapter 
xvi. 
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2. The solubility of succinic acid in 100g of water is 2-35 g at 0° Crand 
6-76 g at 24-8°C. Estimate the heat of solution of succinic acid in water. 


3. The following data relates to the concentration of benzoic acid in 
layers of benzene and water which are in equilibrium: 


Cone. in water (g/100cm*) 0-289 0-195 0150 0-098 0-079 
Cone. in benzene (g/100cm*) 9-7 4:12 252 1:05 0-737 


Examine whether either of the following hypotheses would account for 
the results: (2) the benzoic acid is almost completely dissociated in the 


water; (b) the benzoic acid is almost completely associated to a dimer in. 
the benzene. 


4. The boiling-point of liquid ethane at latm pressure is —88-6°C, 
and its critical temperature and pressure are 32-2° C and 48-2 atm respec- 
tively. Estimate its ideal solubility in hexane at 20°C and a partial 
pressure of 1 atm. 


5. The solubility in water of CO,, expressed as cm® of gas (at 0°C and 
1 atm) per cm® of water, is 0-878 at 20°C and 0-665 at 30°C. Estimate the 
heat of solution, Establish any formula used. 

It is required to remove CO, from a less soluble gas by absorption of | 
the CO, in water in a counter-current tower operating at 10°C and ata 
pressure of 20atm. The gas mixture contains 10% of CO, by volume. 
Estimate the minimum amount of water required per 1000 M$ (reduced 
to 0°C and 1 atm) of the entering gas. [C.U.C.E. Qualifying, 1951] 


6. The solubility of CO, in rubber has been expressed in two different 
publications by the following relations: 

(a) dins AH 

ar RT” 
where s=cm! of dissolved gas measured at s.T.P. per 100 cm? of rubber 
under a partial pressure of 1 atm, 
AH = heat of solution of the gas in the rubber 
= — 3300 cal/mole experimentally at 20°C. 
d c B 
6 —— (In-?} =—., 
where ¢, = concentration of the gas in the rubber phase, 
€, = concentration of the gas in the gas phase, and 
B= experimental constant. 

Derive the first of the above equations from the thermodynamic theory 
of an ideal solution, indicating any additional assumptions which must 
be made. Hence, find the corresponding value at 20°C of B in the second 
expression and state what thermodynamic quantity it represents. 

[C.U.C.E. Tripos, 1950] 
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7. A liquid X consists of an equilibrium mixture of a monomer, A, 
and a dimer, B, 2A4=B. At a particular temperature 7’ the vapour 
pressure of liquid X, which may be assumed due to the monomer only, 
is p® and the equilibrium constant expressed in mole fraction units is K. 
At the same temperature the vapour pressure of a solvent C is p. 

A solution consists of Ng moles of solvent C and N moles of X computed 
as if it were entirely monomer. If the solution is assumed ideal, show thav 
at temperature 7’ the vapour pressure of the monomer over the solution 
is given by on 2K 

4 


Pa= TON, +N? A +4K)—1’ 
and the vapour pressure of the solvent by 


_ 2No 2 
Po= 7 42N, +N" , 
where the quantity N, is given by the equation 

(N—N,) (Na +2No+N) _ 


A 


K, 
[C.U.C.E. Tripos, 1951] 


8. It is required to depress the freezing-point of water to —10°C in 
order to prevent freezing. Estimate the weight percentage of glycerol 
which might be adequate for this purpose. Is this estimate likely to be 
too high or too low? 

The latent heat of melting of water is 1436 cal. per mole. 


[C.U.C.E. Qualifying, 1955] 
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CHAPTER 9 
NON-IDEAL SOLUTIONS 


9-1. Conventions for the activity coefficient on the mole 
fraction scale 


The ideal solution was defined as one for which the chemical 
potential of every component is related to its mole fraction by the’ 


relation f= hE +RT Ing, 


where y* is a function of temperature and pressure only. It has been 
shown that the properties commonly attributed to ideal solutions 
are all deducible from this relation. These properties form a very 
convenient standard against which to compare the properties of all 
real solutions. 

The method usually adopted in dealing with real solutions is to 
find the magnitude of the pure number which, when multiplied by the 
mole fraction of the particular species, makes applicable a relation 
of the above form. That is to say, we define} an activity coefficient f 
y,; such that the equation 


fi=hE+RT Iny;2; (9-1) 


is correct, however large is the deviation from ideality. In this 
identity yf is to be taken as a function of temperature and pressure 
only, but y; may be a function of these variables together with the 
mole fractions of all substances in the solution. 

Equation (9-1) as it stands does not provide a complete definition 
of y,, since z* is also an unknown in this equation. The definition of 
both quantities becomes complete as soon as it is specified under 
what conditions y, becomes equal to unity. For this purpose it is 


' convenient to adopt either of two conventions. These are based on 


the fact that a component : of a real solution is normally found to 
approach ideal behaviour both as x;>0 and as x;—> 1, as discussed on 
p. 2238. 

Convention I. This is usually applied to solutions in which all of the 
components, in their pure states, are liquids at the same temperature 


and pressure as the solution (e.g. a water-alcohol mixture). For each 


{ The definition of activity coefficient adopted in most American text-books 
is a little different from that used here and is discussed in § 9-10. 

} In the ‘present text the symbol y is used to denote an activity coefficient 
whatever the basis on which it is defined. See also the footnote on p. 276. 
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component the activity coefficient is taken as approaching unity as 
the mole fraction approaches unity. Thus 
i= re + RT In Li 
b= Ph Yi (9-2) 
¥:71 as 2,71. 


It will be seen that the logarithm vanishes under the limiting con- 
ditions, and therefore y* is equal to the Gibbs free energy per mole of 
the pure substance at the same temperature and pressure as the 
solution under discussion. 

Convention II. This is usually applied to solutions in which some 
of the components are gases or solids at the temperature and pressure 
in question (e.g. aqueous solutions of oxygen or of sugar). For such 
solutions it is convenient to distinguish between the solvent and the 
solutes. The former, denoted by the subscript 0, is a component which 
is present in excess and whose mole fraction can be varied up to 
unity without change of phase. The convention is then as follows: 


for solvent: py=pe+RTInyyx, and yo>1 as me as 
for solutes: p,=p¥+RTIny,x, and y,>1 as 2,0. =" 


Thus, as regards the solvent, the situation is the same as on Conven- 
tion I. As regards the solutes their activity coefficients are taken as 
approaching unity at infinite dilution; the quantity yf therefore 
stands for the chemical potential of pure solute in a hypothetical 
liquid state corresponding to extrapolation from infinite dilution 
along the Henry law gradient. This will be made clearer in the next 
section. 

It is entirely a matter of convenience which convention is adopted. 
The great advantage of the first is that it is symmetrical in all of the 
components. On the other hand, it is not convenient to use this 
convention in the case of components whose mole fraction cannot be 
varied up to unity without change of phase. 


- 9-2. The activity coefficient in relation to Raoult’s and Henry’s 
laws 


For a non-ideal liquid mixture in contact with a perfect vapour 
phase we obtain, as the condition of equilibrium, in place of (8-15), 


bE+RT Iny,2,=p{+ RT lo p,, 


or after rearrangement Pi oK ’ (9-4) 
Vir; 


where K,=exp {(uj — #4)/RT}. (9°5) 
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From the nature of z¥ and x? it follows that K; is independent of 
composition. (If the vapour phase is not perfect, », must be replaced 
by the fugacity in equation (9-4).)  — 
_ If we choose y, to approach unity as x, approaches unity—as on 
Convention I for all species and on Convention II for the solvent— 
then K,; must clearly be the same as p*, the vapour pressure of the 
pure component at the temperature and total pressure of the solution. 
Thus (9-4) may be written 

Pi=PF Yih, (9:6) 


A R. x,— B 
Fig. 38. } Activity coefficients on Convention I. 


and the extent to which y, differs from unity is seen to be a measure 
of the deviation from Raoult’s law. It is greater than unity for positive 
deviations and less than unity for negative deviations. 

The significance of y, may perhaps beseen more clearly from Fig. 38, 
which shows typical vapour-pressure curves of a binary mixture of 
components A and B. Consider the particular composition x, corre- 
sponding to a point &. If the solution were ideal the partial pressure 
of B above the solution would have the value p*2,, which is repre- 


sented by the length RZ’. The actual partial pressure is represented 


by the length RS. Therefore from equation (9-6) we have 
p, RS 


Similarly Ye=>5- 
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In brief, whenever we choose y,— 1 as 2; 1 the activity coefficients 
have a simple interpretation as the ratio of the actual partial pressure 
to the partial pressure which would occur if Raoult’s law were 
obeyed. One of the most direct methods of determining these 
coefficients is by measurement of the partial pressures. 
On the other hand, if we choose y,-> 1 as x,-> 0, as on Convention II 
for the solutes, then K; in equation (9-4) is clearly the tangent, at 
infinite dilution, of the curve of p,; against x,. Therefore, according to 
Convention II, the extent to which the activity coefficient of the 
solute at any finite concentration differs from unity is a measure of 
its deviation from Henry’s law. 


Fig. 39. Activity coefficients on Convention II. 


This interpretation is made clearer in Fig. 39, which shows typical 
vapour-pressure curves for a type of binary system where the mole 
fraction of component B cannot be varied up to unity (e.g. oxygen in 
water). In such instances, instead of using Raoult’s law as the 
criterion of ideality for the solute, it is more convenient to use Henry’s 
law. Consider the solution whose composition corresponds to the 
point R. If the component B obeyed Henry’s law at this composition 
its partial pressure would be K,2,, which is represented by the length 
RW.+ The actual partial pressure is represented by the length RS. 
Therefore from equation (9-4) we have 


The activity coefficient is thus again equal to the ratio of the actual 
to the ‘ideal’ partial pressure, but the criterion of the latter is Henry’s 


+ K, iteelf is represented by the length BL. 
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rather than Raoult’s law. (Of course as regards the solvent we con- 
tinue, using Convention II, to regard Raoult’s law as the measure of 
ideality and in Fig. 39 the activity coefficient , is equal to the ratio 
RU/RV.) 

If the solute is one such as sugar, whose vapour pressure is minute, 
it will be impossible to measure its partial pressure along the curve 
AS of Fig. 39. However, we can continue to regard the tangent AW 
as defining the ideal solution. Although this tangent now almost 
coincides with the axis AB, the activity coefficient of component B 
remains equal to the ratio RS/RW, and can be determined by methods 
- other than the direct measurement of partial pressure, as will be 
described in § 9-8. ’ 

Of course the significance of yf in the equation 

M=MEtRTIny,2; 

will also depend on the choice of convention. When we choose 
y:>1 as x,>1, v* is simply the free energy per mole of the pure ~ 
component at the same temperature and pressure as the solution 
under discussion. When we choose y;—>1 as x,>0 the situation is 
quite different and can best be understood by imagining the existence 
of a hypothetical ideal solution whose ‘partial pressure continues to 
obey Henry’s law at all mole fractions up to 7,=1. For example, 
in the case of Fig. 39 we imagine a solution for which the partial 
pressure of component B would lie everywhere along the line AL. 
y, would be unity at all compositions and yj could be interpreted 
as the free energy per mole of pure B in the hypothetical state corre- 
sponding to the extrapolation up to 2,=1. 

However, it is perhaps simplest to regard yf as being merely a con- 
stant in the above equation, a quantity independent of composition 
but dependent on the temperature and pressure of the solution. 


9-3. The use of molality and molarity scales 


The quantity of a solid or a gas in solution is very often expressed 
as a molality rather than as a mole fraction. For example, most 
of the data on the free energy of formation of substances in aqueous 
solution refer to a reference state of unit molality. This is a matter 
of convenience, and the molality has less theoretical significance than 
the mole fraction. 

The molality of a solute is the number of gram formula weights per 
1000 g of solvent. Consider a solution containing n,g moles of solute 
and n,gmoles of solvent whose molecular weight is M,. Then the 
molality of the solute is 1000n, 


(9-7) 
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and its mole fraction is  x,=——‘—, (9-8) 
M+ Ln, 
where the summation is over all solutes. From (9-7) and (9-8) 
Me 1000(n, + 27,) (9-9) 


x; Myr 
and as =n, +0, m,/x;-> 1000/M,. Therefore in very dilute solution 
™; = 10002,/M,, (9-10) 


and the molality and mole fraction are proportional to each other. 

Occasionally a molarity or volume concentration scale is used. If 
V is the volume of the above solution in litres, then the molarity of 
the particular solute is defined by 


c,=n,/V. (9-11) 


_ Let p be the density of the solution (g/ml.). Then the volume V 
weighs 1000pV g and therefore 


1000p V =Myn) + 2M; n,, 
where Y, is the molecular weight in grams of species 7. Hence 
Myr +XM,n; 
==. 9- 
. i 1000p 2) 
and from (9-11) we obtain 
es 1000pn, 
. . 1 Myon +2MU,n, 
Using (9-8) and (9-13) we obtain the ratio 
ce; 1000p(n,+ =n,) 


pl SP ach a at me 9- 
t, Mon +2XU,n,; ae) 


As Xn, 0, ¢,/z;-> 1000p/My, and therefore in very dilute solution 


_ 1000pa, 
C= M. ? 
Oo. 


and the molarity and mole fraction are proportional to each other. 

It follows from (9-13) that the molarity of a given solution does not 
have the same value at two different temperatures on account of the 
change of density. The molality scale is therefore to be preferred. But 
the mole fraction scale has more theoretical significance than either. 
As shown in §8-1, there are reasons for expecting that the partial 
pressure of a component will be proportional to its mole fraction 
under certain especially simple molecular conditions, and this is one 


18 DCE 


(9-13) 


: 


(9-15) 
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of the reasons why the mole fraction, rather than any alternative 
scale, is used for the definition of the ideal solution. In an ideal 
solution p; is proportional to z,, but is not proportional to m, or ¢,, 
except under the very dilute conditions where the mole fraction, 
molality and molarity are all proportional to each other. 


9-4. Convention for the activity-coefficient on the molality | 
scale . 


In the discussion of solutions containing solid or gaseous sub- 
stances, the activity coefficient of the solvent is almost always defined 
on the mole fraction scale, but the activity coefficient of the solute is 
often chosen on the molality scale. This may be called Convention III. 

Convention IIT: | 


for solvent: py=yk+RTinyox, and y,>1 as oo 


for solutes: p,=pP+RT7T'Iny,m, and y,>1 as m,->0. 

. . {9-16) 
This is closely related to Convention II and differs from it only in 
regard to the use of the molality scale for the solutes. 

As concerns the solvent the significance and value of u* and yy are 
precisely the same as on Conventions I and I. As concerns the solute, 
y; is taken as approaching unity at infinite dilution of the particular 
solute, but does not have the same numerical value as the +, defined 


_on Convention II. The constant uP also has a different value; refer- 


ence to the defining equation (9-16) shows that yw? is the value of y, 
when m, and y, are both equal to unity. Therefore it is to be inter- 
preted as the chemical potential of the solute in a hypothetical ideal 


solution (y,= 1) of unit molality, at the same temperature and pressure 


as the solution under discussion. For this reason it has been denoted © 
by the superscript °. 

The significance of #7 can be seen more clearly with the aid of 
Fig. 40, which shows the partial pressure of component B plotted 
against its mole fraction. The Henry law coefficient K, is again repre- 
sented by the length BL. Let R be the point along the mole fraction 
axis at which component B has unit molality. The ‘hypothetical 
ideal’ solution of unit molality would have a partial pressure of this 
component equal to the length RT and 4? refers to this solution. 

The relationship between the activity coefficients defined in terms 
of Conventions II and III can be obtained as follows. Consider a 
solute whose mole fraction is x and whose molality is m. Its actual 
chemical potential is, of course, quite independent of the choice of 
scale and therefore =, = pe+RT In yy 


= G4. RT In Yur™, (9°17) 
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where y;; and yz;; are used, for the moment, to denote. activity 
coefficients according to the Conventions II and III respectively. 
Rearranging we obtain 


RT In = yt 19, (9-18) 
Yue 
Under limiting conditions of very high dilution this reduces to 
RT n= = p*— 2°, 
_ or in view of equation (9-10) 


1000 
RT ln 7; 


= et — 19, (9°19) 


Fig. 40. Hypothetical ideal solution of unit molality. 


This equation determines the relation between #* and 4». Since 
these quantities are independent of composition, their difference in 
(9-19) has precisely the same numerical value as in (9-18). Hence, 
between these two equations we obtain , 


RT In VE RTI 1 
Yue 0 
Yaa _ 1000x Bate 
or Yn Mom’ (9-20) 


which determines the relation between Yiu and yz; for a solution 
which is not necessarily dilute. 


18-2 
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The general relation between z and mis equation (9-9), and it follows 
from this equation, together with (9-20), that yyzz is not equal to 
Yrz except for a very dilute solution. Thus, even though a solution of 
appreciable concentration may be ideal, in the sense of the mole 
fraction scale (i.e. yyz=1), it would not have a value of yyy; equal to 
unity. The activity coefficients defined on the molality scale evidently 
do not give a satisfactory measure of the deviations from ideality, 
except for a very dilute solution. This is equivalent to the remarks 
made at the end of the previous section. 

Activity coefficients of a solute as calculated relative to the mole 
fraction and molality scale are sometimes called rational and practical 
respectively. Occasionally still another type of activity coefficient 
is used for the solute, defined by 

=p? +RT Iny;¢,, 
Mex he + Vile (9-21) 
¥i:>1 as ¢,>0, 


where c, is the molarity. 


9-5. The effect of temperature and pressure 


By rearranging equation (9-1) we obtain 


HE ba a 
i Riny; Ring,. 


Since this is an identity it may be partially differentiated at constant 
pressure and composition: 


out /T on,j/T Rélny, 


— — eo 


or or oT 
Ope |T — Hi, 

or = T? oT ’ 
where H, is the partial molar enthalpy of the particular component 
in the solution under discussion. 


Therefore 


(9-22) 


+ Symbols for activity coefficients. The symbols f and y are often used. to 
denote rational and practical activity coefficients respectively and the symbol 
y is used for an activity coefficient defined as in equation ( 9-21). Since f is 
generally used to denote a fugacity it seems desirable to avoid the use of the 
same symbol for an activity coefficient, especially as it often occurs, in the 
discussion of high pressure equilibria, that both quantities occur in the same 
equation. 

Although we have used the same symbol y whichever convention is in use, 
it is to be strongly emphasized that the numerical value of y, for a component 
of a particular solution, depends on the choice of this convention. In taking 
numerical values from the literature the basis of the authors’ usage needs to 
be carefully examined. 
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Let (9-22) be applied to the limiting composition where y, approaches 
unity according to the particular choice of convention. In this case 
the last term of (9-22) is zero and we obtain either : 


O/T ih, 

. oT oT? 
where we have chosen y;—> 1 as 2;->1 and h, is the enthalpy per mole 
of the pure liquid component, or 


autem 


oT t«éTP2”? 


(a) (9-23) 


(0) (9-24) 


where we have chosen y;->1 as 2,->0 and H® is the partial molar 
enthalpy of the component at infinite dilution. 


Now * is independent of composition and therefore loth eh has the 


same value whether we consider some particular solution or the 
limiting solution where y,>1. Comparing (9-22) with (9-23) or 
(9:24) we thus obtain the temperature dependence of the activity 


coefficient: alnys_ h,—H, H, 
for the case y;—> 1 as x;>1 or 
dln H°-H 
0) p= (9°26) 


for the case y,;—> 1 as 2,0. 
By an exactly similar argument concerning the molality scale and 
Convention IIT we obtain 


oub/T ‘He 


OQ S- =F (9-27) 
dliny, H3—H, ’ 
OP RF” er 


where y;—> 1 as m,—>0. 

In these equations H® and H, again refer to the partial molar 
enthalpy at infinite dilution and in the solution where the activity 
coefficient is y, respectively. These quantities can be determined by 
experiment as discussed in §2-14. It will be noted from (9-26) and 
(9-28) that the activity coefficients of a solute defined by Conventions 
II and III both have the same temperature coefficient. 

The temperature-dependence of K, in equation (9-5) is readily 
obtained by differentiation followed by application of equations 
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(3-10) together with (9-23) or (9-24) according to the choice of con- 
vention. For the case y,-> 1 as 2,0 we obtain 
: alnK, hy—He 

, or ~ RTt’ 22) 
where h? is the molar enthalpy in the gaseous phase. Thus h? — H9 is 
the molar heat gf@vaporation from an infinitely dilute solution: For 
the case where 8 2, >1, K;, is the same as p¥, the vapour 
pressure of pure com@ponent, and its temperature-dependence is given 


by the Clausius—Clapeyron equation. 


The pressure-dependencef of the activity coefficient may be obtained 


. by similar reasoning. The results are 


any, V-y, 


©) op RT’ ee) 
where ¥;~>1 as x, 1 and », is the volume per mole of the pure liquid 
component, and . olny, %-~V?9 

(6) oP RT’ (9-31) 


where y;-> 1 as either the mole fraction or the molality approaches zero 
and V? is the partial molar volume at infinite dilution. V, is the partial 


’ molar volume in the solution in question. 


It may be remarked that it is possible for a solution to show zero values 


of alny/éT and 8lny/@P without the activity coefficients themselves 


being equal to unity. Solutions in which both of these conditions are 
satisfied have been called ‘semi-ideal’;t they behave like ideal solutions 
with regard to the enthalpy and volume, but they have a non-ideal free 
energy and entropy. 

The dependence of yy on pressure, as given by (9-30) and (9-31) is, of 
course, extremely small. The dependence on temperature is much more 


_ Significant, but for practical purposes it may often be necessary to 


neglect it, for lack of knowledge of the heat effects (h, —H,) or (H? — HL) 
which occur in equations (9-25) and (9-26). Let it be supposed that this 
heat effect is actually 500 cal/mole. Then at 100°C we obtain 


@iny 500 |. ys 
OT *Fx 37937 18 10™. 


Therefore, for a variation of 30° C, the change in y would be about 5 %. 
In studies on distillation it is frequently necessary to estimate partial 
pressures at one temperature from experimental measurements at 
another. If these two temperatures are not too far apart, the change in 
the activity coefficient will be rather small and may have to be neglected 
in the absence of the enthalpy data. 


{ See §9-10 for the pressure dependence of y, aa it ia defined in most American 
texts. 

t Guggenheim, Modern Thermodynamics by the Methods of Willard Gibbs, 
Chapter vit (London, Methuen, 1933). 
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9-6. The determination of activity coefficients 


In Chapter 8 various equations were derived relating to the partial 
pressures, freezing-point depression, osmotic pressure, etc., of an 
ideal solution. The corresponding expressions which are applicable 
to non-ideal solutions may be obtained simply by substituting y,7; 
in place of z,.t The coefficient y,; has, in fact, been constructed to 
have this property. It follows that an activity coefficient may be 
determined from experiment by application of these equations. As 
soon as @ value of y has been calculated from a measured property 
of the solution, for example a partial pressure, it may be used 
immediately to calculate the value of some other property of the 
same solution, e.g. its osmotic pressure, at the same temperature 
and pressure. 

However, it must be borne in mind that the activity coefficients 
depend on temperature and pressure, as well as on composition, as 
discussed in the last section. Therefore a determination of the 
activity coefficient of the solvent in a particular solution by measure- 
ment of its freezing-point depression could not be used for the purpose 
of an accurate calculation of the boiling-point elevation of the same 
solution, without an additional knowledge of the enthalpies which 
appear in equation (9-25). Over appreciable ranges of temperature, 
the temperature-dependence of the enthalpies themselves must be 
allowed for, this dependence being expressible in terms of molar and 
partial molar heat capacities. , 

The various methods of determining activity coefficients will not 
be discussed in detail but may be summarized as follows. 


(a) Vapour-pressure measurements. The principle of this 
method has already been discussed in §9-2. For types of solution such 
as an alcohol-water mixture, where all of the components are liquids, 
the activity coefficient of each component is calculated using Con- 
vention I. That is to say, Raoult’s law is taken as the criterion of 
ideality and the activity coefficients are evaluated by use of equation 
(9- 6). On the other hand, for solutions such as salt in water or oxygen 
in water it is convenient to distinguish between the solvent and the — 
solute. The activity coefficients are therefore calculated on the hasis 
of Conventions II or III. For the solvent, Raoult’s law is the criterion 
of ideality and the coefficients are again evaluated by use of ‘equation 


Tt The student may confirm that this is the case by carrying out eidetivation 
de novo of equations (9°35), (9°36) and (9-37) below. 

t For a more complete discussion see Lewis and Randall, Thermodynamics 
(New York, McGraw-Hill, 1923) or Glasstone, Thermodynamics for Ohemiste 
(New York, Van Nostrand, 1947). 
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(9:6); for the solute, Henry’s law is the criterion and (provided that 
the partial pressure is measurable) the activity coefficient may be 
evaluated by use of equation (9-4), | 


p= Kyy 


In order to apply this equation it is necessary to know the value 
of K;. Consider, for example, a solution of oxygen in water. By 
determining the value of the ratio po,/%o, in a series of very dilute 
solutions and extrapolating this ratio to infinite dilution we obtain 
the value of Ko,—since Yo, is unity at infinite dilution. The same 
value of Ko, can then be used to calculate yo, in solutions which are 
not very dilute, by substitution in the above equation. 

Henry’s law can also be expressed in terms of the molality scale 
and Convention III. Let the above equation, relating to Convention 


pone et p=Kyynt. (9-32) 
Then the analogous equation relating to Convention ITT is 
p=Kyrym™:, (9-33) 
where Ky =exp{(uo—p°)/RT}. 
Application of equation (9-5) and (9-19) shows that the relationship 
between Ky; and Kyy7 is My 
Kiri= 7999 Eu: (9-34) 


The corresponding relationship between the activity coefficients 
Yrr and yzq7 is given by equation (9-20). 


(b) Application of Nernst’s distribution law. If a solute is 
distributed between two solvents « and f, then in place of equation 
(8-38) we have ait 

ebb ’ (9-35) 
where x* and 2? refer to the mole fractions of the solute in the two 
solvents and y* and yy are the corresponding activity coefficients. 
The ratio NV is a constant at a particular temperature and pressure, 
and its value can be determined experimentally by extrapolating 
measured values of the ratio 2/2 to infinite dilution.. . 

Let it be supposed that 4 is known by some independent method; 
then the above equation can clearly be used for the purpose of 
calculating y«. Alternatively, it may be that, by suitable choice of 
the solvent f, the value of y? is effectively unity even in solutions of 
appreciable concentration. In this case the equation can again be 
used for the calculation of values of y+. 
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(c) Freezing-point depression. In place of equation (8-47) we 
obtain for a non-ideal solution - 


1\ _(Lu~AcyTu) (L_ 1) , Acoy, (Tu 
ae Sa Ce a Sd 
where 7’ is the freezing-point of a solution in which the mole fraction 
and activity coefficient of the solvent are x and y respectively. 
Ly, Ac, and T'y refer to thé pure solvent. The measurement of the 
freezing-point depression can therefore be used for a determination 
of the activity coefficient. 

It will be noted that it is the activity coefficient of the solvent 
which is obtained as a result of the measurement. The value also 
refers specifically to the temperature 7’ at which melting takes place. 


(d) Osmotic-pressure measurement. For a non-ideal solution 
in place of equation (8-57) we obtain 


= ae. (9-37) 
m ! 
and therefore y may be determined from a measurement of the 
osmotic pressure. The activity coefficient and the mole fraction refer, 
of course, to the species which is able to pass through the semi- 
permeable membrane. Therefore it is the activity coefficient of the 
solvent, e.g. water, which is normally determined by this method.} 


(e) Solubility measurements. Consider a solution of a substance 
in a certain solvent and let 29° and y%*- refer to the mole fraction 
and activity coefficient respectively of this solute when it is saturated. 
The value of 22° can be varied somewhat, at constant temperature, 
by addition to the solution of other substances. On the other hand, 
intherelation pdt. = pt + RT In y* 35%, 
the values of pS and yw are both unchanged by the addition of 
these other substances—the former because it is equal to the chemical 
potential of the solid solutet and the latter because it is in any case 
independent of composition. 

It follows that for any saturated solution of the solute, at a fixed 
_ temperature, the quantity yet sat. (9-38) 


is also independent of the presence of other solutes. This principle _ 
can be used as a method of measuring y%**-, but it will not be discussed 
further as the method is of rather limited value. 


+ The value of y, as obtained by this method, refers to the pressure P’ of 
the solution, but may be corrected to any other pressure, e.g. atmospheric, 
by use of equation (9°30). (See Problem 5 below.) : Rar te 

+ It is assumed that the added substances do not form solid solutions with 
the solute. 
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9°7. The Gibbs-Duhem equation applied to activity coefficients 


In §7:1 we obtained the following form of the Gibbs—Duhem 
equation as applied to a two-component solution in which the mole 
fractions are x, and 2,: 


#) ) 
x,(-2) +2,() <0. 9-39 
ee rp \Oka) 7 p et) 


Now the activity coefficients are defined by the relations 
Ma=fet+RT Iny gry, 
My =p + RT In y, 2%. 


Performing the necessary differentiations and substituting in (9-39) 
we obtain the following alternative form of the Gibbs-Duhem 


equation: 3 
In¥q olny, 
| Oita ) tl Ot, )e is . ou) 


This relationt shows that the activity coefficients are not independent. 
Any empirical or theoretical equations which purport to express 
the activity coefficients as functions of composition must be such as 


will satisfy (9-40). Typical of such equations are those of Margules 
and van Laar discussed in § 7:8. 


9-8. The calculation of the activity coefficient of the solute 


As described in § 9-6 the immediate result of measuring a freezing- 
point depression or an osmotic pressure is the activity coefficient of 
the solvent. Provided that these results are available over a range of 
concentrations which extend up to very high dilution it is possible to 
calculate the activity coefficient of the solute by integration of the 
Gibbs-Duhem equation. 


Equation (9-40), referring to a binary solution, may be written 
tdny,+%diny,=0, 
‘where it is understood that we are concerned with changes of com- 
position at constant temperature and pressure. Therefore 


diny,= ~Fdiny, 


=- (- =) diny,. (9-41) 


t The student should check the consistency of the various equations by 
carrying out an alternative derivation of (9-40) by use of the Duhem-Margules 
equation (7-42) together with (9-4). 
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We shall regard species A as being the solvent whose activity coeffi- 
cients are already known. 
Integrating the equation over the range x, =0 to x= x, we obtain 


wie [(S}ime om 


where y, is the value of y, at the particular mole fraction of the solute 
which is the upper limit of the integration. The value of y, at the lower 
limit, x,=0, has been put equal to unity in accordance with Con- 
vention IT. ; 

Provided that experimental values of y, are available over the 
range of integration it is possible, at least in principle, to evaluate the 
integral by a graphical method and thus to obtain y,. However, it 
will be seen that the term (1—2,)/z, in the integrand approaches 
" infinity as x,—>0. Of course this does not imply that the area under 
the curve of (1—z,)/z, plotted against In, is infinitely large, but 
it does make it difficult to estimate the area with any accuracy. 

A device for avoiding this difficulty, consisting in a change of 
variable, has been described by Lewis and Randall.j An alternative 
proceduref is to assume a simple algebraic relationship between 
In y, and 2, in the region where 2, is very small. An expression which is 
suitable when the solute, species B, is a non-electrolyte is 


In y,= constant x 23, . (9°43) 


which is based on using only the first term on the right-hand side of 
equation (7-63). Now the integral in (9-42) can be separated into the 
sum of two integrals each extending over part of the range: (1) An 
integral over the range-2,=0 up to a very low mole fraction 2, =25, 
where (9-43) is still valid. The use of this equation then allows of a 
direct mathematical integration over this part. (2) An integral 
extending from 2% up to the particular mole fraction 2, which is of 
interest. The latter can be evaluated graphically by using the experi- 
mental data. For more adequate discussion the reader is referred to 
' the literature. 


9-9. Excess functions of non-ideal solutions 


In the literature the thermodynamic characteristics of solutions, 
especially of non-electrolyte mixtures, are frequently expressed by means 
of the excess functions. These are the amounts by which the free energy, 
entropy, etc., of the given solution exceed those of a hypothetical ideal 


+ Lewis and Randall, Thermodynamics, Chapter xxu. Also Glasstone, 
Thermodynamics for Chemists, Chapter xvi and Problem 6 below. 

¢ Guggenheim, Thermodynamics, pp. 252-3. This discussion is in terms of the 
osmotic coefficient as defined in §9-11 below. 
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solution of the same composition. (For a criticism of the use of the excess 
functions the reader is referred to a paper by Everett.) 

The excess Gibbs free energy is closely related to the activity Coot: 
cients. The total Gibbs free energy of a solution is 


G=In, Mi. 
In this equation we substitute from (9-1) and obtain 
G=in, ws + RTZn,Ina,4+RTin, ny, (9-44) 
and if the solution were ideal the last term would be zero. The excess free 
energy is therefore GF=R TEn,Iny,. (9-45) 


Differentiating this expression at constant temperature we obtain 
dq = RTin,d ln Vi + RTS In y,dn,. 


Under conditions of constant temperature and pressure the first term on 

the right-hand side is zero, as follows from the Gibbs—-Duhem equation. 

Therefore Lag 

=RTIny;. 9-46 

(F f,P, ng m 

If some molecular theory of the solution can be used to obtain an expres- 

sion for G* as a function of the composition, the activity coefficients of 

the various species can evidently be determined by differentiation of 
G* with respect to the mole numbers. 

It is essential that any theoretical or empirical expression for @? 
shall be a homogeneous function of the first degree in the mole numbers. 
That is to say, the expression must be such that increasing each of the 
mole numbers & times shall increase G" & times. This follows from the 
fact that the Gibbs free energy is an extensive property of a system. The 
expression must also, of course, approach zero under the limiting con- 
ditions where the solution approaches ideality. 


9-10. The activity 


The product of the mole fraction x, of a component of a solution and 
its activity coefficient y, is often called the activity of this component 


a= 1%4- (9-47) — 
Similarly on the molality scale 
A= Yim, (9-43) 


(and, of course, neither the a’s nor the ‘y’s in these two equations have 
the same numerical value)... 

In some of the American text-books definitions of the activity and 
activity coefficient are used which are not quite identical with those 


- + Everett, Disc. Faraday Soc. no. 15 (1958), p. 126. Some typical curves 
for the excess functions of a binary mixture are falas given by this author on 
p. 177 of the same volume. . 
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adopted in the present chapter. The difference depends on the effect of 
total pressure on the free energy of a liquid phase and is usually trivial 
unless the solution under discussion is at a pressure greatly in excess of 
one atmosphere. 
The difference of usage can be illustrated by considering the solvent 
in @ particular solution. Let «4 be its chemical potential and let x be its 
mole fraction. According to the usage of the present chapter its activity 
coefficient y and its activity a are defined by tho relations 


p=pt+RTinye . (9-49) 
=p*+ RT Ina, (9-50) 


where * is the chemical potential of the pure solvent at the same tem- 
perature 7' and also at the same pressure P as the solution under dis- 
cussion. . 

In most American text-books, on the other hand, the activity coefii- 
cient and activity are defined by means of the relations 


p=ews+RTinye — (9°51) 
=ps+RT Ina, (9-52) 


where p4 is the chemical potential of the pure solvent at the same 
temperature T' as the solution but at a standard pressure of 1 atm.t 

These definitions are clearly not quite the same; y* is taken to vary with 
the pressure P of the solution whilst BA does not. However, provided that 
this pressure is not excessive the numerical values of the activity coefti- 
cients according to the two definitions will not differ significantly. 

The dependence of +, as defined in (9-51), on the pressure P, is given by 
a formula similar to equation (9-30) but not containing v,, the volume per 
mole of the pure solvent. The theoretical disadvantage of this definition 
of the activity coefficient is that its numerical value is a measure not only 
of the deviations from ideality but also of the effect of the total pressure. 


9-11. The osmotic coefficient 


Still another function which is used, especially in connexion with 
electrolyte solutions, is the osmotic coefficient of the solvent. This is 
simply a logarithmic function of the activity coefficient, as already 
defined, but it is useful whenever the activity coefficient of the solvent 
differs from unity by only a very small amount. For example, in the case 
of dilute electrolyte solutions, the activity coefficient of the solvent may 
differ from unity by less than one part in 10‘, whilst the activity coefti- 
‘cient of the solute may differ from unity by several per cent. In such cases 
- itis desirable to use a function which results in a larger numerical measure 
of the departure of the solvent from ideality. 


} Alternatively ya=a=f/f, 


where f is the fugacity of the solvent in the solution and /* is its fugacity as 
a pure liquid at one atmosphere pressure. 
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The osmotic coefficient g of the solvent is defined by the relation 

Po=Hj5 +gRT Inx, (9°53) 
where g>l as 2->1. 
The relation between g and the activity coefficient-y, of the solvent is 
obtained from equations (9-3) and (9-53) 

Hg + RT In y,%=p% +gRT In xp, 

and therefore Iny)=(g—1)Inzy. (9-54) 
The osmotic coefficient g differs from unity by a much larger amount than 


does 79. The usefulness of g in a region of concentration where Yo has a 
value of, say, 0-9999 will be apparent. 


PROBLEMS 


1. The Bunsen absorption coefficient is the volume of a gas (reduced to 
0°C and latm) which dissolves in unit volume of a solvent when the 
partial pressure of the gas is 1 atm. Show that the Bunsen coefficient is 
proportional to the reciprocal of K,, as defined by equation (9-4), when 


the solution is dilute, 


2. The partial pressure of mercury above an amalgam with thallium 
in which its mole fraction (i.e. the Hg) is 0-497 is 43-3 % of its value over 
pure mercury at the same temperature (325°C). Calculate the activity 
coefficient of the mercury in this solution. What is the change in free 
energy in transferring 1 mole of mercury from an infinitely large 
quantity: of this solution into pure mercury at the same temperature 
and pressure ? 


3. The melting-point of é iron is 1808° K and the latent heat of fusion 
is 3670 cal/gatom. The heat capacity of the liquid iron exceeds that of 
the solid by about 0-3cal/gatom°C. Show that the difference of free 
energy of liquid and solid iron as a function of temperature at constant 
pressure is given in cal/g mole by 


AG = 3130 —- 0:37 In T + 0-5187". 


At 1673° K a liquid mixture of iron and iron sulphide containing 0-870 
mole fraction of iron is in equilibrium with almost pure solid 8 iron. 
Estimate the activity. coefficient of the iron in this liquid melt. State 
clearly the reference basis. (C.U.C.E. Qualifying, 1951] 


4. Two partially miscible liquid substances A and B are in equi- 
librium with each other. If y, and y, are the activity coefficients (on 
Convention I) of the components in one of the saturated phases, in which — 
the mole fraction of component A is 24, and if y, and , are the corre- 
sponding activity coefficients in the other phase, show that these are 
related to each other as follows: . 


elVaVe~ YaYs) = Val¥5— Vo)» 
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5. At 0°C the oamotic pressure of a solution containing 141-0g of 
cane sugar per 100g of water is 134-7latm. Calculate the ratio of the 
vapour pressure of this solution to the vapour pressure of pure water at 
the same temperature and compare with the observed ratio of 0-8988. 
The mean partial specific volume of water in the solution between 1 and 
135 atm is 0-98321 cm*/g. , 


6. Transform equation (9-42) to the form 


ao 
in(”27*) = ~0— "Par, 
r o7 
where r= 2,/2, and h is defined by 


pa Yate 
ft 


+1, 

r and h’ are the particular values of these variables at the mole fraction 
a2, at which it is required to calculate y,. (This is the change of variable 
used by Lewis and Randall and referred to in § 9°8. ) 


7. If a binary solution has the following properties (a) the entropy is 
the same as that of a hypothetical ideal solution of the same composition, 
and (b) the enthalpy, per mole of the mixture, exceeds that of the corre- 
sponding ideal solution by an amount bx,%,, where 6 is a function of 
pressure only, show that its activity coefficients are given by 


RT in y, = 623, 
RT Iny,= 62% 


The vapour pressures of pure liquid benzene and pure liquid cyclohexane 
at 40°C are respectively 182-6mm Hg and 184-5mm Hg, and at this 
temperature they form an azeotrope containing 49-4mole % benzene, 
and exerting a total pressure of 206-2mm Hg. 

Examine whether this azeotropic data is consistent with postulates 
(a) and (b). Estimate the total pressure of the vapour which would be in 
equilibrium at 40°C with a liquid containing 12-8 mole % benzene. 

[C.U.C.E. Qualifying, 1950] 


8. At atmospheric pressure ethyl acetate and ethyl alcohol form an 
azeotropic mixture containing 53:- ‘Smale % of the former component 
and boiling at 71-8°C. 

Estimate: (a) the values of the constants A and B in the empirical 
equations of van Laar: 


A 
1081071 = 7 ages? 
(+55) 
Be, 


B 
lo8te Y= 7"? 
(+22) 
A 


ET la ke id Ba a 
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and (0) if A and B remain unchanged, the azeotropic composition and 
the corresponding total pressure for boiling at 563° C. 
The vapour pressures, in mm Hg of the pure liquids are as follows: 


71:8°C 56-3°C 
Ethyl] alcohol . 587 298 
Ethyl acetate 636 360 


[C.U.C.E. Tripos, 1950] 


9. Both phases of a two-phase two-component liquid-vapour system 
are ideal solutions. The components are 1 and 2 respectively, and when 
the mole fraction of 2 in the liquid phase is z, that in the vapour phase is 
y and the total vapour pressure is p. 

For pure component 1 at temperature 7’, the vapour pressure is p, and 
the liquid volume is v;. The corresponding quantities for pure component 
2 at the same temperature are p, and v;. For a pressure p between 7, 
and p, the compressibility factors of the pure vapours at T are a,+6,p 
and a,+b,p respectively where a,, 6,, etc., are constants. 

If p, is greater than p,, which of these quantities must be estimated 
indirectly ? 

If the liquid is under the vapour pressure due to the two components 
only and v, and v, are not affected appreciably by pressure, show that 
for a given 2, the values of y and p can be calculated from the simultaneous 


equations p,\% ot 
(l—y)=(1-2) (2) exp{(zh—2] (pny), 


y=o( 2)" exp (3-2) (p -py)\. 


[C.U.C.E. Tripos, 1950] 


10. The activity coefficients of the components of certain binary 
mixtures are given by the relations 


RT Iny, = a2, 
RT ln y,=a24, 


where « is a function of pressure only. Obtain expressions for the increase 
in the Gibbs function and enthalpy in the process of mixing the pure 
components at constant temperature and pressure. 

In a steady-flow process an equimolal mixture, for which « = 100 cal/g 
mole, is separated into the pure components by « process of distillation. 
The inflow and outflow are at 20°C and latm. The only source of energy 
is a heat reservoir maintained at a steady temperature of 100° C. Calculate 
the amount of heat which must be removed by cooling water at 20°C, 
per mole of the mixture distilled, if the energy of the reservoir is used at 
maximum efficiency. [C.U.C.E. Qualifying, 1952] 
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11. Two components A and B, boiling-points 7',, T,, form an approxi- 
mately regular binary solution. Their activity occas: in the mixture 


are given by RTIny,=22%, 


RT ny, = 23. 
The solution forms an azeotrope boiling under atmospheric pressure 
at T,. 
By using Trouton’ rule show that the mole fraction x of component A 
in the azeotropic mixture is given by the aaa relation 


1- —")"= 3 _%,-T, 
~ P,—T, =i 
‘The variation of latent heat with temperature may be neglected. 
[C.U.C.E. Qualifying, 1953] 


12. A binary solution is in equilibrium with its vapour and the latter 
may be assumed to be a perfect gaseous mixture. 

If the latent heats L, and L, of the two components do not vary signi- 
ficantly over the temperature range, show that 


so I, 1 y, lL, 1 
mah R (7, 7) , Maya R (7, 7) , 
where 7',, T', and T are the boiling-points of the two components and the 
solution respectively, at the same pressure. 
If the solution may be assumed to be ideal, obtain an expression for 
its composition as a function of its boiling-point. 
[C.U.C.E. Qualifying, 1955) 
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CHAPTER 10 


REACTION EQUILIBRIUM IN 
SOLUTION. ELECTROLYTES 


10-1. Reaction equilibrium in solution 
The condition of equilibrium for the generalized chemical reaction 


xv; M,=0 
-was shown in § 4:4 to be Uy, 4,=9. (10-1) 


This expression is applicable to a reaction in any phase, or in any. 
system of phases which is in equilibrium, and it contains the whole 
of the purely thermodynamic knowledge concerning the reaction 
equilibrium. 

' The form taken by the equilibrium constant depends on the type 
of expression which is substituted in the above equation for the 
purpose of expressing the chemical potentials in terms of the com- 
position; this in its turn depends on additional physical knowledge 
concerning whether or not the real system in question may be 
approximately represented by means of a model, such as the perfect 
gas or the ideal solution. If the system does not approximate to 
either of these models it is still possible, of course, to formulate an 
- equilibrium constant in terms of fugacities or in terms of mole frac- 
tions and activity coefficients. However, this isa purely formal process; 
the fugacities and activity coefficients are themselves defined in 
terms of the chemical potentials and therefore the knowledge con- 
tained in equation (10-1) is in no way increased. 

As mentioned in §7-3 it is always possible to discuss the equi- 
librium of a reaction in solution in terms of the partial pressures in 
the saturated vapour above the solution (provided that this vapour is 
a perfect mixture). However, for many purposes it is more useful to 
express the equilibrium constant of a liquid phase reaction directly 
in terms of the composition of the liquid. This is done by substituting 
in equation (10-1) any of the expressions for the chemical potential 
of a component of a solution which have been developed in the last 
two chapters. It will save space if the equations are developed in 
a general form applicable to a non-ideal solution. The limiting forms 
of these expressions applying to reaction equilibrium in an ideal 
solution may be obtained by putting the activity coefficients equal 
to unity. . 
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If the composition and the activity coefficients of all species are | 
expressed on the mole fraction scale (Conventions I and II of the 
last chapter) we obtain from equation (10-1) together with (9-2) or (9-3) 


Ly, pt + RTS», Iny;2; =. 


Rearranging — RT ln Il (y;2,)* = Xv, pF, (10-2) 
or — RT In K=AGi, (10-3) 
where K=II(y,2,)" (10-4) 
and AGE= iv, pF. (10-5) 


Similarly, if the composition and the activity coefficients are 
expressed on the molality scale (Convention ITI of the last chapter) 
we obtain from equations (10-1) and (9-16) 


— RT In K=AG3, (10-6) 


wheret K=II(y,m,)% . (10-7) 
and . AGP= Xp; pP. (10-8) 


The significance of the quantities uf and uw? were discussed in 
Chapters 8 and 9; they refer to certain definite composition states but 
otherwise to the same temperature and pressure as that of the 
reaction system under discussion. Let it be supposed for the moment 
that this system is at 1atm and 25°C. Then the sums Xy,u* and 
v,“;, which appear in equations (10-5) and (10-8), will be equal to 
the corresponding sums of the free energies of formation of the various 
compounds from their elements,{ as quoted in the literature for the 
standard pressure of latm and a temperature normally chosen as 
25°C and in the appropriate composition states. The application of the 
above equations then. allows of a calculation of K at 25°C and 1 atm, 
and its value at other temperatures and pressures can be computed 
by use of the equations of § 10-4 below. 

The composition states to which the free energies of formation 
normally refer are either (a) the pure liquid (this corresponds to the 
use of 4* and Convention I) or (6) the hypothetical ideal solution of 
unit molality (corresponding to the use of #7 and Convention III). 
For example, the free energy of formation of sucrose in aqueous 
solution refers to 1 mole of this substance in a hypothetical ideal 
solution of unit molality, formed from graphite, hydrogen and oxygen 
each at 1 atm pressure. ; 

+ Although the same symbol has been used, the K’s of equation (10-4) 
and (10-7) are not equal numerically. 

{ More simply we could take each p* or 29 as being equal to the free energy 


of formation of the particular compound in the same temperature, pressure 


and composition state. This would be equivalent to taking the free energies 
of the elements as zero. (See p. 147.) 
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There is clearly no necessity that the composition should be ex- 
pressed in the same terms—mole fractions or molalities—for all 
species taking part in the reaction. In considering a problem con- 
cerning reaction equilibrium in solution it is always best to start out 
with the general relation (10-1) and to substitute in this equation 
whatever expressions for the chemical potentials seem appropriate 
to the particular problem. 

As an example consider the formation of urea in aqueous solution 
by the reaction 

CO, (9) + 2NH; (9) = CO(NH,), + H,0. 


It will be supposed that it is required to calculate the equilibrium 
constant from known values of the free energies of formation of the 
various species. At 25° C these are reported in the literature as follows 
(cal/g mole): 


CO, (9) AGf = — 94,260 
NH; (9) | : AGi= — 3,976 
H,0 () AGt= — 56,690 


CO(NH,), (ideal one molal solution) AG*=—48,720 
Now the general condition of equilibrium for the reaction is 


Loo, + 2/H, = Hut Ma,0> 
where the subscript u denotes urea. Consider first the CO, and the 
NH. If in the above equation we substitute the relations 


: Hoo, = Heo, + RT In foo,» : 
HoH, = Nn, an RT In fyu, 
the quantities ufo, and “fq, will clearly refer to CO, and NH, in the 
same physical states as for the given free energies of formation, 


namely, the gases at ] atm pressure (strictly unit fugacity). Similarly 
for the water if we substitute 


Yn,0=8,0+ RT Inyy,07p,0; 
the quantity “%,o will refer to the same physical state} as for the 
given free energy of formation, namely, pure liquid water (vy,9=1). 
Finally, with regard to the urea if we substitute 


My =fy + RT In y,m,, 
the quantity vo will refer to the same state} as for the given free 


¢ Strictly speaking vf, and «2 refer to the total pressure P of the reaction 
systern in question, whereas the standard free energies of formation refer to 
unit pressure. However, as shown in §§4:10~4-12, the effect of pressure on 
condensed phases may usually be neglected. Using the notation of those 
sections 4$,0., the chemical potential of water at 1 atm pressure is not 
significantly different from 4,9, the chemical potential at pressure P. 
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energy of formation, namely, the hypothetical ideal solution of unit 
molality. 

It is the identity of the reference states for uRo,, etc., with those 
for the given values of the free energies of formation that makes the 
above equations (rather than any other formal alternatives) the 
most suitable choice for a substitution in the general condition of 
equilibrium. The result is to obtain a ‘mixed’ equilibrium constant 
given by 


Yu™, YH,O7H,O 
— RT yn 2 = 1 4 n® 5 — 0. —2 ‘ 10-9 
Too, fim, BG + h,0— HG0,— 2a, —«(10°9) 


If 7’ =298-16° K the numerical value of the right-hand side of this 
equation is —3200cal/mole, being equal to the corresponding sums 
-and differences of the free energies of formation of the various 
substances in the same states. 

If the gas pressure is not too high and if the solution is dilute this 
may be approximated by oe 


~ RT In—“*"Hi0__ — 3200cal/mole at 7'=298-16°K, 
Poo, PNH; 
and under the same conditions a further approximation is to put _ 
tyo=l. 
brief the kind of equilibrium constant which is used in a prac- 
tical problem is entirely a matter of choice and is most conveniently 
decided in relation to the standard states which are conventionally 
adopted for the various substances which take part in the reaction. 
In the case of dissolved substances in aqueous solution the free-energy 
data are almost invariably reported for the state of an ideal solution of 
unit molality, in accordance with Convention III of the last chapter. 
On the other hand, for a reaction of the type 


CH,OH + CH,COOH =CH,COOCH,+H,0, 


it would be normal to use an equilibrium constant containing mole 
fractions of all species, since all of them are obtainable as pure liquids 
and the free energies of formation are quoted for these states. 


10-2. Free energy of formation in solution. Convention con- 
cerning hydrates 


It is useful at this stage to describe one of the important methods 
of determining the free energy of formation of substances in solution. 
Consider the equilibrium between a gaseous substance A and its 


aqueous solution ° 
: pee = pom. 
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Using the molality scale for the dissolved substance this equilibrium 
relation may be written 


Hat RT Inf,=y3 a RT Iny,m,,; ; 


or rearranging po —p°=RT In (4 Jo | ‘ (10-10) 

alt 
Since yw? and y2 are both independent of the concentration of the 
particular solution the same applies also to the ratio f,/y,m,. The 
value of this ratio may be determined therefore by plotting measured 
values of p,/m, against m, and extrapolating to infinite dilution 
where y,—1 and f,+p,. Now the difference u2—,° in equation 
(10-10) is equal to the difference of the free energies of formation of 
the substance in the hypothetical ideal solution in water of unit 
molality and as a gas at 1 atm (strictly at unit fugacity) respectively. 
If the latter is already known the equation can therefore be used to 
calculate the former, i.e. the standard free energy of formation in 
solution. 

In certain instances hydrates are formed, and, if the proportions 
of hydrate and non-hydrate are unknown, it is convenient to adopt 
the convention that the standard free energy of formation refers 
to an ideal solution in which the total molality i is unity. 

As an example consider gaseous ammonia in equilibrium with its 
solution. Since ammonia is a weak ‘base the concentration of the 
NH? ion may be neglected, relative to the concentrations of NH, 
and NH,OH, provided that the solution is not extremely dilute: The 
relevant equilibria are therefore 


NH, (g)=NH;, (soln.), (A) 

NH, (soln.) + H,O =NH,OH. (B) 

Considering the second of these, let myu,on and myq, denote the actual 
molalities of hydrate and of dissolved NH, as such, “respectively. The 
equilibrium constant takes the form myq,oq/t!nu, = K for any solu- 
tion which is sufficiently dilute for the mole fraction of the water, and 


also for the various activity coefficients, to be very nearly unity. Let 
m be the total molality 
M= Myy, + MN H.OH 


=Myy, + Kimyn, 
= myxy,(1 +). 


This equation shows that m and myqy, are proportional to each other 
in dilute solution. It follows that if the ratio Pyu,/™xH, approaches 


t+ See also Lewin and Randall, Thermodynamics, Chapter xxIv and xxxrx. 
Their procedure is equivalent to that used here. 
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cons —as may be expected from Henry’s law—the ratio 
Pyu,/™ will also approach constancy. 
Let oyu, be the chemical potential of dissolved NH, as such and 
let “in, be defined by 
ln, ="Ru, + RT In-ym, (10-11) 
so that fn, denotes the chemical potential of dissolved NH, in an 
ideal solution (y=1) in which the total molality m is unity. Con- 
sidering the gas-liquid equilibrium ((A) above) we obtain, as in 
equation (10-10), a 
/8,— Mo, = RP in 
Q 
=RTIn (?=) 
m 


where (pyq,/m)° is the limit of the measured ratio pyy,/m as extra- 
polated to m=0.} This has the value 1/56-7 at 25°C. Hence 


/tn, — ya, = — 2384 cal/mole at 25°C. 


This difference of chemical potentials is equal to the difference in the 
free energy of formation of ammonia in a hypothetical ideal solution 
of unit total molality and the free energy of formation of gaseous 
ammonia at unit pressure. The latter quantity is known from measure- 
ments on gas equilibria to be ~3976 cal/mole at 25°C. Therefore the 
former quantity has the value — 3976 — 2384 = — 6360 cal/mole. Thus 


$N, (g, 1 atm) + $H, (g, 1 atm) = NH, (aq.); AG@49g= — 6360 cal/mole, 


where the symbol NH, (aq.) denotes dissolved ammonia in the ideal 
solution of unit total molality. (And it is consistent with the same 
convention to take the free energy of formation of NH,OH as being 
equal to the above figure plus the free energy of formation of water.) 

The need for the convention arises simply on account of the 
difficulty in making an experimental distinction between the species 
NH, and NH,OH. On the other hand, the ions NH} and OH are 
readily distinguishable from the NH, and NH,OH- and the equi- 
librium constant of the process 


NH,OH=NH} +0H™ 


may be investigated by conductivity and other methods. This allows — 
of a determination of the free-energy change in the ionization, and 
thereby the total free energy of formation of the NH} and OH ions. 


{ Itis here assumed that the experimental data which are extrapolated refer 
to solutions which are not so dilute that there is any appreciable concentration 
of ions. If, on the contrary, the data refer to extremely dilute solutions where 
the ions predominate, it would be the ratio pyy,/m* which would approach 
constancy. 
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10-3. Equilibrium constants expressed on the molality and 
volume concentration scales 


If a set of reactants and products form an ideal solution over the 
whole range of composition the equilibrium constant 


K= Iz}, 


expressed in terms of mole fractions, would be constant over this 
range. As shown in §9-3 there is a proportionality between mole 
fractions and molalities or volume concentrations only in very dilute 
solution. Therefore for the same reaction system, even though it is 
ideal, the equilibrium constant expressed in either of these latter 
units would be constant only in very dilute solution. 
As an example we quote below the data of Cundall} on the equi- 


librium N,0, = 2N 0, 


in chloroform solution at 0°C. The figures were obtained by measure- 
ment of the colour of the solution, and they extend over almost the 
complete range of composition. 
The true thermodynamic equilibrium constant may be expressed 
either as ee. ce 
NOY NOs 
TNO, 70, 
MNO, YNOs 
MNO. YN, 
where the activity coefficients in. the first expression are on the 
mole fraction scale and in the second expression on the molality scale. 
If the solution were ideal the former set of activity coefficients would 
be unity and the quantity K, defined by 
K & = tho,| TNO 
would be found to be constant. On the other hand, the quantity 
K,, defined b 
= . : y Kn = Mo, /My,.0, 
would not be expected to be constant except in very dilute solution. 
In fact, using equation (9-9), the relation between K,, and K,,, is 
1000 
Kan, “itn, 5” | (10-12) 
where M, is the molecular weight of the chloroform and 2, is its mole 
fraction in a particular solution. 


t Cundall, J. Chem. Soc. 59 (1891), 1076; 67 (1895), 794. The figures quoted 
in the first four colums of the table are as calculated by Lewis and Randall 


(Thermodynamics, Chapter xxrv) from Cundall’s data. 


or as 
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The values of X,, and K,, worked out from Cundall’s data are shown 
in Table 9. Over the whole range K, varies over a two-fold range, due 
to the deviations from ideality. On the other hand, as is to be expected 
from equation (10-12), K,, is roughly constant only in the dilute 
solutions where the mole fraction 2, of the solvent is approximately 
constant. 


TABLE 9 


10-4. Temperature and pressure dependence of the equi- 
librium constant 


Consider the equilibrium constant expressed in terms of mole 
fractions together with the corresponding activity coefficients as in 
equation (10-4) K=Wy,2,)%. 


Then from equation (10-2) after rearrangement 
RinK=-—2Xp we ‘ 
mE 
The z* are functions of temperature and also, although only to a small 
extent, of pressure. The same must therefore apply to the equi- 
librium constant. The total differential of In K is therefore given by 


* 
Rd K= - (73 ID ap  HEIT = aP) 


oT oP 
yee 1 Out 
2 a dT +75 dP). (10-13) 
The term —5— at obtained in §9-5, and it was shown to be disci 


either to —h,/T? or to —H9/T? according to whether the activity 
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coefficient of the particular species is chosen as approaching unity 


Out /T 
as x;->1 or as x,->0 respectively. The sum of the terms v; Hil in 


equation (10-13) is therefore the negative of the heat of reaction when 
each of the reactants and products is in the limiting state where it 
approaches ideal behaviour (according to the choice of convention) 
divided by 7*. This ideal heat of reaction will be denoted AH®. 
Similarly, the sum of the terms v,du%/@P in equation (10-13) is equal 
to AV°®, the volume change in the reaction when each of the reactants 
and products is in the limiting state where it approaches ideal 
behaviour. Equation (10-13) may therefore be written 


AH Aye 
and the two partial differential coefficients are 
ln AH 
ae ore 
OInK\ - Aye 
and ),- RT’ (10-16) 


In accordance with the usual state of affairs for condensed phases, 
the dependence of In K on the pressure is very small and is significant 
only when very large changes of pressure are considered. For the same 
reason the temperature-dependence of In K is usually given with 
sufficient. exactness by expressing the left-hand side of (10-15) as 
a complete differential coefficient 


dinK AH 
“ar RT’ oes 
even if the total pressure is not quite constant. For example, if we 
were concerned with the reaction 


N,0,=2NO, 


in a liquid phase under its own vapour pressure, a change in tem- 
perature would clearly result in a change in the total pressure of the 
system. In this case (10-17) would not be applicable as a precise 
relation, but only in so far as the dependence of In K on the total 
pressure is negligible, 

If the equilibrium constant is expressed in terms of molalities 
together with the corresponding activity coefficients as in equation 


10-7), 
we K=M (ym), 
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_ the temperature and pressure-dependence will be the same as in 
equations (10-15) and (10-16), with AH® and AV® taken as the heat 
and volume change in the reaction at infinite dilution in the given 
solvent respectively. 

The significance of AH® and AV® in cases where a ‘mixed’ equi- 
librium constant is in use will be clear in each particular case. Con- 
sider, for example, the formation of urea in aqueous solution by the 


reaction CO, (g) + 2NH; (g) =CO(NH,),+ H,0. 


The temperature coefficient of the logarithm of the equilibrium con- 
stant which appears on the left-hand side of equation (10-9) is 
OinK AH 
. 6T ~~ RT?’ 
where AH = HY, +hy,0—heo, — 2hyu,- 
In this equation H° is the partial molar enthalpy of urea at infinite 


dilution and hyo, hoo, and hyp, are the enthalpies per mole of liquid 
water, of gaseous CO, and gaseous NH, respectively. 


10°5. Ratio of an equilibrium constant in the gas phase and 
in solution 
Let it be supposed that a liquid phase is in equilibrium with its 
saturated vapour at the total pressure P. If there is reaction equi- 
_ librium in the one phase there is also reaction equilibrium in the other. 
It will be supposed that the vapour behaves as a perfect mixture and 
the equilibrium constant is therefore 


K > Il py. 
The corresponding equilibrium constant for the liquid phase is as 
given by equation (10-4) K=W(y,2,)% 


Taking the ratio of these and applying equation (9-4) we obtain 
K 


x = ILK%, (10-18) 


where the K,; have the dipnifioancs disoussed i in §9-2. Alternatively, 
if we use an equilibrium constant K, for the gas phase which is also 
expressed 3 in terms of mole fractions, as in equation (4:38), we obtain 


05 
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10°6. Notation for electrolytes 
Consider the electrolyte M,,A, which dissociates according to 
the equation M, A, =v, M+ +y_A~, (10-20) 


where v, and v_ are the numbers of positive and negative ions respec- 
tively, obtained by the dissociation of one molecule of the parent 
electrolyte, and z, and z_ are the charges of these ions, measured in 
units of the charge of the proton. 

For example, in the dissociation 


H,SO, = 2H* + So2- r) 


we have v,=2, z,=1, v_=1, z_=—2. In this instance the parent 
electrolyte is electrically neutral and the following relation holds 
between the v’s and the z’s: 


V42%4+V_2_.=0, (10-21) 


On the other hand, this equation does not apply to the dissociation 
of a species which is itself an ion. For example, it does not apply to 


we proces HS07 =H* +SO!-, 
where vy =l1, 1, yv=l, z=-2. 


The dissociation of electrolytes is evidently a particular case of 
reaction equilibrium in solution. Electrolytes are conventionally 
divided into the classes weak and strong, according to whether the 
degree of dissociation is small or very large respectively. However, 
this distinction will not be made except where it is useful and most of 
the following discussion will be entirely general in character. 

The chemical potentials, etc., of the positive and negative ions and 
the undissociated part of the electrolyte will be denoted by the 
subscripts +, — and w respectively. The subscript 0 will be applied 
to the solvent. For simplicity the discussion will be limited to the 
case where there is only a single electrolyte in the solution, but the 
generalization to the case of mixed electrolytes may be readily 
carried out. 

The molality scale is almost invariably used for electrolyte solu- 
tions, together with the convention that the activity coefficients of the 
various solute species approach unity at infinite dilution. This is in 
accordance with Convention III of §9-4. In general, we shall discuss 
a solution prepared by dissolving m moles of electrolyte in 7, nioles of 
solvent. In the special case where n, is chosen as equal to 1000/M, 
(M, being the molecular weight of the solvent), m is the same as the 
: stoichiometric molality of the electrolyte. 
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The components of the solution are 
M% ‘moles of solvent, 
m, moles of undissociated electrolyte M,, A, 
m, moles of positive ions M*+, 
m.. moles of negative ions A*-. 
From the stoichiometry of the dissociation as expressed by equation 
(10-20) we have m= ston 


m_=v_(m—m,). 


(10-22) 


10°7. Lack of significance of certain quantities 


An infinitesimal change in the Gibbs free energy of the solution 
may be written in the usual way: 


d@G= —Sd7+VdP+y,dm,+4,.dm,.+u_dm_+pgdn. (10-23) 
This equation is formally correct, but the quantities 47, and ~_ do 
not have any real experimental significance. They are defined by the 
relations (§ 2-7) ag 

= ( 


| A a= eg: (10-24) 


7 (=) 
ia om. 2, P,m4, Me the, 


and in the first of these expressions the differential coefficient signifies 
the change in G of the system, divided by the increment dm.,, when the 
quantity of every other species, including the ion of opposite charge, is 
held constant. Now all measurements of s, relative to the elements, 
such as have been described previously for uncharged species, are 
based essentially on an integration over a finite change of composi- © 
tion. On the other hand, in the case of an ion, the variation dm,, 
at constant m_, cannot be other than an infinitesimal and cannot 
cause more than an immeasurably small change in the Gibbs free 
energy of the whole solution. This arises from the necessity for electro- 
neutrality—to cause more than a minute departure from equivalence 
in the number of ions would give rise to an impossibly large electrio 
charge.t 

Therefore the process implied in the definition of 4,, and also of 
#_, cannot be carried out to more than an infinitesimal extent, and 
these quantities are not actually measurable.t Nevertheless, it is 

t As noted in $5-4, the necessity for electroneutrality also has the effect 
of reducing by one the number of components in the sense of the phase rule. 

} Further consideration will show that this difficulty cannot be avoided by 
considering mixed electrolytes or by studies on the galvanic cell. For further 
discussion see Taylor, J. Phys. Chem. 31 (1927), 1478; Guggenheim, J. Phys. 
Chem. 33 (1929), 842; Guggenheim, Thermodynamics. 
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entirely correct to use them in a formal treatment of the thermo- 
dynamic properties of the electrolyte, and it will be shown below that 
a certain linear combination of uw, and ~_ can be measured, relative 
to the elements. 


10°8. Dissociation equilibrium and the chemical potential of 
the electrolyte 


In the case where the solution contains only the single electrolyte 
M,,A,_ the molalities m, and m_ are related through the equations 
(10° 22). Substituting the differentials of these equations in (10-23) 
and considering, for simplicity, changes at constant temperature and 
pressure, we obtain 


dG=p,dm, +v, 4,(dm—dm,) + v_p_(dm—dm,) + Uy dn, 
= (My — V4 fy —V_p_) dm, + (v6, +v_p_)Am+figdnm. (10-25) 


Now the number of moles m and n, of electrolyte and of solvent 
respectively can be varied independently. The number of moles m, 
of the undissociated electrolyte can also vary, whilst the solution is 
in process of attaining dissociation equilibrium. All variations in 
(10-25) are therefore independent. 

Two conclusions may be drawn from this. In the first place consider 
a closed system so that m and n, are actually constant. The equilibrium 
of the dissociation occurs when G is at a minimum and the condition 
of equilibrium is obtained by putting 


aa ) 
ae ee = 0. 
(Fre T, P,m, No 


From (10-25) this condition is seen to be 
fy = V4 fy +V_p, (10-26) 


and is clearly of the same form as for any other type of chemical 
reaction. 

Secondly, if the mole numbers m and n, are now supposed to be 
changed sufficiently slowly for the dissociation equilibrium relation 
(10-26) to be maintained, the general equation (10-25) reduces to 


dG =(v, 4 +v_p_) dm + pig dng. (10-27) 


Let us define a quantity 4, which we shall call the chemical potential 
of the electrolyte as a whole, by the relation 


oG 
=> , 10-28 
if Gz. PN ( ) 
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and since there are no restrictions on a change in m, the quantity 4 
has a real experimental significance. Comparing (10-27) and (10-28) 
it is seen to be related to z, and y_ as follows: 


B=V, fy Vb. (10-29) 
This particular linear combination of 1, and 4_ therefore has a reality 
which they do not possess separately. 
Comparing (10-29) and (10-26) it is also seen that at equilibrium 
= fb 
where p,, is the chemical potential of the undissociated part of the 
electrolyte. 


10°9. Activity coefficients 
Using Convention III activity coefficients may be defined by the 
relationsf f=" 4+RTIny,m . 
p_=pl+RTIny_m_, 
[y= E+ RT In yy My, (10°31) 


where the °’s are functions only of temperature and pressure and 
the y’s approach unity at infinite dilution. Substituting (10-30) in 
(10-29) we obtain 


=v, ph +v_p2+RPInys y= msm". (10-32) 


(10-30) 


Since yw, and p_ have been shown to be quantities which are not 
measurable by any actual operation thesame must apply to the derived 
quantities 44, 2, y, and y_. On the other hand, the linear com- 
bination 


VME +V_pe (10-33) 
which occurs in (10-32) will have physical significance and so also will 
the product y¥t y2>. 

_If the total number of ions is 
v=vytv_, (10-34) 
the mean ion activity coefficient y, of the electrolyte is defined by the 
equason wav, po +y_po + RT ny? msm’, (10-35) 


from which it follows that y is measurable whenever m, and m_ are 
known. Comparing (10-32) and (10-35), the physically significant 
combination of y, and y_ is seen to be 

Yo v= =Ys- (10-36) 


- + The symbols m,, etc., are here to be understood as referring to molalities, 
i.e. the number of moles of solvent is now fixed at n)= 1000/M,. 
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Although 49 and 2 are not measurable separately it is convenient 
to retain these quantities in (10-35), As will be seen from equation 
(10-30) 49 signifies the chemical potential of the positive ion in a 
hypothetical ideal solution in which the molality of this ion is unity. 
Similarly with regard to u°.+ By adopting the convention that the 
standard free energy of formation of the hydrogen ion is zero it is 
then possible to assign numerical values to the free energy of forma- 
tion of all other ions. This convention will be discussed in more detail 
in § 10-14. . . 

The equation (10-35) may also be written 


b=vyepptvipl+vRTiny,m,, (10°37) 
where the mean ionic molality m,. is defined by 
Ms = (mt m2-)¥, (10-38) 
In the case of many strong electrolytes it is known that the 
ionization is essentially complete.j In this case we have 
| m,=Vvim, 
m_=Vv_M, 


so that. m, is immediately known from a knowledge of the total 
molality m of the electrolyte. This makes possible the calculation of 
y.. in equation (10-37). Even in cases where the ionization may not 
be quite complete it is conventional to adopt the same procedure, 
i.e. to put m,=v,m and m_=v_m. Activity coefficients y, calculated 


. on this basis are sometimes called stoichiometric activity coefficients, 


since they are based on the total molality of the electrolyte. This does 
not involve any thermodynamic inexactitude, but it means that the 
stoichiometric activity coefficients include the effect of incomplete 
ionization or dissociation, as well as the deviations from ideality. 
Equation (10-36) implies that the measurable quantity y, is 
determined by the properties y, and y_ of the individual ions. Al- 
though these properties are not measurable the equation does have 
a significant result. Consider, for example, a solution containing the 
ions Nat, Kt, Cl’, Br. There are four mean ion activity coefficients 


+ In the case of an electrolyte such as BaCl,, which is not of the 1:1 type, 
a solution which is one molal for, say, the Ba** ion is two molal for the CI” ion. 
This does not affect the significance of 49 and 4° which each refer to an 


_ ideal solution which is one molal for the particular ion in question. 


¢ This is not quite the same as speaking of complete dissociation. In any 
solution of a strong electrolyte such as sodium chloride there may be a certain 
number of ion pairs, Na*Cl’, ion triplets Na*Ci?’, etc., and in this respect 
dissociation is not complete. As regards the randomness of the solution it is 
the degree of dissociation which is significant rather than the degree of 
ionization. 
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involving these ions in the given solution, but the equation (10-36) 
shows that only. three of them are independent. The relation between 
them is seen to be 

YNat,Ci- _ YNat, Br- 

YE+0I- = YK+,Br-’ 


where Yy_+,c1-» etc., denote the mean ion activity coefficients, 
The temperature coefficients of HE, wo and of y, and y_ are given 
by equations (9-27) and (9-28): 


(10-39) 


where H? and H, refer to the partial molar enthalpy of the ion at 
infinite dilution and in the particular solution where the activity 
coefficient is y, respectively. It follows that the temperature coeffi- 
cients of the physically significant quantities (vi e9+v_y2) and 
Y+ are given by the relations 


Oo [v,po+v_po He 
a (A) = — Te (10-40) 
vdln Ho_# 
7 RP ae) 
where H=v,H,+v_H, (10-42) 


and is the partial molar enthalpy of the electrolyte M, A, in the 
particular solution. H® is the value of the same quantity at infinite 
dilution. 


10-10. Phase equilibrium of an electrolyte. Solubility product 
The fact that it is the linear combination 


B=, My Vf 


which is the physically significant quantity for an electrolyte may be 
seen very clearly by considering phase equilibrium. Consider the 
equilibrium between the saturated electrolyte solution and the pure 
solid electrolyte. At constant temperature and pressure any varia- 
tion in the composition of the solution gives rise to a change in the 
free energy of this phase by the amount 


d@=ydm + pydny, 


20 DCE 
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as given by equations (10-27) and (10-29). The corresponding variation 
in the free energy of the solid phase may be written 


d@’ =p' dm’, 
where yz’ and m’ refer to the chemical potential and the number of 


moles respectively of the solid material. Since dm = — dm’ it is evident 
that the least value of G+’, the total free energy, occurs when 


pap. (10-43) 


Therefore it is the quantity », which has been called the chemical 
potential of the electrolyte as a whole, which provides the criterion 
of phase equilibrium in the usual way. Similar considerations relate 
to a solution of an electrolyte (e.g. HCl) in equilibrium with its vapour 
(§ 10-17). 

Substituting from (10-35) into (10-43) we obtain 


vp +y_p2 +RT ny’, mm’: =p. (10-44) 


Now the addition of other substances to the saturated solution may 
alter the solubility of the electrolyte, and in this case will alter the 
values of m, and m_. On the other hand, these additions do not alter 
the value of ’; the chemical potential of the solid electrolyte (provided 
that solid solutions are not formed) and also they do not alter the 
values of 49 and v2. (The activity coefficient has been defined in such 
a way that these quantities are independent of composition.) It 
follows from equation (10-44) that the product 


(S.Psy mit me (10-45) 
is constant (at fixed temperature and pressure) in any saturated 
solution in a particular solvent of the given electrolyte. This quantity 


is called the solubility product. It is only in very dilute solution that 
we can write as an approximation 


m+ m?~ = constant. (10-46) 


The temperature coefficient of (S.P.) is obtained by dividing (10-44) 
by T followed by differentiation in the usual way and the application 
of equations (10-40) and (2-1136). We obtain 


aln(S.P.) H°—h’ 

oT = =—— RT?’ 

where #7° is the partial molar enthalpy of the electrolyte at infinite 
dilution and h’ is the enthalpy per mole of the pure crystal. The 


numerator is thus equal to the heat absorbed in the process of solution 
at infinite dilution. 


(10-47) 
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10-11. Equilibrium constant for ionic reactions 
For the dissociation reaction . 
. M,, Ay_=v,M*+ +v_A?*- 
we have obtained already the condition of equilibrium (equation 
ee) fy =V4, fb, +V_p( =p); 


' where 4, is the chemical potential of the undissociated part of the 
electrolyte. Substituting in this equation from (10-31) and (10-35) 
we obtain 


— RT in K=AG3, (10-48) 
v v4 v_ 
where Kater ten (10-49) 
Yu Mm, > 
and AGT =v, ph +y_pl — ny. (10-50) 


K is the true dissociation constant of the electrolyte and is in- 
dependent of composition because of the characteristics of the 4°. 
It is only equal to the apparent dissociation constant 
| m* +m? 


K.= (10-51) 


m 


My 
under conditions | where y, and y, are unity, which is to say 
approaching infinite dilution. In all solutions which are not very 
dilute K,, is very far from being constant, due to the large deviations 
from ideality which occur in electrolyte solutions. 

Similar considerations apply when the dissociating species is itself 
an ion. For example, in a solution of carbonic acid there are the 
equltiiris H,CO,=H*+HCO;, 

HCO; =H*+C02-. 
The first and second dissociation constants are given by the relations 


Kis Yit+,H00; "a+ Macy , 
YH,CO,;”n,Cco, 
Kus Yut Yoos- ™a+™co;- 
Yauco; ™aco™ 
- Yix+ Yooe z+ ™co}- 
, Yat Yauco; “aco; 
Yau+, co; A+ ™coi- ; 


2 
YH+,HCO;~ HCO; 
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where the symbols 7aq+,co!-» 82d Yx+,n00; denote the mean ion 
activity coefficients of pairs or trios of ions which together are 
electrically neutral. Similar equilibrium constants can be set up for 
reactions between ions, such as 

2¥Fe*t + Sn** = 2Fe?* 4+ Sné", 
and also for reactions involving ions together with neutral species 
such as the solvent. . 

The temperature coefficient of In K may be obtained by differen- 
tiation of equation (10-48) and application of equation (10-40). The 
results are equivalent to those already obtained in §10-4. For example, 
the temperature coefficient of the dissociation equilibrium discussed 
above is given by ainK AH? 

| of RT?’ 
where AH? is the heat absorbed in the dissociation process at infinite 
dilution. 


(10-52) 


10°12. Magnitude of activity coefficients of charged and 
uncharged species 


At this point it is convenient to discuss very briefly the relative 
magnitudes of the activity coefficients of the ions and of the un- 
charged parent electrolyte. In the region of low concentrations where 
molality and mole fraction are proportional to each other, the extent 
to which the activity coefficients differ from unity is a measure of the 
deviations from ideality in the solution, and this in its turn depends 
on the forces between the various components of the solution. . 

Consider in the first place the uncharged components. Between 
these the attractive force is that which is known by the name of van 
- der Waals, and, according to London’s theory, the potential energy of 
the interaction varies as the inverse sixth power of the separation of 
the attracting centres. Therefore it falls off extremely rapidly with 
distance. It follows that in any solution which is moderately dilute 
the solute molecules do not interact with each other at all appreci- 
ably. As mentioned already in §8-15, each of them is present in an 
almost constant force field due to the solvent molecules. For this 
reason it is found that deviations from ideality of the order of 1% are 
generally not encountered until the mole fraction of the solute is at 
least 0-001, and in many cases the region of ideal behaviour may 
extend up to much higher concentrations and in exceptional cases 
over the whole range of mole fractions. 

Consider now the Coulombic forces acting between the various 

+ Guggenheim, Modern Thermodynamics by the Methods of Willard Gibbe 
(1933), p. 92. 
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ions. Between two ions of charges z, and z_ ata separation r the force. 


is proportional to z,z_/r?. The potential energy of the interaction 
therefore varies inversely as the first power of the separation and may 
be expected to be appreciable at quite high degrees of dilution. For 
this reason the activity coefficient may be expected to differ appre- 
ciably from unity even in very dilute solutions and to a greater extent 
the larger the charge on the ions. 


TABLE 10. Mean ion activity coefficients at 25° C+ 


7¥2HCl y+H SO, | ysMg8O; | v.Al,(80,)s 


(0-9752) 0-885 

(0-9656) 0-830 
0-9285 0-639 
0-9048 0-544 
0-8304 0-340 - 
07964 | 0-265 (0-150) 
0-7571 0-154 0-068 — 
0-8090 0-130 0-049 
1-009 0-124 0-042 
1-762 0-171 
3-208 0-264 
5-907 0-397 

10-49 0-553 

17-61: 0-742 

27-77 0-967 

41-49 1-234 


Some values of the mean ion activity coefficient 4 of hydrochloric 
and sulphuric acids at 25°C are given in Table 10. (These results 
were obtained by a method, to be described shortly, based on the 
measurement of electromotive force.) Some values for magnesium 
sulphate and aluminium sulphate are also quoted, and the effect of 
the charge of the ions in increasing the deviations from ideality is 
shown very clearly. Even in the case of hydrochloric acid, where the 
ions are singly charged, it will be seen that there are appreciable 
deviations even at extreme dilution. Another feature of the activity 
coefficients of electrolytes is that the values often pass through a 
minimum and then, with increasing concentration, rise to values 
considerably greater than unity. 

According to the theory developed by Debye, Hiickel and others, 
the departure of electrolytes from the ideal solution laws may be 

+ This data is from Harned and Owen, The Physical Chemistry of Electrolytic 
Solutions (1943), Tables 11-4~1 A, 13-11-1A and 14~9-1 A, and also from the 


extensive compilations of Robinson and Stokes, Trane. Faraday Soc. 45 (1949), 
612. _ 
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-accounted for, at least partially, in terms of the electrostatic attrac- 


tion between the ions. Debye’s limiting law which becomes valid as 
the concentration of all ions approaches zero is 
logie 74. = — 024 |2_|Z 4, (10-53) 
where z, | z_| is the positive number which is the product of the ionic 
charges for the particular electrolyte and the quantity J, called the 
ionic strength of the solution, is defined by 
I= fiz}, (10-54) 

the summation being taken over all ions in the solution. For a solution 
in water the constant a has the values 0-509 and 0-488 at 25 and 0°C 
respectively. 

The limiting law (10-53) agrees with experiment only at very high 
dilutions. Evenin the case of a 1: 1 electrolyte, such as HCl, deviations 


‘are significant when J is as small as 10-®. An empirical formula, not 


containing adjustable parameters, which can be used for many 
electrolytes up to J=0-1, is 


I 
login ¥ = — 224 | 2| 1472’ (10-55) 


where @ has the same value as above. 


10-13. Free energy of dissociation 


Consider the dissociation of a weak electrolyte such as acetic acid. 
The dissociation constant is 
M+ Myo Vi : (10-56) 

MyAcYHAc 

According to the remarks made in the previous section the activity 
coefficient yq,, of the undissociated acid can probably be taken as 
being nearly unity up to a mole fraction of at least 10-*, which corre- 
sponds to a molality in water of about 0-05. On the other hand, the 
application of equation (10-53) shows that y,, is within 1% of unity 
only when the molality of the ions is less than 10-*. It follows that 
the apparent dissociation constant defined by 


My+ Ms, am 
x0 mae =a)” rine 
where « is the degree of dissociation and m is the total molality, can 
be expected to be constant only under conditions of great dilution. 
In the Ostwald treatment of dissociation it was assumed that « is 
given by A/A,,, where A is the equivalent conductance at the molality 
m and A,, is the equivalent conductance at infinite dilution. Some 
values of K,, at 25° C worked out on the basis of this supposition, and 
using A, = 390-7, are shown in Table 11. 


se 
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TABLE ll 


The approximate constancy of the K,, values may be attributed 
partly to the fact that the concentration of the free ions in the various 
solutions is very low, so that y., is close to unity, and partly to the 
fact that the Ostwald assumption a=A/A,, is probably fairly near 
to the truth under the same conditions of high dilution of the ions. In 
general, the Ostwald method gives reasonably satisfactory results 
for dilute solutions of weak electrolytes for which the dissociation 
constant is of the order 10~— or less. 

In stronger solutions, or in the case of electrolytes which have a 
higher dissociation constant, y, is no longer close to unity. The 
assumption a=A/A,, also becomes erroneous. Whenever the con- 
centration of the ions is appreciable the ions of opposite charge 
attract each other, with the result that their speed of migration in the 
electric field is no longer independent of their concentration, as is 
supposed in the Ostwald treatment. 

In order to make proper allowance for these factors it is necessary 
to estimate the value of y,, (e.g. by use of equations (10-53) or (10-55)) 
and also to use a more adequate theory of the dependence of a on 
the equivalent conductance. For details the reader is referred to the 
literature on electrochemistry.t When these corrections are applied 
the thermodynamic dissociation constant of acetic acid on the 
molality scale at 25°C is found to be 


K=1-758 x 10-. 
(Using an independent method based on the e.m-f. of a galvanic cell 
Harned and Ehlers obtained the figure 1-754 x 10-5 in close agree- 


ment.) The standard free energy of the dissociation process at 25° C 
may now be calculated by using equation (10-48), and the value is 


AGg= w+ + HBo-—MBae 
= 6485 cal/mole. 
+ Harned ‘and Owen, The Physical Chemistry of Hlectrolytic Solutions 


(New York, Reinhold, 1943), p. 206; Glasstone, Introduction to Electro- 
chemistry (New York, Van Nostrand, 1942), p. 165. : 
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The free energy of dissociation of other weak electrolytes such as 
water and ammonia may be obtained by similar methods. For 
example for the process 


H,0 (i) = Ht (aq.)+OH- (aq.), 


where the symbol (aq.). denotes the hypothetical ideal solution of 


unit molality, we obtain 
a+ +46n-— 48,0 = +19,095 cal/mole at 25°C. 


Now the standard free energy of formation of liquid water at 25° C 
is — 56,690 cal/gmole.t Combining this with the above figure for 
the free energy of ionization we obtain 


H* (aq.)+OH (aq.), AG{,.= —37,595cal/mole, (10-58) 


this being the free energy of formation of 1 gion of hydrogen ion and 
1 gion of hydroxy] ion, each in an ideal solution at unit molality, from 
gaseous hydrogen and oxygen each at 1 atm pressure. 

Similarly for the process 


NH,+ H,O =NH} + OH, 
a measurement of the degree of ionization gives 
Rat + 8n-— Bu, — Wo = +6465 cal/mole at 25°C. 


In §10-2 the figure — 6360 cal/mole was worked out for the standard 
free energy of formation of dissolved ammonia. If this figure, 
together with the value — 56,690 cal/mole for the free energy of 
formation of water, is combined with the above result for the free 
energy of ionization, we obtain 


NHj (aq.)+OH (aq.), A@%y.= — 56,585 cal/mole, (10-59) 


and this is the free energy of formation of the pair of ions in their — 

standard states in aqueous solution. 

10-14. The hydrogen ion convention and the free energies and 
enthalpies of formation of individual ions 


It follows from what was said in §10-7 that it is impossible to. 
obtain absolute values of the free energies of formation of individual 
ions. For example, in the case of ammonia discussed above the figure 
which was obtained from experiment was the total free energy of 
formation of ammonium and hydroxyl ions when they are present 
in the solution in equivalent amounts. 


{ This is a more recent value than the figure of — 56,560 cal quoted in 
§4:10. 
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- Nevertheless for tabulationt it is convenient to be able to quote 
values for each ion separately, and this can be done if an arbitrary 
value is chosen for the free energy of formation of any one ion. 
According to the convention which is generally adopted the free 
energy of formation of the. hydrogen ion, in its hypothetical ideal 
solution of unit molality, from gaseous hydrogen at 1 atm pressure, is 
taken as zero. Moreover, this is taken to apply at all temperatures, with 
the result that the corresponding enthalpy and entropy of formation 
of the hydrogen ion are also zero, as follows from the relations 


AAG/T)/eT=—AH/T? and dgAG/aT=-—AS. 
In brief the convention is 
}H, (g, latm)=H* (aq.)+e, AG*=0, (10-60) 


and on this basis it is possible to obtain numerical values for the free 
energies of formation of all other ions. For example, from equation 
(10-58) we obtain for the hydroxyl ion 


OH (aq.), AG@{og= —37,595 cal/mole, 
and combining this with the result (10-59) we obtain for the am- 
monium 10D NHf (aq.), A@%yg= — 18,990 cal/mole. 


The procedure will now be clear by which a table of arbitrary but . 
self-consistent free energies of the individual ions may be built up. 
An important experimental method for determining these quantities, 
based on the use of the galvanic cell, has still to be described. 

The method of obtaining a corresponding table of enthalpies of 
formation of the individual ions is straightforward and need not be 
discussed in detail. As an example, the heat of formation of gaseous 
hydrogen chloride at 25°C is — 22,063 cal/mole. The heat of solution 
in water at infinite dilution is 17,960 cal/mole, with the result that 
the heat of formation of hydrochloric acid at infinite dilution is 
— 40,023 cal/mole. On the basis of the above convention the heat of 
formation of the hydrogen ion is zero, and hence for the chloride ion 


we obtain Cl (aq.), AH{,,= — 40,023 cal/mole. 


It will be noted that this figure refers equally to infinite dilution and 
to the hypothetical ideal solution of unit molality. This is because 
the enthalpies in ideal solutions are independent of composition, as 
discussed in § 8-5. 

t+ A very large compilation of free energy and enthalpy data has been 
published by the National Bureau of Standards under the title Selected Values 
of Chemical Thermodynamic Properties (Washington, U.8. Government 
Printing Office, 1952). 
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Another important experimental method for the determination of 
ionic enthalpies is based on the temperature coefficient of the e.m.f. 
of galvanic cells. From a knowledge of the temperature coefficient, 
the enthalpy change in the cell reaction may be determined by use of 
the Gibbs—Helmholtz equation. 


10-15. Activity coefficients and free energies as measured by 
the use of the galvanic cell 


The subject covered by this heading is a large one, and we shall aim 
only at describing it in outline by means of some examples. In par- 
ticular, the discussion will be confined to cells without transference. 
This is the class of cells in which the electrolyte solution has essenti- 
ally+ the same composition at each electrode. The other class of cells, 
those with transference, contain two or more solutions in contact 
which differ appreciably in composition. Between these solutions 
there is an irreversible diffusion process and a corresponding liquid- 
junction potential. Because of the irreversible diffusion, the e.m.f.’s 
of such cells cannot be discussed in a really exact manner by the 
methods of classical thermodynamics.} 

The general principles of the reversible cell have already been 
discussed in §$4-14 and 4:15. Let it be supposed that the chemical 
reaction which takes place in the cell when there is a flow of current is 


xy,M,=0 


(the stoichiometric coefficients v; being taken as negative for those 
substances on the left of the chemical equation as usually written and 
- positive for those substances on the right). (For a cell to be useful for 
thermodynamic purposes it is necessary, of course, that the cell 
reaction shall be completely known.) The electrical work done by the 
cell is equal to the decrease of Gibbs free energy. The e.mf. is 


therefore given by Ly, 4,= ~2FE, (10-61) 


where the , are the chemical potentials of the various reactants and 
products in the states in which they are present in the cell and z is 
the number of Faradays which pass through the cell for the chemical 
reaction as written. 

For any dissolved strong electrolyte M,,.A, in the cell the chemical 
potential is related to the stoichiometric activity coefficient by 


equation (10-37) =v, pitv_pl+vRTIny, mg, (10-62) 


+ As Guggenheim has remarked (Thermodynamics (1949), PP- 342, 347) the 
solution is never quite identical at the two electrodes. 

} See, for example, the author’s Thermodynamics of the Steady State (London, 
Methuen, 1951), pp. 5 and 78. 
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where the mean ionic molality is related to the stoichiometric molality 
m of the electrolyte by the relation 


m= (m2t m2) YY 
= m(vit ve-)eP, (10-63) 


A meaaurement of the electromotive force of a suitable cell‘can there- 
fore be used for the purpose of determining activity coefficients and 
also the standard free energy ‘change in the cell reactions. 


(a) The activity coefficient of hydrochloric acid. To measure 
the activity coefficient of the electrolyte M,, A,_ we require a cell in 
which one of the electrodes is reversiblet with respect to the ion 
M*+ and the other is reversible with respect to the ion A*-. 

Consider, for example, the cell 


Pt, H,|HCl(m) | Hg,Ci, | Hg, 


which is reversible to the hydrogen ion at the hydrogen electrode on 
account of the rapid process 


4H,= Ht + e@, 


and is reversible to the chloride ion at the calomel electrode on account 
of the rapid process 
4Hg,Cl,te=Hg(l)+Cl . 


This cell can be used for measuring the activity coefficient of hydro- 
chloric acid and also the standard free energy change ‘in the cell 
reaction. 


+ The cell as a whole is reversible if it is in a ‘state of stable equilibrium when 
there is no flow of current (otherwise equation (10-61) would not be applicable). 
If the direction of a small current through the cell is reversed it will exactly 
reverse all the changes taking place in the cell. 

A cell such as Zn|H,SO0,|Cu is not reversible. In addition to the process 
Zn = Zn** + 2e, the process 2H* + 2e =H, (g) can also take place with appreciable 
speed at the zinc electrode and causes short-circuiting. Both processes continue 
to take place spontaneously and irreversibly even when no current is taken 
from the cell. Thus the system is not at equilibrium. 

From a practical standpoint it is desirable also that the passage of a very 
small current through the cell, such as is jnvolved in the use of a potentio- 
meter, shall cause a negligible change in the measured p.d. (Where electrodes 
are easily polarizable a current of 10-* amp may produce a potential several 
tenths of a volt different from the reversible value.) Therefore it is desirable 
that the establishment of equilibrium at the electrodes shall be extremely 
rapid. 

Consider the metal M in contact with a solution containing the ion M*; 
the electrode is said to be reversible with respect to the ion M* if the process 
M=M*+e takes place extremely rapidly in either direction. All other con- 
ceivable electron exchange processes at this electrode must be so slow that 
they may be regarded as non-existent. 
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This reaction is 


+H, + $Hg,Cl,= HOl+He (i), (10-64) 
‘ia therefore the general equation (10-61) takes the particular form 


Pot Hag — $4, — dag, = — FE. (10-65) 
In this equation we can substitute a ¢ 


Pao = “a+ +HE1-+2RT ny, m, 


as follows from (10-62) and (10-63), m being the molality of the hydro- 
chloric acid solution in the cell when the e.m.f. has the value #. We 


also substitute Pu, = 4, + RT In pg, 


where py, is the partial pressure of the hydrogen at the hydrogen 
electrode. Provided that the cell is operating at a pressure near to 
that of the atmosphere we can also put fy,= Wh, and fyg.ci, = 03 
where the 4°’s refer to the chemical potentials of mercury and calomel 
respectively at l atm. (See p. 164.) 

The result of these substitutions is 


yam oem i 
Rint Fi = —FE, (10-66) 


where E°, called the standard e.m.f. of the cell, is defined by 


— FES = pi + 20)- + Hig — 44%, — Egor (10-67) 
which is equal to the standard free-energy change in the cell reaction. 


Under conditions where the partial pressure of the hydrogen is 
exactly 1 atm (10-66) simplifies to 


RT iny', m?— FE) = — FE. (10-68) 


It is clear that H° would be equal to the measured e.m.f. if the hydro- 
chloric acid in the cell were an ideal solution of unit molality, since the 
logarithmic term would then vanish. 

Rearranging (10-68) we obtain 


2RT Inm+ FE = FE — -2RTIny,, (10-69) 


and the two quantities on the left are measurable. It follows that 
if the sum of these two measured quantities is extrapolated to infinite 
dilution the limiting value will be equal to FH°, since Iny.,, vanishes 
at the limit. Having determined FH in this way, the equation can 
then be used for the calculation of y, , for any of thesolutions for which 
the e.m.f. has been measured. 

Considerable care needs to be exercised in the extrapolation to 
infinite dilution. One of the simplest methods is to use Debye’s 
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limiting law (equation (10-53)). In the case of a hydrochloric acid 
solution this takes the form 


and it follows that if the left-hand side of equation (10-69) is plotted, 
not against the molality but against the square root of the molality, 
the experimental points may be expected to fall on an approximately 
straight line, thereby facilitating an accurate extrapolation. On 
account of the deviations from the Debye limiting law when the 
molality is appreciable, more elaborate kinds of extrapolation are 
usually used, based for example on equation (10-55). 

Some of the recent very accurate e.m.f. measurements made by 
Hills and Ivest on the cell in question at 25°C are quoted in the table 
and the extrapolation gives the following value for the standard 


e.m.f.; EX9g = 0°26796 abs V. 


The activity coefficients worked out by these authors are in very close 
agreement with those already quoted in Table 10 in § 10-12, which 
were based on the measurements of Harned and Ehlers using a silver- 
silver chloride electrode in place of the calomel electrode used by 
Hills and Ives: | 


The value of E, can be used to obtain the standard free energy change 
of the cell reaction by application of equation (10-67). The result is 
— 6195 cal/mole of HCl (or twice this value per mole of Hg,(i,). 
Since the other two substances involved are both elements, this figure 
is equal to the free energy of formation of hydrochloric acid in its 
ideal solution of unit molality minus half the free energy of formation 
of solid Hg,Cl,. If one of these two quantities is known the other can 
be calculated. (See one of the problems at the end of the chapter.) 


(b) Single electrode potentials. In §2-9c it was shown that the 
potential difference between identical phases is a meaningful quantity, 
but not the potential difference between phases which differ in com- 
_ position. Therefore, although the e.m.f. of a complete cell is quite 

definite, it is not possible to attribute absolute values to the potentials 
of the separate electrodes. - 

However, for tabulation it is convenient to regard the e.m.f. as 
being the sum of the individual electrode potentials and to adopt the 
convention that the potential of some particular electrode is zero. 


t J. Chem. Soc. (1951), p. 318. 
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On this basis, it is possible to give numerical values to the potentials 
of all other electrodes. The fact that such potentials can be 
combined additively follows from the fact that the cell e.m-f. is 
related to the free-energy change of the cell reaction and the latter 
is a change in a function of state. 

In § 10-14 the convention was adopted that the standard free energy 
of formation of the hydrogen ion is zero at all temperatures. Thus 


+H, (g, latm)=H* (aq.)+e, AG*=0. 


Since this is the process which takes place at the hydrogen electrode 
an equivalent and self-consistent convention is to take the potential 
of this electrode as zero. That is to say the potential of the standard 
hydrogen electrode, 

Pt, H, (latm)|H* (aq.) 


(where the symbol aq. refers to an ideal solution at unit molality), is 
taken as zero at all temperatures. 
Now the standard e.m_.f. of the cell 


Pt, H, (latm)| HC! (m) | Hg,Cl, | Hg 


has been shown to be E%,,=0:26796 V. To the electrode 


CI" | Hg,Cl, | Hg, 
when written in this sequence,t we therefore attribute the standard 
potentia! E%y_=0-26796 V (abs.), 


and this refers of course to the case where the chloride ion is in an 
ideal solution at unit molality. 
By similar measurements on the cell 


Pt, Hy,| HCl (m) | AgCl| Ag, 
the Seanad e.m.f. is found to be 
X55 = 0-2224 V (abs.), ‘ 


and this is therefore the standard potential of the silver-silver chloride 
electrode when written in the sequence 
Cl” | AgCl| Ag. 
As an example of the additivity principle, it follows that the standard 
e.m.f. at 25°C of the cell 
Ag | AgCl... Hg,Cl, | Hg 


+ For conventions concerning the sign of electrode potentials see for example 
Glasstone, Thermodynamics for Chemists (New York, Van Nostrand, cas 
Chapter XIx. 
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is equal to _ —0-2224 + 0-26796 =0-0456 V, 

which is in good agreement with a directly measured value of 
0-0455 V.+ 


- (c) The standard free energy of formation of the zinc ion. It 
will be useful to discuss an example concerning an electrolyte which 
is not of the 1:1 type. Consider the cell 
Zn | ZnCl, (m) | AgCl (2) | Ag, 
for which the cell reaction is 
Zn + 2AgCl (8) =2Ag + Zn?2* + 2Cr. 
The general equation (10-61) takes the form 


eng + Hants + 2tc.-— Han —2tager= —2FE, (10: 71) 
where the factor 2 on the right-hand side arises from the fact that the 
cell reaction as written involves the passage of two Faradays. In 
this equation we can substitute for the chemical potential of the zinc 
chloride in solution by means of equation (10-62){ 


Myps+ + 2poy-= Mar +2pq-+3RTIny,m,, (10-72) 


where the mean ionic molality is related to the stoichiometric molality 
by equation (10-63) m= —4hm. (10-73) 
The result of the substitution is 
On rearranging we obtain 
3RT nm, +2FE=2FE°—3RTIny,, (10-74) 

where —2F R= yy + ponr+ + 2H81-— Hin — 2X gor (10-75) 
the chemical potentials of the various solid species having been 
written as 1°, their values at atmospheric pressure. 

The sum of the terms on the left-hand side of (10-74) can be deter- 
mined by experiment. By carrying out an extrapolation to infinite 
dilution (e.g. by plotting against ./m) it is therefore possible to deter- 


mine the value of the term 2F EF” on the right-hand side of the equation. 
The value of #° which is obtained in this way is 


E%,= 0-9834 V. 


' t Quoted by Guggenheim and Prue, Trans. Faraday Soc. 50 (1954), 231. 
¢ In working out a problem concerning an electrolyte which is not of the 
1:1 type the author actually finds it easier to start from equations such as 
(10-30). This avoids the need: to memorize, or to look up, the definition of the 
mean ionic molality, equation (10-63). 
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Now the cell can be considered as the sum of two electrodes 
Zn|Zn** and Cl | AgCi| Ag. 


The stasidard potential of the latter has been shown already to be 
02224 V at 25°C. The standard potential of the zinc electrode written | 
in the above sequence is therefore 0-7610 V. It follows that the free- 
energy change in the process 


Zn = Zn** + 2e 


is —2F.x0-7610= — 35,084 cal/gion, and this is the standard free 
energy of formation of the zinc ion at 25°C. 


(d) Redox Electrode. This type of electrode consists of an inert 
metal, such as gold or platinum, dipping into a solution containing 
oxidized and reduced ions which are in equilibrium with each other. 
For example, when platinum is immersed in a solution containing the 
ferric and ferrous ions the process 


Fe*t = Fe®* +e 


can take place in either direction at the electrode, according to the 
direction of flow of current. Measurements of the potentials of such 
electrodes can therefore be used for the purpose of calculating the 
free-energy change in the oxidation-reduction process. 


10-16. Activity coefficients by use of the Gibbs-Duhem equation 


In @ solution of an electrolyte the activity coefficient} of the 
solvent can be determined by measurement of its partial pressure, or 
from the freezing-point depression or the osmotic pressure. The 
relevant equations are the same as those developed in § 9-6. Provided 
that values of the activity or osmotic coefficient have been deter- 
mined over a wide range of concentrations, including some solutions 
which are very dilute, it is possible to calculate the activity coefficient 
of the solute in some particular solution by application of the Gibbs— 
Duhem equation. This procedure, as applied to solutions of non- 
electrolytes, was described in §9-7 and 9-8. 

Consider a solution consisting of m moles of electrolyte and ny 
moles of solvent. It follows from equation (10-27) and (10-29) that 
any change in the Gibbs free energy of the solution at constant tem- 
perature and pressure is given by 


dG=pdm-+ piodng, (10°76) 


+ The deviations from jdeality of the solvent are more frequently expressed 
in terms of the osmotic coefficient, rather than the activity coefficient, for the 
reasons discussed in §9-11. 


10-16] Reaction Equilibrium in Solution 321 


where yz is the chemical potential of the electrolyte as a whole and py 
is the chemical potential of the solvent. The complete equation 
which allows for variations of temperature and pressure is 


dG= —Sd7T+ VdP+pdm+ pydny. (10-77) 
Since G=M + gM; (10-78) 
it follows that the Gibbs-Duhem equation for the electrolyte solution 
“ ‘Sd —VdP+mdu+mdpy=0. (10-79) 


(To these equations additional terms must be added, of course, if 
there are.other substances present whose quantities can be varied 
independently.) | 

Applying (10-79) to conditions of constant temperature and pres- 
sure and rearranging we obtain . 


—md p= Ng dftg. 


If we take the quantity of solvent n) as being equal to 1000/M,, 
m is equal to the stoichiometric molality of the electrolyte. Thus 


—mdp=-T di (10-80) 
0 


The activity coefficient of the electrolyte is related to its chemical 
potential by equation (10-35) 
p=f(T,P)+RTIny, mt m-. 
In this equation, if we put m,=v,m and m_=v_m, the quantity V4. 
becomes the stoichiometric activity coefficient and includes within itself 
the effect of any incompleteness of the dissociation as well as the 
deviation from ideality, as discussed in §10-9. Adopting this con- | 
vention we obtain 
b=f(T,P)+RT Iny, m’ vs v’-, 
and therefore for any variation of composition at constant tem- 
perature and pressure : 
du=vRT(dIny,+dinm). (10-81) 
The activity coefficient y, of the solvent is related to its chemical 
potential by equation (9-16), © 
Mo= f(T, P) + RT In yx, 
_ where 2 is the mole fraction of the solvent. Therefore for any varia- 
tion of composition at constant temperature and pressure 
duig= RT dln yy2%q. (10-82) 
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Substituting (10-81) and (10-82) in (10-80) we obtain 


0 


or rearranging —dIny, id inten oo a higcke (10-83) 
M,vm 

The integration of this equation, by graphical or other methods, 
makes it possible to determine the value of y,, at some particular 
molality, from a series of measured values of yx, which extend up to 
this molality from high dilution. For this purpose it is often convenient 
to express dln 72, directly in terms of some measurable variable, 
such as the differential d7’ of the freezing-point depression.+ 


10:17. Partial pressure of. a volatile electrolyte 


In §10-10 it was shown that the equilibrium of an electrolyte in a 
saturated solution with its pure solid phase depends on y, the chemical 
potential of the electrolyte as a whole. Similar considerations apply 
to the equilibrium of a volatile electrolyte, such as hydrochloric acid, 
with its vapour. 

Let x’ be the chemical potential of hydrogen chloride in the vapour 
phase. For equilibrium with the solution 


f= ph 
= Mgt + ee)- + RT nyt My+ Mo)- 
by equation (10-35). If it is supposed for simplicity that the vapour 
behaves as a perfect gas 
b= = Wey + RT In Pager 


where Py is the partial pressure and ,° refers to gaseous hydrogen 
chloride at unit pressure. Between the two equations 


Puci 
RT ln ———= = 10,4 45, ~ po. 
yt + Mo. = a+ + HO)- — HCL 


The quantities on the right-hand side of this equation are independent 
of composition. Hence 


oo HO. = K, (10-84) 
V4 M+ Moi- 


where K depends only on the temperature and pressure. Since hydro- 
chloric acid is a strong electrolyte we can put 


Myz+ =Mq- =M, 


t For details of the integration procedure see, for example, Glasstone, 
Thermodynamics for Chemists, Chapter xvi. 
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where m is the stoichiometric molality of the solution (alternatively 
Y may be regarded as a stoichiometric activity coefficient). Hence 
finally . 


(y4.m)? is 


and K is the limiting value of pyc)/m? as the molality approaches zero. 

In principle, equation (10-85) can be used for the calculation of +. 
as soon as this limit has been determined. The difficulty is to deter- 
mine K with any certainty because the partial pressures become 
almost immeasurably small in a region of concentration where V4 
is still appreciably different from unity.t On the other hand, if values 


of y, for dilute solutions are taken from some independent source — 


(e.g. e.m.f. measurements at the same temperature), the equation 
can be used for the calculation of y, in more concentrated solutions, 
using the measured partial pressures. 


10-18. Limiting behaviour at high dilution 


Consider a solution of a single strong electrolyte whose molality is m. 
From equations (10-58) and (10-54) it is evident that the Debye limiting 
law can be written in the form 


where A is a constant and is positive. Hence differentiating with respect 
a a (10-86 
om mt | ) 


As m approaches zero the right-hand side of this equation approaches 
minus infinity. Therefore if the logarithm of the activity coefficient ‘is 
plotted against the molality (rather than against its root) the gradient 
becomes infinitely steep as the molality approaches zero. In this respect 
electrolytes differ sharply in their behaviour from non-electrolytes, and 
this is due to the long-range forces between the ions. 

Although the slope becomes infinite, the activity coefficient itself 
approaches unity. For this reason the result of equation (10-85) is in 
no way contrary to the fact that the behaviour of the solvent approaches 
Raoult’s law as a limit. This may be shown in more detail by using the 
Gibbe—-Duhem equation as developed in § 10-16. 

In place of equation (10-82), the change in the chemical potential of 
the solvent may be expressed in terms of the change of its partial pressure 
| Po Thus du,=RTdinp,, 

{ As shown in §7-45 the experimental results, as far as they go, indicate that 
Pua plotted against the square of the molality (or the Square of the mole 


fraction) probably has a finite slope at the origin, as is to be expected from 
equation (10-85). : 


21-2 © 


PHO _K, (10-85) 
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and in place of equation (10-83) we obtain 


000 
~diny, =dinm+ "dingy (10-87) 
o¥m 


or in view of the fact that the variations in question are due to the 
variation in the molality m of the electrolyte, 
_ainy, _dinm | 1000 a@lnp, 
am == dm == Myym am - 


In the extremely dilute solution where the Debye limiting law may be 
applied, the term on the left-hand side of this relation is given by equation 
(10-86). Making this substitution we obtain 
A 1, 1000 ding, 
Imt m Myym am ’ 


2 
or rearranging Po voy 7 (> _ 1) : (10-88) 
Therefore the limiting gradient of In py plotted against m is given by 
. @lnpyo Myr 


and is seen to depend on the number of ions v which are formed on dis- 
sociation of the electrolyte. 

Consider the mole fraction xv, of the solvent. In the solution whose 
molality is m the number of gram-ions of all the ions together is ym and 
the number of gram-moles of the solvent is 1000/M,. Hence 


1000/M, 
*0=1000/M,-+ vm 
Rearranging and differentiating we obtain 


din = — 100049 

My x 
and thus st = as %)>1 (ie. m0). (10-90) 
Now ( 10-89) may be written 


gy Cee ee t Mae 
m>0 8% dm 1000’ 
and combining this with (10-90) we obtain 
dln Do 
m—>0 8g 


in agreement with Raoult’s law. 
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»-PROBLEMS 


1. At 25°C the solubility of chlorine in water under a partial pressure 
of 1 atm is 0-0618 molal. Calculate the standard-free energy of formation 
of an aqueous solution of chlorine and also the free energy of formation 
of a solution which is 0-01 molal. Assume the solution to behave ideally. 


2. Using the following data, estimate the number of moles of ethyl 
acetate which may be obtained at 25°C by mixing 1 mole each of acetic 
acid and ethyl alcohol and allowing the mixture to come to equilibrium. 
Estimate the corresponding yield which would be obtained at 200°C 
under a pressure sufficient for the system to remain liquid. What approxi- 
mations are involved in these calculations? . 


AGt,, AHt,, 
EtOH (2) — 40,200 — 64,710 
AcH (1) —94,500 — 117,200 
EtAc (2) — 77,600 — 111,800 
H,0 (2) — 56,700 — 68,320 


3. The standard free energy of formation of a gaseous substance A 
at 25°C is — 25,000 cal. At 25°C its vapour pressure as a liquid is 76mm 
Hg, and at this pressure its solubility in water is 0-001 molal. Calculate — 
the standard free energy of its formation in aqueous solution according 
to the following conventions: 


(a) mole fraction scale and y, >1 as z,—>1; 
(6) mole fraction scale and y, >t as 2, >0; 
(c) molality scale and y, > 1 asm, >0. 


Sketch the probable form of the partial pressure curves of A and water 
and decide which of the above conventions it would be most natural 
to adopt. 


4. At 25°C the mean ion activity coefficient of a 4-molal solution otf 
hydrochloric acid in water is 1-762, and its partial pressure of hydrogen 
chloride is 0-2395 x 10-4 atm. 

The standard free energy of formation of gaseous hydrogen chloride is 
— 22,770 cal/mole and the standard potential of the calomel electrode 
is 0-2680V. 

Calculate the standard free energy of formation of solid mercurous 
chloride. 


5. “The activity coefficient of a component of a solution is a numerical 
factor by use of which all the deviations of the solution from ideality can 
be correlated with each other.” 

The following table relates to aqueous solutions of HCl at 25° C; the 
activity coefficients were obtained by measurement of e.m.f. and the 
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figures for the partiel pressures of HCl over the solutions were also 
obtained experimentally. 

(a) Show that these results are consistent with each other, in agree- 
ment with the above statement. 

(6) Calculate the partial pressures which would be expected for these 
solutions if they behaved in accordance with Raoult’s lew. 

The vapour pressure of liquid HCl is 41-6 atm at 20° C and 64:5 atm 
at 40° C. 


Molality 4 6 8 
Activity coefficient, y. 1-762 3-206 5-907 
Pao (atm) x 104 0:2395 1-842’ 11-10 


6. The electrochemical cell 
(Pt) H, (latm); HCl(aq.), AgCl(e); Ag 


has a standard e.m.f. of 0-2224 V at 25°C (Pt negative), and an e.m.f. of 
0-1521 V when the concentration of HCl is 3molal. The standard free 
energies of formation of HCl (g, latm) and AgCl{(s) are respectively 
— 22,740 and — 26,220 cal/gmole at 25°C. Estimate the partial vapour 
pressure of HCl above a 3-molal solution at 25°C, and the mean ionic 
activity of HCl in a solution saturated with HCl at a partial pressure of 


’ O-latm. {C.U.C.E. Tripos, 1952) 


7. Chlorine at a partial pressure of 0-5atm is bubbled through water 
at 25°C. Using the data given below estimate the concentrations in the 
solution at equilibrium of (a) dissolved chlorine, (6) hypochlorous acid, 
(c) chloride ions and (d) hypochlorite ions. Indicate clearly any assump- 
tions which must be made in using the data below for this purpose. 

The standard free energies of formation on a molality scale, in cal/g mole 
at 25°C, of the various dissolved species from the gaseous elements at 
1 atm pressure are as under: 


Cl, + 1,650 
Ht +l — 31,370 
HClO — 19,020 
H*+clo™ — 6,500 
H,O(l) . — 56,560 


[C.U.C.E. Tripos, 1950] 


8. A waste liquor consists of a 0-5-molal solution of CaCl, in water, 
and is at atmospheric temperature and pressure. It is proposed to separate 
the liquor into anhydrous CaCl, and pure water. Estimate the minimum 
work per gmole CaCl, required for the process and the corresponding 
quantity of heat absorbed. 

The free energy and enthalpy of formation of CaCl, are given below. 
The free energy figures for the ions refer to the standard state on the 
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molality scale. The mean ionic activity coefficient of 0-5-molal CaCl, 
is 0-448: | 


AGhe AH, 
(Keal/gmole) (Kceal/gmole) 
CaCl, (8) — 179-3 — 190-0 © 
Ca** (aq.) — 132-18 — 
Cl" (aq.) — 31-35 — 
CaCl, (0-5 molal) — — 209-1 


{C.U.C.E. Tripos, 1953] 


9. Nitrogen containing a trace of CO, is bubbled steadily, at latm 
pressure, through a suspension of lime in water at 25°C. Use the data 
below to calculate the percentage of CO, in the nitrogen leaving the 
system on the assumption that equilibrium is reached. State clearly any 
other necessary assumptions. 

Discuss briefly the application of the phase rule to the system. 


Solubility of calcium hydroxide 0-0211 mole/I. 
Dissociation constant of water 10-14 
Solubility product of CaCO, 0-87 x 10-* 
Standard free energies of formation AGj,, in cal/gmole 
CO, (9) — 94,260 
H,O() — 56,700 
COS” (ideal molal) — 126,400 


[C.U.C.E. Tripos, 1951) 


10. A continuous process for the manufacture of potassium chlorate 
is based on the electrolysis of an acidified potassium chloride solution. 
The feed liquor consists of a fresh 4-5 m. solution of potassium chloride 
at 25° C, together with the recirculated liquor described below. _ 

The hot liquor which leaves the cell contains a high concentration of 
potassium chlorate and on cooling to 25° C the bulk of it crystallizes out. 
Solid potassium chloride is added to the mother liquor; this is then 
recirculated to the cell, together with the 4-5 m feed solution. 

Using the following data calculate the minimum amount of energy, 
and the corresponding e.m.f., which is necessary for the production of - 
one mole of potassium chlorate from the given raw materials by the cell 
reaction KCl+3H,O = KCIO,+3H,. Mention causes of inefficiency in 
the process as it is actually carried out. 


AGioe 
(cal. per mole) 
KCl(aq.) — 98,820 
KCl(s) — 97,590 
KC10,(s) — 69,290 
H,O(!) — 56,690 


Activity coefficient of KCl in 4-5 m solution = 0-583. 


Faraday equivalent = 23,050 cal. volt-* 


equivalent—. 
[C.U.C.E. Qualifying, 1955] 
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11. It is proposed to produce benzaldehyde by the reaction of carbon 
monoxide with benzene in presence of a catalyst. The process is to be 
carried out at 50° C and 500 atm. 

Describe the calculations by which you would estimate an upper limit 
to the fraction of the benzene which could be converted to benzaldehyde 
if the available data were as given below. State clearly any assumptions 
which are necessary for this purpose. 

(a) Heat capacities and standard free energies and enthalpies of 
formation of the compounds in question at 25° C. 

(b) The densities of benzene and benzaldehyde at 25° C. 

(c) P-V data for carbon monoxide at 20° C and 30° C in the pressure 
range 0—500 atm. 

[C.U.C.E. Tripos, 1955] 
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THERMODYNAMICS IN RELATION 
TO THE EXISTENCE OF MOLECULES 
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CHAPTER 11 


STATISTICAL ANALOGUES OF ENTROPY 
AND FREE ENERGY 


11-1. Thermodynamics and molecular reality 


The whole of classical thermodynamics is based on the empirical 
laws which lead to the notions of temperature, internal energy and 
entropy as functions of state. At no point in the development of these 
laws, or of their consequences, does any reference need to be made to 
the idea that matter consists of ultimate particles, i.e. the atomic 
theory. But thermodynamics gives an insight neither into the pos- 
sible origin of its laws nor any means of making a direct calculation 

_of the thermodynamic properties of a substance. It is the purpose 
of statistical mechanics to advance knowledge in both of these 
directions. . 

First of all, it is shown that the laws of thermodynamics are a con- 
sequence of the postulates of the quantum theory, together with one 
other postulate which is of a statistical character. Secondly, statis- 
tical mechanics makes it possible to obtain important new theorems 
not known in pure thermodynamics, including methods of calculating 
heat capacities, free energies, etc., from spectroscopic data. 

Statistical mechanics is a large subject, and it is not possible to 
put forward an entirely rigorous treatment in a short compass. In 
the present chapter the main ideas will be developed in a fairly simple 
manner, and the formulae obtained will be applied in subsequent 
chapters to perfect gases, crystals and reaction kinetics. 


11-2. The quantum states of macroscopic systems 


The whole of this chapter is concerned with the quantum states of 
macroscopic systems. This is not a very familiar idea because the 
chemist or engineer becomes accustomed to thinking of the quantum 
states of single molecules, for which approximate solutions of Schré- 
dinger’s equation may be obtained. However, these solutions have 
significance only if the molecules are independent and this is not the 
case in liquids or solids. The form of statistical mechanics to be aimed 
at is one which will apply to liquids and solids, as well as to gases. 

In a diatomic molecule, as is well known, it is not possible to 
ascribe sets of quantized energy levels to each of the two atoms; the 
potential energy of interaction is mutual and, therefore, a separate 
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energy cannot be attributed to each atom. Similar considerations 

must apply, in any precise sense, to the molecules within a sample of 
liquid or solid. Here again there is a strong potential energy of inter- 

action among the component molecules, and the system is a single 

quantum-mechanical whole. We cannot speak, except approximately, 
of the quantum states of the individual molecules; we can speak only 

of the quantum states of the whole macroscopic system. 

To be more definite, let it be supposed that €, €, €:, etc., are the 
energy levels of a hydrogen molecule, as obtained by solving the 
Schrédinger equation for a single molecule contained in a vessel of 
a given volume. If there were actually N molecules in this volume 
(where N is not so large that the molecules are close together), then 
the energy levels of the total system could be taken quite correctly 
as being superpositions of the energy levels of the single molecules, 
i.e. as being Ney, (N—1)e9+4, etc. But it would not be correct to 
attribute this set of levels to a sample of hydrogen at high density, 
and still less to liquid or solid hydrogen. The calculated levels é, ¢,, 
etc., refer specifically to a single molecule in the absence of any inter- 
action with other bodies. In fact, it is only in the case of the perfect 
gas that it is really justifiable to think of each molecule as having its 
‘private’ energy, to use Schrédinger’s phrase. — 

For a mass of solid or liquid, containing a total of, say, 10”° electrons 
and nuclei, the possible quantum states could be obtained, in prin- 
ciple, by solving a Schrédinger differential equation containing 
3 x 10% terms, one for each of the necessary co-ordinates. However, 
for the present purposes it is not necessary to suppose that this equa- 
tion has been solved; all that we need for the statistical theory is the 
idea that these quantum states exist. 


11-3. Quantum states, energy states and thermodynamic 
states . 


It is evident that the thermodynamic specification of a system, 
for example the statement that it has fixed values of its energy, 
volume and composition, is a very incomplete specification from a 
molecular point of view. In the case of a crystal, for example, a great 
many distinguishable arrangements of different atoms on the lattice 
may all correspond to the same thermodynamic state, as discussed 
already in §1-17. 

According to wave mechanics the most complete statement which 
is possible about a system is a statement of its wave function, the 
quantity y which appears in Schrédinger’s equation. A statement 
of yr, as a function of the co-ordinates of the elementary particles, is 
a specification of the quantum state of the system. A great many of 
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these quantum states, indeed, astronomically large numbers in the 
case of a macroscopic system, may all be compatible with the same 
total energy, volume and composition. In brief, a great many quantum 
states are always comprised within a given thermodynamic state. 

For the purposes of illustration consider a system of four indis- 
tinguishable atoms which move about independently in a large 
container. For simplicity it will be supposed that they are free to 
move only along the x co-ordinate. Let €, ¢, etc., be the quantized 
translational energies of the separate atoms, counting upwards from 
the lowest level ¢). It will be supposed that these levels are equally 


apaced; thus (€1 —€) = (€g—€) = (€g—€) = - 


Provided that the total energy of the four atoms is at least equal to 
2e,+2€,, there is more than one quantum state of the total system | 
which is compatible with the given energy. We could have either two 
atoms with energy ¢, and the other two with energy ¢,, or we could 
have three with energy ¢, and the fourth with energy ¢,. These two 
possibilities correspond to two different quantum states of the total 
system, but to the same thermodynamic state. It is easy to see that 
any increase in the total energy of the system will give rise to a rapid 
increase in the number of quantum states which are compatible with 
this energy. 

The number of quantum states of a closed system which are com- 
patible with fixed values of its energy and volume will be denoted Q. 
It has been noted that Q increases rapidly with the total energy, for 
fixed volume. Even if the total energy and volume of the system are 
constant, Q may still be able to change in a spontaneous process, such 
as a reaction, due, for example, to a change in the nature and spacing 
of the energy levels as reaction proceeds. These points will become 
clearer in later sections. 


11-4. Fluctuations 


What is called equilibrium is the state of a closed system in which 
its various macroscopic properties do not change with time. How- 
ever, as soon as we wish to consider the interpretation of these pro- 
perties at the molecular level, it must be borne in mind that the ' 
equilibrium state is of a dynamic rather than a static character, as 
a result of the motion and collisions of the molecules. Macroscopic 
properties such as pressure, temperature and entropy have a meaning 
therefore only as a result of averaging over a great many molecules. 
For example, the pressure exerted on a manometer is the mean change 
in the momentum of the molecules per unit time and surface area. 
The number of molecules striking the surface changes from moment 
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to moment and the instantaneous pressure is therefore a fluctuating 


quantity. Of course on any large surface the probability of appreci- 


able deviation from the mean is quite trivial, but on a body of small 
area, such as a colloidal particle, the fluctuations. become observable, 
as shown in the Brownian movement. 

Similar considerations apply to the other macroscopic properties. 
For example, the density of a fluid is not absolutely constant through- 
out its bulk, but undergoes slight variations about a mean. Under 
the conditions of very low pressure prevailing in the upper atmosphere 
these fluctuations are sufficiently appreciable to give rise to the 
scattering of the sun’s light which is the cause of the blue colour of 
the sky. From measurements of the intensity of the blue it is possible 
to calculate Avogadro’s number. Another type of fluctuation which is 


_ important in the present chapter is that of energy. If a body is in 


contact with a heat bath its energy is not absolutely constant but 
fluctuates about a mean value, due to the passage of energy to and 
fro because of the molecular collisions at the interface. 


11-5. Averaging and the statistical postulate 


From what has been said it is clear that the calculation of the 
macroscopic properties of a body involves a process of averaging. 
Let it be supposed that we could determine the precise position and 


_ velocity of every molecule in the body. Then it would appear that we 


could, at least in principle, compute the future state of the system at 
any moment, and also its average properties over a long period, by 
using only the laws of mechanics. But this completely detailed 


_ knowledge of the instantaneous state of a system is clearly impossible 


in practice and also, according to the uncertainty principle, it is 
impossible even in theory. Any measurement of the position of 
a molecule disturbs the velocity and vice versa. 

A knowledge of the state of a system in complete detail is therefore 
unattainable. This is the origin of the second law, as discussed already 
in § 1-18, and it is for this reason also that it is impossible to calculate 
the average properties of a system by seeking to apply the laws of 
mechanics to the individual molecules. In order to calculate this 
average it is necessary to use an extra postulate, over and above the 
postulates of mechanics.f This postulate is of a statistical character, 


- and it asserts that if there are quantum states of an isolated system, 


all of them compatible with the fixed value of the energy, then the 
system is as likely to be found in any one of the states as in any other. 
{ For further discussion on this point see Tolman, Principles of Statistical 


Mechanics (Oxford, 1938), §25, and Born, Natural Philosophy of Cause and 
Chance (Oxford, 1949). 


. 
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Thus each of theee quantum states is to be given an equal statistical 
weight when we proceed to take the average over all these states. 
This postulate will be expressed in a more precise form at the end of 
the next section and again in §11-9. ; 


11-6. Accessibility 


It may be remarked that thermodynamics and statistical mechanics 
always deal with idealized conditions. For example, in a discussion 
on the properties of hydrogen it is tacitly assumed that this is a 
stable substance, whereas it may actually be changing into helium 
over immense periods of time. The same considerations apply to a 
mixture of hydrogen and oxygen at room temperature. In the 
absence of a catalyst, we are again dealing with a system which is 
not stable from the aspect of geological ages, but is quite stable 
relative to the duration of our measurements on the system. If 
formation of water took place it would greatly increase the number, 
Q, of quantum states of the system, and it is entirely consistent with 
what was said in §1-17 to regard the ‘driving force’ of the reaction, 
under adiabatic conditions, as being the increase in Q. However, in 
the absence of a catalyst, this increase does not take place at an 
appreciable speed. In other words, those additional quantum states 
which would occur if the catalyst were present are not accessible to 
the mixture of hydrogen and oxygen alone. 

Thus, when we compute the average properties of the hydrogen and 
oxygen mixture, we include neither the quantum states which could 
arise from the formation of helium nor those which could arise from 
the formation of water. Certain quantum states are regarded aa 
inaccessible, on the basis of our empirical knowledge of the system. 
In statistical mechanics we take averages only over those quantum 
states which are believed to be accessible, but each of these is regarded 
as being equally accessible (which is to say as having equal weight) 
when the system in question is of constant energy. 

In the averaging process we thus idealize the system which is under 


| discussion by making a sharp distinction between two classes of 


quantum states: (a) those which are taken as being totally inaccessible 
during the time taken to measure the property of interest; (b) those 
which are so readily accessible that they are all reached many times 
during this period. We average only over the latter and our postulate 
asserts that they are each reached with equal frequency. The idealiza- 
tion thus amounts to assuming very rapid rates for certain types of 


molecular process and absolutely zero rates for all other types.+ 


_ t For further discussion on accessibility see Fowler and Guggenheim, 
Statistical Mechanics (Cambridge, 1949), Chapter 1 and Mayer and Mayer, 
Statistical Mechanics, §3f (New York, Wiley, 1940). 
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‘The basic postulate may now be expressed as follows: each of the 
accessible and distinguishable quantum states of a system of fixed energyt 
is equally probable. This number of quantum states, or ‘complexions’, 
is denoted Q and will be shown to be a function of the energy, volume 
and composition of the system. The postulate will be given in a 
slightly modified and more concrete form in § 11-9. 

It may be remarked that the assumption that each quantum state 
has an equal a priori probability is less arbitrary than any alternative 
assumption, in the absence of any information to the contrary.{ 


11-7. The equilibrium state 


The statistical interpretation of the trend towards equilibrium has 
been discussed in §§1-17 and 1-18, and the significant points will be 
briefly summarized. Consider any closed macroscopic system of 
chosen energy and volume. In general, the statement of the values 
of these variables is sufficient to fix neither the thermodynamic state 
of the system nor the value of 2. Thus we need to know in addition 
whether the volume is divided internally by means of impermeable 
or non-conducting partitions, and also what catalysts are present. 
In brief, we need to know what quantum states are accessible to the ° 
system. 

The removal of a partition or the introduction of a catalyst is the 
lifting of a restraint. They may result in either of the two possi- 
bilities: either the system stays as it was, with the same value of Q, 
or it undergoes an internal change, such as the flow of energy or of 
matter, or a chemical reaction. If a change takes place our detailed 
knowledge of the positions, etc., of the particles diminishes. This is 


¢ On account of thé uncertainty principle the energy itself cannot be known 
with complete precision. Thus Q, is really the number of quantum states of a 
system whose energy lies within a small range near the eigen energy H,. 
Throughout the chapter, whenever we speak of an energy H; it is to be under- 
stood in the same sense. 

¢ In this connexion the following remarks from David Hume are very much 
to the point: ‘as chance is nothing real in itself, and, properly speaking, is 
merely the negation of a cause, its influence on the mind is contrary to that 
of causation; and it is essential to it to leave the imagination perfectly m- 
different, either to consider the existence or non-existence of the object (event) 
which is regarded as contingent....Since, therefore, an entire indifference is 
essential to chance, no one chance can possibly be superior to another, other- 
wise than as it is composed of a superior number of equal chances. For if we 
affirm that one chance can, after any other manner, be superior to another, 
we must at the same time affirm, that there is something which gives it the 
superiority, and determines the event rather to that side than the other: that 
is, in other words, we must allow of a cause, and destroy the supposition of 
chance, which we had before established (A T'reatise of Human Nature (1740), 
Book 1, Part m1, §x1). 


~~ 
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equivalent to an increase in ©, the number of quantum states which 
the system can take up, each of which is compatible with the given 
values of the energy and volume. An irreversible process, in a system 
of constant energy and volume, thus corresponds to an increase in 
the number of accessible quantum states. The equilibrium state of 
such a system, i.e. the state in which there is no further change, is 
therefore the state in which Q has reached its maximum value. 

_ It may be remarked, once again, that the need for the basic postu- 
late arises because of our inability to predict which one of the Q 
states the system will actually be in, at any given moment. Failing 
the possibility of prediction the next best thing is to assume that the 
system is as likely to be in any one of the quantum states as any other. 

So much for the effect of lifting a restraint. In the converse case, 
where a partition is inserted, or a catalyst is removed, the value of Q,. 
or at any rate the value of In Q, is not significantly affected. Intui- 
tively this is fairly plausible, and we shall not seek to prove it in 
detail; if a gas is uniformly distributed throughout a vessel, the 
replacement of a partition between the two halves of the vessel does 
not cause any significant decrease in the logarithm of the number 
of accessible quantum states. 


11-8. Statistical methods 


In the setting up of the statistical theory there are several alter- 
native procedures, and the newcomer to the subject often finds it 
difficult to see the connexion between them. The essential problem, 
of course, is that of averaging and the various methods differ prin- 
cipally in the following respects: 

(1) Whether the averaging is carried out over 

(a) the quantum states of molecules, or 
(o) the quantum states of macroscopic systems. 


(2) Whether the averages which are obtained are 

(a) true mean values, or . 

(6) ‘most probable values’ based on picking out the largest 
term in a summation, together with the use of Stirling’s 
theorem. 

(3) Whether the system under discussion is regarded. 

(a) as having fixed values of its energy, volume and com- 
position (isolated system); 

(b) as having fixed values of its volume and composition and 
secondly as being in thermal equilibrium with a heat bath; 

¢ See, for example, Mayer and Mayer, Statistical Mechanics, §§3f, 4b and 
4e (New York, Wiley, 1940). 
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(c) as having a fixed value of its volume and secondly as being 
in equilibrium both with a heat bath and with reservoirs 
of the various substances which it contains, through semi- 
permeable membranes (open system). 

- Most introductory accounts use the combination (la), (2b) and 
(3a), which is one of the easiest to grasp. However, the disadvantage 
of averaging over the quantum states of molecules, as in (1a), is that 
the statistical formulae which are obtained are applicable only to 
systems in which the particles are independent, as in perfect gases. 
In many elementary accounts of this method it is also necessary to 
adopt a subterfuge in order to introduce an important term, 7!, into 
the formulae. The method (26) may also lead to an erroneous impres- 
sion of the nature of equilibrium, for it might be taken to imply that 
the system stays always in the particular distribution known as the 
‘most probable’ distribution. 


For these reasons we shall put forward an elementary treatment 
based on the combination (16), (2a) and either (3a) or (36) according 


to circumstances. It may be remarked that (3a), (36) and (3c) 
signify three different choices of the independent variables in the 
corresponding thermodynamic analysis of the problem—these are 
(U, V,n,), (1, V,,) and (7, V, 4,) respectively. 


11-9. The ensemble and the averaging process 


Let it be supposed that we wish to calculate the value of some 
property y of a macroscopic system which is in equilibrium. Now the 
experimental measurement of this property always requires a certain 
interval of time for its execution, and if the calculated value of x is 
to be relevant the latter must clearly be some sort of average over all 
the quantum states through which the system is likely to pass during 
the period of measurement. 

During a long enough interval of time, At, the system may be 
expected to pass through each of its accessible quantum states a 
great many times. Let Py, P;, P,, etc., be the fractions of this interval 
which the system spends in the quantum states 0, 1, 2, etc. P; may 


be called the probability of the system being in the quantum state ¢. 


Let xo. Xi» Xe Gte., be the values of the property x which occur when 


_ | The methods used in this chapter are similar to those adopted by Tolman, 
Principles of Statistical Mechanics (Oxford, 1938) and also, at a more elemen- 
tary level, by Slater in his Introduction to Chemical Phystcs (New York, McGraw 
Hill, 1939). Somewhat similar procedures are introduced in later chapters of 
the following books: Mayer and Mayer, Statistical Mechanics, Chapter x 
(New York, Wiley, 1940); Rushbrooke, Introduction to Statistical Mechanics 
(Oxford, 1949), Chapter xv; Gurney, Introduction to Statistical Mechanics 
(New York,‘ McGraw-Hill, 1949) Chapter vu. 
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the system is in the quantum states 0, 1, 2, etc. (We shall consider 
only those properties y to which a meaning can be attached in each 
quantum state). Then the time average of y over the interval At is 


X=ZP.X,, (11-1) | 
where =P,=1. (11-2). 


In each equation the summations are to be taken over all of the 
quantum states which are accessible under the prescribed macro- 
scopic conditions of the system. The next question to be discussed is 
the values which must be attributed to the P, when these prescribed 
conditions are either (2) constancy of energy and volume or (5) con- 
stancy of volume together with equilibrium with a heat bath. 


Case (a). The system is of fixed energy and volume. As dis- 
cussed in §11-7, the fixing of the energy and the volume is usually 
sufficient to determine the thermodynamic state of a closed system, — 
provided that it has reached a condition of internal equilibrium with 
respect to all chemical reactions, diffusions, etc., which are possible 
under the prescribed restraints. The equilibrium of such a system 
corresponds to a maximum value of 2, the number of accessible 
' quantum states. Now because the energy of the system is fixed, each 

of these possible quantum states must correspond to this particular 

energy and no other. Therefore, according to our basic postulate, 

each of these states is equally probable—the system may be expected 

to spend an equal fraction of the time At in each of them. Thus all of 

the P, are the same and each is therefore equal to the reciprocal of 
the number of quantum states: 


B=z (fixed U and 7), (11-3) 


and therefore from (11-1) $= 2 Ex 


This is the time average over the interval At, chosen long enough 
for the system to pass through each of its accessible quantum states 
_ & great many times. It is by no means obvious that the calculated 
average x will necessarily be the same as would be measured during 
an experiment, since it may be that not all of the quantum states 
are passed through many times, or even once, during such a period. 
On the other hand, the very fact that the results of measurement 
do not vary from one moment to the next (when the system is 


'. in equilibrium) indicates that the duration of such experiments is 


_ usually sufficient to correspond to a true average value of the property. 
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This supposition is somewhat distinct from our previous postulate 
of equal a prior: probabilities (§11-6) but may be combined with 
it to form a single postulate, in a more concrete form, as follows: 
the equilibrium properties of a system of constant energy and volume are 
obtained by averaging over all the accessible quantum states, each of 
these being given equal weight. 

The totality of quantum states is referred to as an sacha: In 
the special case under discussion where each of the states is of equal 
energy the ensemble is said to be microcanonical, and it is only in 
this special case that the probabilities P, may all be assumed equal. 


Case (b). The system has fixed volume and is in a heat bath. 
The averaging procedure as discussed above for the isolated system 
is of limited value for several reasons. In the first place there is diffi- 
culty in calculating the value of Q for such systems. Secondly, we 
are usually much more interested in the properties of a thermostated 
system than of an isolated one. Finally, as shown in Chapter 1, the 
second law is bound up with conditions relating to an energy transfer, 
and this involves at least two bodies. The case discussed above is 
thus of limited value as a statistical model precisely because the 
system in question is of fixed energy. 

We consider now the case of a closed system of constant volume 
which is at internal equilibrium and immersed in a large heat bath. 
Due to fluctuations between itself and the bath the body can have 
a range of energies about a mean value. These are all quantized and 
the energy states will be denoted.Z,, H,, etc., counting upwards from 
the state of lowest energy. Each energy state Z, will comprise a very 
large number Q, of quantum states. However, there is only a single 
thermodynamic state because the body has a chosen volume and is in 
thermal equilibrium with the given heat bath. (Thermodynamically 


it would be said to have a fixed temperature, but one of our aims is. 


to define temperature statistically.) 


The question which arises, is, how shall we do the averaging for 


such a system? In other words, what values must be attributed to 
the P, in equations (11-1) and (11-2)? For quantum states of equal 
energy our postulate asserts that the correct averaging is obtained 
by giving equal values to each ‘of the P,. We now have to consider what 
is the relative frequency with which states of unequal energy are 
occupied. 

In answer to this question it seems reasonable to assume that the 
probability of the occurrence of any one of the quantum states 
depends only on the energy of that state. This statement is actually not 
an additional assumption in the theory, for it is shown in Appendix 1 
to this chapter that it may be derived from the basic postulate. 
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However, in order to avoid breaking up the continuity of the discus- 
sion by giving the proof at this stage, the statement will be used as if 
it were an additional assumption. In any case it is clearly a reason- 
able one. 

We assume therefore that the probability P, of the ith quantum 
state of the body, when at ia at equilibrium with the given heat bath, is 
a function only of E,: P=f(E). (11-4) 


Consider a second body in the same large heat bath. Let the quan- 
tum and energy states for the first body be denoted by Roman letters, 
as in (11-4), and for the second body by Greek letters. For the second. 
body the corresponding assumption is that the probability of its being 
in the quantum state x is a function only of ¢,: — 


F.=fle)- (11-5) 


Let PB, be the probability that the first body is in state + and the 
second is simultaneously in the state x. The same assumption used 
once again asserts that the compound probability P,, is a function 
only of the total energy,t #;+-€,, of the two bodies 


Pig =f(Be+€,)- (11-6) 


Now because the heat bath is assumed in the first place to be very 
large compared to either of the two bodies, and therefore to be capable 
of a large supply of energy, the fraction of the time that the first body 
is in the state 4 is quite independent of the fraction of the time that the 
second body is in the state x. Hence the fraction of the time for the 
combined event is equal to the product of the two fractions separately, 


i P,=P,P.. (11-7) 


(This is the multiplication rule for the probabilities of events which are 
independent.) Thus, using (11-4), (11-5) and (11-6) ; 


SE. +6) =f(B,) fe). (11-8) © 


We ask, what kind of function is it which satisfies this relation? 
A function of the sum of two variables must be equal to the product 
of the functions of these two variables taken separately (and, of course, 


+ As pointed out in §11-2, the energies of molecules cannot, in general, be 
combined additively because of their interaction. However, the energies of 
macroscopic systems can be so combined to a high degree of approximation. 
The larger the number of molecules that they contain, the srhaller is the 
relative contribution of the interfacial energy, which arises from the molecular 
forces acting across the interface. The surface energy becomes a trivial part 
of the total energy of the bodies, because it varies as the square of the linear 
dimensions whilst the volume varies as the cube. : 
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the physical situation requires that the functions are all of the same 
form). This is only satisfied if the functions are of the exponential 


fe 

sca B=f(E,)=C,0°%, 
P= fle.) =Cye%e«, (11-9) 
Pog =f( H+ €,) =C\C, A Fito, 


which are in accordance with (11-7). In these equations, C,, C, and £ 
are constants, C is characteristic of the first body and C, of the second, 
but it is to be noted especially that the constant 8 must be the same for 
both bodies, as otherwise, the functional relationship would not be 
satisfied. It may be anticipated therefore that the statistical quantity 
_ B is related to the thermodynamic quantity called temperature. This 
' will be discussed in a later section, but it may be remarked that 
must clearly be a negative quantity, as otherwise, according to 
(11-9), P; would become infinite for infinite values of the energy of 
the quantum state. (See also Appendix 1.) 


_ We thus conclude that for a body in a large heat bath the pro- 


bability of one of its quantum states is an exponential function of 
the energy of this state. 

t A proof that (11-9) is the only possible functional form is as follows. 
Wri 11-8 

sess oe fe) tw=fe+y), 
differentiate partially with respect to y 
aflety) _afle+y) Xe+y) _dfle+y) 

oy arty) ey  dia+y) 
Similarly, by differentiating partially with respect to x 


afiz) _ af(v+y) 
Fy) “dx d(a+y)- 


Between these two equations we obtain 


fe) apy SO 


re | 
fe) FY 


«I. 


Now wand yare independent variables. Hence the left-hand side of this equation 
does not depend on x and the right-hand side does not depend on y. Thus each 
side must be equal to a constant, which is the same constant, £. Thus 
1 afte) _ 5 
S(z) da. 
and the integral is f(z) = Ae**, 
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Instead of writing the constants outside the exponentials as C, and 
__ C,, it is more convenient to write them as 1/Q, and 1/Q,. Thus 


P= oh, : (11-10) 
QQ , 
1 | 
P= ofte, 1 
“=O, . (11-11) 


However, the second body, which has served its purpose, can now be 
forgotten. We proceed to consider the meaning of Q,, cutting out the 
subscript. Summing over all quantum states we have, as in (11-2), _ 


EP,=1, 
and therefore from (11-10) Q@=Ze4%. (11-12) 
Combining this equation with (11-10) we obtain finally 
| P= , (11-13) 
rebh’ ae 


where the summation is taken over all of the accessible quantum 
states. This sum, which is Q, is known as the partition function of the 
system for constant temperature and volume. 

The procedure for obtaining the average value of a. property x by 
use of equation (11-1) is therefore to use the values of the P, which 
' are given by (11-13). a 

The totality of the quantum states which are accessible to a body at 
equilibrium with a heat bath is called the canonical ensemble, and the 
equation (11-13) describes the canonical distribution of probabilities. 
(The equation implies, of course, that quantum states of equal energy 
are all equally probable, in accordance with our basic postulate.) 


11°10. Statistical analogues of the entropy and Helmholtz free 
energy . 
Consider the quantity 8’ defined by the relation 
S'=—k=PInP, {11-14) 

where the summation is over all the accessible quantum states of the 
system and k is a positive constant whose value will be chosen in 
Chapter 12. S’ will shortly be shown to have all the properties of the 
thermodynamic entropy and may be called a statistical analogue. of 
the entropy. . 

The relationship of S’ to another type of statistical analogue, 


S’=kinQ, (11-18) 
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which was tentatively introduced in § 1-17, will also be discussed, but 
for the present purposes 8’ is the more useful quantity. 

In equation (11-14) the P;’s are all positive fractions and therefore 
8’ is always positive. Suppose that the system could exist in only a 
single quantum state, say state 0. Then for this state we should have 
P,=1 and all other P’s would be zero. Such a distribution would 

-eorrespond to no randomness, and (11-14) shows that it would give . 
rise also to zero 9’. On the other hand, a distribution of the ensemble 
over a large number of states, for each of which P, is very small, will. 
clearly give rise to a large positive value of 9’. The similarity of 
(11-14) to the thermodynamic expressions for the entropy increase | 
of mixing in perfect gases and ideal solutions may also be noted. 
These various points provide some preliminary justification for the 
idea that 9’ is related to entropy. 


Case (a). The microcanonical ensemble}. The differentiation 


Consider a virtual variation in the ensemble which involves the | jand 
k states only, their probabilities changing by dB, and dP, respec- 
tively. Since UP,=0 it follows that dP,= —dP, and the last equation 


becomes . gg’ = —k(In P,+1)dP,—k(n P, +1) dP, 
a = —k(In P,—In P,) dP, (11-17) . 


It follows that 28'/OP, is zero whenever the conditions of the system 
are such that P, and P, are equal. The same applies to a virtual change — 
affecting any other pair of accessible quantum states.{ . 


{ Cases (a) and (6) of the present section correspond to (a) and (5) of the 
previous section. 7 
¢ The discussion of the quantum states in paire is adopted for reasons of 
mathematical simplicity. Alternatively, Lagrange’s method of undetermined 
multipliers may be used, or the following method shown to me by Professor 
N..B. Amundson. Equation (11-16) may be written 
0S’ . OP; oP; 
a; ky Qn P+) B ky In P, P," 


The latter equality follows since } sea =0. For the same reason the quantity 
t $ : 


kin P; > et is zero, and therefore it may be added to the last equation. 
¢ ; 3 


Py 
‘We thus obtain = 39” OP. "9p 
uaa mamas 7 Waa 178 
P, oP, | 7 
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Let it be supposed that the body is isolated so that all of these 
states are of equal energy. Then, according to the basic postulate, all 
of the P’s become equal when the body reaches equilibrium. It 
follows from the above that the function 8’ simultaneously reaches 
_amaximumf value and, of course, this is also a property of the thermo- 
dynamic function called entropy, under the same physical conditions. 

The same postulate gives also 


1 

| AAG 
as in equation (11-3). Substituting this relation in (11-14) we obtain 
| 1-1 

s'=—kEG lnc, 
and since there are altogether just Q terms in the summation this — 
reduces to | 
S’=kinQ. 


~ ‘Thus, in the case of the microcanonical ensemble, the quantities 
S’ of equation (11-14) and 8” of equation (11-15) are identical. Of 
course, any change in the system which increases ©, the number of 
accessible states, will cause an increase in 8’ or 8”. 


Case (b). The canonical ensemble. In the ensemble discussed 
_ above the quantum states of the system were all of equal energy. 
” Therefore there was no question of difference of energy, and for this 
_ reason the concept of temperature did not enter. We turn now to the 
more useful canonical ensemble, i.e. the totality of the quantum 
states of a body in a thermostat. | 


Let the function F’ be defined by 
gs 
‘= —, 1- 
F U+E a (11-18) 
This is zero if all P’s are equal. A second differentiation of the last equation 
gives ats’ 1 /aP,\? P,P, 
app "2B, (ie) 22" 5 ay 


and the last term is again zero when the P’s are equal. Thus 03S’/0P} is negative, 
and S’ is a maximum, since k, P, and (@P,/aP;)* are all positive. ) 

‘ + A second differentiation of (11-17) gives 

as fl ani) (2 1) 

=~ = —k[—— = —k{—4+—}, 

dP} (5, dP, P,P, 

since dP, = —dP,. Thus, because k is positive, S’ is a maximum and not a 
minimum when P.= P,. 
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where U7 is the mean internal energy of the system and f is the quan- 
tity which appears in equation (11-13). Now, in accordance with 


equation (11-1), U = =P, E,. (11-19) 
Substituting (11-14) and (11-19) into (11-18) we obtain 


Fr=5ER(6E,—ln Py), (11-20) 
and it is to be understood that the summation is over the accessible 
quantum states, and for these the P; are greater than zero. It will 
now be shown that F’ is a minimum if there is a state of equilibrium 
in the system, and therefore F’ may be expected to be an analogue of 
the Helmholtz free energy. 

Consider the effect on F’ of a virtual displacement of the P’s about 
their equilibrium values, i.e. small changes in the fraction of the time 
that the system resides in the various quantum states whose energies 
H,, E,, etc., remain unchanged.f. In this process # remains constant 
because the system is at equilibrium with the heat bath. For the 
variation in F’ we therefore obtain from (11-20) 


aF =; B(6H,—InP,—1)4P, (11-21) 
but this is subject to the condition . 
. =P;=1 or XdP;=0. (11:22) 


Assume for simplicity that the variations in question affect only two 
quantum states ¢ and j. Then (11-21) and (11-22) may be written 


BE,—\n P,—1) dP, + (2H, —\n P;— 1) dP}, 
dP, +dP;=0. 


Eliminating dP, from these two equations we obtain 
as 


ar’ = 5 


Fn Ob a le (11-23) 


{+ We are concerned here with an ensemble of states, all of which are of the 
same volume, and it is shown in wave mechanics that the values of the E, 
depend only on the volume in which a fixed number of fundamental particles 
are contained. (In certain problems other geometrical parameters may become 
- important. For example in problems of interfacial tension, the area of the 
system. is significant in.ite effect on the HZ, of the surface phase. In the above 
it is essumed that all such parameters are held constant.) 

¢ There is no additional restriction dU = 2H,dP,=0 because the ccs 
can ens energy with the heat bath. 
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Now according to equation (11-13), if there is a state of se agi 
the P’s satisfy the relation P.=0%/Q 


P,=04/Q, 


and Q is, of course, the same in both equations since we are dealing 
with the same body. Substituting these relations in (11-23) we obtain 

OF’ 

oP, 
The same result may be obtained for a variation between any other 
pair of quantum states. The canonical distribution (11-24), which we 
have derived on strictly statistical grounds with the help of our basic 
postulate, therefore results in the function F’ being at a minimumf 
when a body of fixed volume is at equilibrium in a thermostat. The 
thermodynamic function which has this property is the Helmholtz 
free energy F. It seems probable, therefore, that F’, as previously 
defined, is a statistical analogue of the free energy of thermodynamics. — 
Further grounds for this will be discussed in the next section. 

Substituting (11-24) in (11-20) we obtain the minimum or equi- 

librium value of F’ for our body as 


’ 1 
Fog. = 3 UP (BE, — PE, +mQ) 


(11-24) 


=0. (11-25) 


ane 41-26) 


The mean value at cana of any property y is obtained from | 
(11-1) and (11-24): 


Xeq.= GExve™ (11-27) 
In particular, the mean internal energy is 
Don. =Zue Ah, . (11-28) 
and this equation may also be written in the form 
oinQ\ | 
es op ¥,comp. ( 


_ + A second differentiation of (11-23) gives 
or 11) 
i; ar | 
As shown in the lines following equation (11-10) # must be a negative quantity. 
Therefore F’ is a minimum at equilibrium and not a maximum. 
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and may be confirmed by. differentiation of the defining equation 
. Q=lehh, (11-30) 


In (11-29) the subscripts denote constant volume and composition, 
as otherwise the H, are not constant. 
Finally, the value of 8’ at equilibrium is obtained from (11-18), 
(11-26) and (11-29): 
Seq. =RB(Poq,— Tq.) 


olng 


=kinQ—kf|-—~ ‘ 11-31 
0-805") comp oes) 
11-11. Comparison of statistical analogues with thermo- 

dynamic functions 

In the last section we defined S’ and F’ by means of the relations 

S’ = —R=P; In P,, (11-32) 
v Ty S’ 

F’=U+ Py 5 (11 33) 


where k is a positive constant. Both 9’ and F’ are clearly functions 
of state, being determined by the P, and the Z,. Also it has been shown 
that S’ is at a maximum in a system of constant energy and volume 
and F” is at a minimum in a system of constant volume in a heat bath, 
whenever there is equilibrium. The same properties apply to the 
thermodynamic quantities, entropy and Helmholtz free energy 
respectively. Now the latter quantities are related by the equation 


F=U-TS. 
Therefore, if we identify S with 8’ and F with F’, we must have 
1 
gro: (11-34) 


That this is not unsatisfactory may be seen by returning to the 
discussion following equation (11-10). It was shown that # is a 
negative quantity and also that it has the same value for any two 
bodies which are in equilibrium in a heat bath. The statistical quantity 
A is therefore a function of the thermodynamic temperature. Equa- 
tion (11-34) is clearly consistent with everything that has been 
established so far. 
However, a more complete identification of the statistical with the 
thermodynamic quantities can be carried out if we make use of a 
result from wave mechanics, namely, that the energies ZH; depend © 
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only on the volume and other geometrical parameters of the system. 
That is to say, the #, depend on those variables which measure work, 
as distinct from heat. 

Consider the differentiation of equation (11-19), V==P,E,, giving 


dU =XE, dP, +=P,dk,. : (11-35) 


The first term on the right-hand side represents change due to the P; 
when the #; are constant. This term therefore represents a change in 
the system due to a change in the relative frequency with which 
various quantum states are occupied, but it implies no change in these 
quantum states themselves and therefore no volume change of the 
system. This term is clearly a change in the energy of the system in 
the absence of any performance of work and therefore it must be 
identified as heat. The absorption of heat by a system is interpreted. 
as a shift in the relative occupation frequency towards quantum 
states of higher energy, the nature of the quantum states remaining 
unchanged. Also, since dU =dg—dw, the second term on the right- 
hand side of (11-35) must be identified as the negative of the work 
done by the system. The quantum interpretation of work is a change 
in the H,, whilst the relative distribution over the quantum states, 
as measured by the P’s, remains unchanged. 
For the present purposes we therefore have 


. dqg= XH, dP,. (11-36) 

Consider now the quantity S’ defined by 
S’ = —k&P, In P,. 
Differentiating, we obtain 
dS’ = —kX(In P, +-1) dP,;. 

Now whenever there is a state of equilibrium with a heat bath, the 
P, are given by P,=0%/Q. 
Substituting this in the previous equation we obtain for the change of 


St at equilibrium gy =—kE(GH,—InQ+1)dP, 


. = —kSXH,GP,, (11°37) 
since Dd P;=0. Therefore between equations (11-36) and (11-37) 
d8,4.= —kf dg. (11-38) 


Now 8’ is a function of state because of the way in which it has been 
defined. The result of equation (11-38) is therefore to show that if 


+ See footnote ¢ on p. 346. A proof of the statement for the special case of 
a perfect gas will be given in the next chapter. 
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dq is multiplied by —kf it becomes equal to the differential of a 
function of state. On the other hand, in pure thermodynamics, it is 
shown that the only way in which dg can be converted into the differ- 
ential of a function of state is by multiplying by 1/7’, where T is the 
absolute temperature. Therefore we can make the identification 


l " 
—kf=5. (11-39) 
Combining this with (11-38) we obtain 
, _dg 
WS oq.= 7 (11-40) 


We thus conclude that S’ satisfies all the requirements of the thermo- 
dynamic entropy. Of course the latter is only defined as a change of 
entropy, and therefore any statistical analogue which purports to 
give the absolute value of entropy, as in the case of 9’, is satisfactory 
provided that its differential obeys (11-40). 

Using (11:39) we can now replace 8 by —1/k7' in the important 
equations (11-12) and (11-13) and (11-26)-(11-31). We shall also delete 
the primes, etc., and adopt the normal thermodynamic notation. 
The resulting equations are 


Q=De Fuh? | (11-41) 

P,=e-FdRT/Q, (11-42) 

F=~—kTInQ, (11-43) 
one) 

U =kT?{|—_- > 11-44 

Ce Se al 

ang 
s=eng+ (Fe i = (11-45) 


The equilibrium pressure of the system is given by the thermo- 


dynsinie relation —_ (2?) 
ov T, conan: 
and is therefore P= -r(75) , (11-46) 
ov T, comp. 


The other thermodynamic functions G, H, etc., can all be obtained 
by linear combination of those above. Values of the heat capacities 
and expansion and compressibility coefficients may also be obtained. 
by appropriate differentiation. Therefore all of the thermodynamic 
properties of a system of fixed composition may be calculated if it is 
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possible to evaluate Q@ and to know its dependence on volume and 
temperature.t 
quantity Q, as given by (11-41), is a sum over all quantum 


Q= oh enBdkT, (11-47) 


Let the number of states of energy HZ, be denoted Quy, etc. Q, is the 
- ‘degeneracy’ of the energy state H,. Therefore in (11-47) each term 


of the type e-#/*T repeats itself Q, times. The partition function can: 


therefore be expressed in the alternative form 
Q= DY Qe-Bdk?, (11-48) 
Monty 
when the summation is over the distinct energy states only. Similarly, 
the probability P’, of the occurrence of a particular energy state at 
uilib ven b 
equilibrium is gi ry P'=0,P, 
= 0, e-FdAT/Q, (11-49) 


because there are Q,; quantum states comprised within the given 
energy state. Finally, it remains to be proved in the next chapter that 


k=RN, | (11-50) 
where R is the gas constant per mole and Nis the Avogadro number. 


11-12. Thermal and configurational entropy 


The quantity Q as previously defined (§11-6) is the number of 
accessible quantum states of a system. Therefore Q has a clear meaning 


only in the case of a system of fixed energy. Now for such a system it 


was shown in § 11-10 that the two entropy analogues 
| 8’ = —k=P,In P,, 
S’=kinQ, 


are identical (because all of the P’s are equal and have the value 1/Q). 
Consider now a system which is able to exchange energy with neigh- 
bouring systems. On account of the fluctuations the energy of the 
system in question is no longer definite and neither is Q. On the 
other hand, in any macroscopic system the fluctuations are very 
minute, and for almost all of the time the system remains very close 


+ As noted previously Q is called the partition function at fixed temperature 
and volume and it refers to @ macroscopic system. It is not to be confused with 
the molecular partition function which is discussed in the next chapter. In 
some text-books the symbol Z is used in place of Q@ and Rushbrooke denotes 
it as (P.F.). 
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to its mean energy U. It can thus be shown that S’ and S” are entirely 
equivalent for such a system, although no longer quite identical. 
(See the second appendix to this chapter.) | 

Of the two formulae above the second has probably the greater 
intuitive significance, and it was for this reason that it was originally 
introduced in § 1-17. On the other hand, even if we consider systems 
of fixed energy rather than of fixed temperature, the value of 2 is 
usually quite unknown. The advantage of the formulation 


9’ = —k=P,InP, 


is that the P’s can be obtained in terms of the partition function and 
the latter can often be evaluated completely. From this point of view 
the Helmholtz free energy, which is given by equation (11-43), is 
more directly calculated from statistical mechanics than the entropy 
itself. 

There are, however, certain problems in which it is possible to 
calculate the ratio of Q, as between two states, and therefore the 
corresponding entropy change. This occurs in situations where the 
system can exist in a number of geometrical configurations each 
having the same energy levels. In such instances the use of the 


expression S.—S,=kInQ,/Q, 


can be very helpful. Applications occur mainly in connexion with the 
solid state, adsorption and the quasi-crystalline model of liquids. 
Suppose, for exam le, that there are two distinguishable types of 
molecules, A and B, distributed over lattice sites. Such a system was 
discussed in § 1-17. Each geometrical arrangement which is physically 
distinct from all other arrangements gives rise to a fresh quantum 
state of the system. In addition to this there is the randomness of the 
energy distribution. The molecules can vibrate about their mean 
situations on the lattice with varying amounts of quantized energy, 
and there are also the vibrations within the molecules and states of 
electronic excitation, etc. All of these forms of kinetic energy may be 
called the thermal energy of the system, i.e. that part of U which is 
not potential energy on the molecular scale. Each alternative dis- 
tribution of the thermal energy, for a given geometrical distribution 
of molecules on the lattice, clearly gives rise to a new quantum state. 
We can thus speak of a configurational randomness, as pertaining to 
the number of distinguishable arrangements of molecules on the 
lattice, and a thermal randomness as pertaining to the energy dis- 
tribution. Changes in the former are often much more easily cal- 
culated than changes in the latter. However, in certain problems it 
may occur that the energy levels are the same for each of the geo- 
metrical states. In such instances the thermal randomness will not 
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be affected by changes in the configurational randomness, and this 

makes it possible to calculate the entropy of mixing by quite simple 
‘methods. 

'  Forexample, in § 1-17 we discussed the mixing of four A atoms with 

four B atoms on eight lattice sites. The number of configurational 

states is 8! 


Consider the system as having a constant amount of thermal energy, 
and let it be supposed that each of the seventy arrangements has the 
same number of quantum states which arise from the quantized 
vibration of the atoms and are accessible for the fixed amount of 
thermal energy. Let this number be Q,, . Thus the first geometrical 
arrangement has {,, accessible quantum states, the second has also 
Qu, quantum states and so on. Therefore the total number of accessible 
quantum states is 70x Qy,. It follows that the entropy of mixing 
when the system passes adiabatically from a first state, in which it is 
known that all the A atoms are to the left of a certain plane and all 
the B atoms to the right of this plane, into a second state in which the 
system may be in any of the seventy configurations, is given by 


AS=kin 2X Pt _ pin 70, 
| 1x Ob, 
It is evident. that this simple result would not have been obtained 
if Qu, were not the same for each of the configurations. However, 
whenever this condition is satisfied we can write 


2 = Ogonag. Qn. (11-51) 
It is useful also to define 
| Scontg. =*In Qoonag., (11:52) 
Sy. =RInQg, (11-53) 
and therefore the total entropy is given by 
S=kinQ 
=kIn Qoonng. +R In Qty, 
=Seontg. + Stn.- (11-54) 
An application of the equation 
S,—5,=kIn 2oonte. 2 (11-55) 
Qoonfig.1 


which may be used under, the above conditions, has already been 
given in §8-1, where it was used to derive the laws of ideal solutions. 


23 DCE 
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For this purpose it was assumed that the molecules are located on a 
quasi-crystalline lattice and can be moved about on this lattice 
without affecting the spacing of the energy levels of the system. This will 
be discussed again in Chapter 14 in connexion with ‘regular solutions’, 
and the equations above will also be applied to the problem of 
adsorption. . 


11-13. Appendix 1. Origin of the canonical distribution 


In this section we shall seek to derive equation (11-13) without the 
need for any extension to our basic postulate. The discussion will also give 
some additional insight into the nature of thermal equilibrium. 

Consider a body in a very large heat bath. Let the energy and quantum 
states of the body be denoted by Roman letters and those of the heat bath 
by Greek letters. Let the energy of the total system, body plus heat bath, 
be # and let 2 be the number of quantum states of the total system which 
are accessible when the energy is fixed at this value. Because of our basic 
postulate, the probability P,, that the body is in a quantum state ¢ and 
the bath is simultaneously in the quantum state « is 


P,,=1/Q, 7 (11-56) 


as discussed in §11-9. Now if the body is in a quantum state 7, whose 
energy is H,, the quantum state « of the bath may be any one of those 
quantum states which all have the same energy ¢€, given by 


¢,=E-E,. (11-57) 


Let Q, be the number of such quantum states of the bath, i.e. O, is the 
degeneracy of the bath level ¢,. Then the probability that the body is 
in the quantum state 7 independently of the particular quantum state 
of the bath is obtained by multiplying (11-56) by Q,: 


P,=0,/Q. (11-58) 


For convenience the heat bath will be considered as being a very large 
amount of 2 monatomic gas. For such a substance the number 0, of 
quantum states which are comprised within the energy state ¢, is known. 
It will be shown in the next chapter (equation (12-93)) that this number is 


0, = ae, (11-59) 


where & depends on the volume of the gas and yu is equal to 3 times the 
number of atoms in the gas. This equation is based on wave mechanics 
and is quite independent of our statistical postulate. For the present 
purpose the essential point is this: for the case of a macroscopic heat 
bath, where yg is of the order of 10° or more, 2, varies as an extremely 
high power of ¢,. (The same is true of substances which are not perfect 
gases but for such substances equation (11-59) is no longer exact. It may 
be remarked that the choice of a monatomic gas for our heat bath, in 
order conveniently to use the above equation, does not affect the be- 
haviour of the body which is immersed in this bath.) 
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Let U and é be the mean energies of the body and the bath respectively 
when they are in contact. Thus ; 


é+ 0=#, (11-60) 
and combining this with (11-57) 
=é+0—-H, 
=a(14—*). (11-61) 
Using equations (11-58), (11-59) and (11-61) we obtain 
. O-#, 
p=% zae( 1+ : ie (11-62) 


Now almost all energy states HZ, of the body whose probabilities are at 
all appreciable lie very close to U, the mean energy. This is because of the 
smaliness of the energy fluctuations (see also below). Also the body has 
& much smaller mean energy than the heat bath, which is taken as being 
relatively large in heat capacity. That is to say 


<1, (11-63) 


and therefore equation iia. can be closely approximated by the 
exponential form - 
R=s5 ef oO Ent 


= oft oH (11-64) 


Now if the body is at equilibrium with the heat bath, the number Q 
of quantum states of the combined system has reached a maximum value 
and is constant. The last equation can therefore be written 


P, = constant x e~"¥Wé, (11-65) 


It will be shown below that 4/é is equivalent to —f, as introduced in 
equation (11-10) and (11-13). The equation (11-65) is therefore the same 
as these equations, and the apparent extension in the scope of the basic 
postulate which was used in § 11-9 was not actually needed. 

Since 4/é is obviously a positive quantity it follows from (11-65) that 
the probability P, of a quantum state of the body decreases exponentially 
with increase in the energy of this state, for fixed mean energy of the heat 
bath. On the other hand, the probability of an energy state of the body has 
an exceedingly sharp maximum at a particular value of H. This pro- 
bability, denoted P/, is obtained by multiplying P, by Q,, the number of 
quantum ens of the body whose energy is H,: 


P= OP. (11-66) 


In this equation there are two opposing effects: (a) P, decreases ex- 
ponentially with increase in H,, and this is due essentially to the rapid 


23-2 
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increase of 0. with e, for the heat bath, as shown above; (b) on the other 
hand, , for the body, like the bath, also increases rapidly with E;. 
Because of these opposing effects P, passes through a very sharp 
maximum. 

This important conclusion is equivalent to saying that the body spends 
almost all of its time in energy states very close to its mean energy. 
This result may be proved in more detail if we assume a relation connecting 
Q, and #, similar to equation (11-59): 

, 0,=ABM, - (11-67) 
where m depends on the number of particles in the body. This relation is 
strictly accurate only if the body is a perfect gas, but for the present 


purposes is sufficiently accurate as applied to other states of aggregation 
as well. Combining equations (11-65), (11-66) and (11-67) 


P/=constant Ep x ee, (11-68) 
Treating P{ and HZ, as continuous variables, we obtain by differentiation, 
oP; Be 
——$ = t Em x e~vee| =}, . 
an, constan: xe (F 4 (11-69) 
Therefore P; has its maximum value at a particular energy H, given by 
7 
= 1-70 
x, é Ql ) 


and this energy state is the one which is by far the most pI AUeREY 
occupied out of the whole range EZ, #,,.. pe Pear 

The extreme sharpness of the maximum may be shown as follows. 
From equation (11-68) the ratio of the probability P, that the system is 
in the energy state H, to the probability Pi that it is in any other 
energy state Hi, is given by 


P, _Eperaul 
Pee ae 
Putting #,=H,(1+4), this becomes 
. P, Eefé 
—= ian ef€ 
P, (1+ 6)" e-# 
=(1+6)"e-8", (11-72) 


on account of. equation (11-70). Taking logarithms and expanding we 
obtain P 
he = m(d—48°+...)—dm 
* 
= — 4mé?, (11-73) 
for small values of 6. For example, if we choose m equal to 10%, corre- 
sponding to about a mole of material, and é equal to 10-* we obtain 
P, ~10"* 


—>-@6 
® 


(11-74) 
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which is exceedingly minute. The chance that a system containing about 
- @mole of material, when placed in a thermostat, should have a momentary 
energy differing from its most probable value by as little as one part in 
@ Million, is thus entirely negligible. This confirms what has been said 
previously about the smallness of the energy fluctuations. 
For the same reason E, is practically the same as U, the mean energy 
of the body. Equation (11-70) can thus be inverted and written 
CS (11-78) 
m ; 
This equation shows that at equilibrium there is an equality between the 
quantity W/m, which is a characteristic of the body, and the quantity 
é/u which is a characteristic of the heat bath. Either of these quantities 
is therefore.a function of the thermodynamic variable T. In fact, the 
comparison of (11-65) and (11-10) shows that @/y is the same as —1/f, 
' which was identified in equation (11-39) with k7'. Thus 
é 1 
-=~——=kT, 11-76 
BOB on 
In the special case of a monatomic gas it will be shown in the next 
chapter that 4 is § times the number of atoms. It follows from (11-76) 
that the mean energy per atom is j#7', a well-known result. 


11-14, Appendix 2. Entropy analogues 


There are several statistical analogues, S’, S”, etc., of the entropy, all 
of which have the required thermodynamic properties. Such functions 
are not always algebraically identical but are numerically identical to 
a very high degree of accuracy. One of the difficulties in studying statis- 
tical mechanics is to recognize that the various analogues, although they 
may appear to be quite different in form, are actually equivalent when 
they are worked out numerically. This arises for several reasons: 

(1) The entropy is related to the logarithm of the statistical quantities 
P,, Q, ete. Now the product zy is certainly not the same as x, but the 
value of In zy is almost the same as Inz, whenever z>y. 

(2) According to Stirling’s theorem the following relation is a very 
good approximation, at large values of 2, but is not an identity 


Inzgi=a2inz—z. (11-77) 


(3) Because of the smallness of the energy fluctuations of a macro- 
scopic body in a thermostat, its thermodynamic behaviour is the same as 
if it were an isolated system having @ constant energy equal to its mean 
energy U in the thermostat. 

(4) For the same reason it may occur that only one term in a summa- 
tion is significant. Thus, as shown in the last section, a body in a thermo- 
stat behaves as if it spends all of ita time in the ‘most probable state’. 
This is equivalent to neglecting terms corresponding to all other states 
in & summation over such states. 


Ceca ci aia: aeon deta ca 7c 
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PROBLEM 


1. (a) The Helmholtz free energy F of a system is known as a function 
of temperature and volume. Obtain expressions for S, P, U, H, C,, Cy, 
&% (expansion coefficient) and « (compressibility coefficient) in terms of 
F,T and V. 

(6) Show that if F is known as a function of temperature and pressure, 
it is not possible to calculate the volume V. 
: "s [C.U.C.E. Tripos, 1951] 


359 


CHAPTER 12 


PARTITION FUNCTION OF 
, A PERFECT GAS 


12-1. Distinguishable states of a gas and the molecular parti- 
tion function 


In the last chapter it was shown that the thermodynamic properties 
of a system may be calculated from a knowledge of its partition 
function. The latter is defined by equations (11-47) or (11-48): 


Q= ene (12-1) 


= Dd Q,e-F?, (12-2) 
levels 
where the £, are the quantized energy states of the whole macroscopic 
system. In the present chapter we shall discuss perfect gases, and it 
will be shown how (12-1) may be expressed in terms of a function of 
the individual molecules—the molecular partition function—and 
how this may be evaluated from Schrédinger’s equation. 

Let it be supposed, to start with, that there are just two molecules 
in the given volume V and also that these molecules are different in 
kind. Let € , €,, etc., be the quantized energy states of the first kind 
of molecule, as obtained by solving the Schrédinger equation for this 
molecule when it is alone in the given volume. Similarly, let €,, €1, 
etc., be the energy states of the other molecule. Because the mole- 
cules of a gas do not appreciably interact, the energy of the system 
when both molecules are present in the volume V is the sum of the 
energies of the individual molecules when each is present on its own. 
If the quantum states of the molecules are not degenerate, then 
(12-1) may be writtent 

Q = Mleoten + eMegtey + efleotes +... 
+ ofleyte9) + @Ale te) + eMertes) +... 
+..., ete. — (12-3) 


However, in general, each level ¢, of the first type of molecule will be 
w,-fold degenerate, i.e. the ¢; level comprises w, different quantum 
states (see § 12-2 below). Similarly, let w; be the degeneracy of the jth 
level-of the other molecule. When the first type of molecule has the 


{ For convenience —1/RT is replaced by the symbol f, as used in the 
previous chapter. 
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energy ¢, and the second has the energy ¢}, there are therefore w,w,; 
quantum states of the combined system each of energy ¢;+6;. It 
follows that the term eit) occurs w,w; times in the summation 
for Q. Thus, in general, (12:3) must be replaced by 


Q = tig tg OM 0+0 + wy wo, CM6o+#D) +... +0, wo FrtEO +... 
= Wy OFS (Zw, eF%) -+w, eF4 (Dw, eft) +... 
= (Zw, 0%) (Zw, e%%), (12-4) 


where the summations are over the different energy states of the 
molecules. 

_ In the case where there are not two but N molecules, all different 
in kind, in the volume J, it will be seen that the partition function 
again factorizes into a product of N terms, This property of factoriza- 
tion occurs whenever the energies are additive, due to the independence 
of the molecules, and is a consequence also of the exponential structure 


of the partition function: 
ertr+s — e% eY ef, 


However, what we are actually interested in is the partition func- 
tion of a gas all of whose molecules are the same. The above discussion 
has been included only for the sake of clarifying what follows. Now it 
is to be remembered that Q is a summation over quantum states which 
are independent, i.e. which are distinct from each other. On the other 
hand, if the two molecules in the vessel are identical, so that ey=6,, 
etc., then the quantum state of the system in which the one molecule 
_ has the energy ¢, and the other has the energy ¢,, is in no way dis- 
tinguishable from the state in which the first molecule has the energy 
e, and the other the energy e;. In fact these two ‘states’ are not two 
at all, but only one. This arises from the fact that the particles are 
identical and because they are both free to move throughout the 

whole of the common volume V. 

Returning to equations (12-3) or (12-4) it will now be seen that these 
equations are not applicable as they stand to a system containing 
two molecules of the same kind. Thus almost all of the terms in these 
equations occur twice too often. For example, the term e4€ot+e)) is 
the same as the term e¢,+60), and only one of these should be included. 
These considerations apply to every term in the matrix except those 
along the diagonal, e.g. Mote, efe+¢), etc. In brief, every term for 
which + +7 occurs twice too often. Now there are obviously an enor- 
mously larger number of terms of this type than those for which i=}, 
i.e. those along the diagonal. There will perhaps be a negligible error if 
we divide all of the terms in the summation by 2, and not merely those 
for which +47, in order to allow for the identity of the two molecules. 
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Before proceeding we must consider rather more carefully whether 
the simplification which has just been proposed is a valid one. Now 
our purpose is to evaluate Q which is a summation over all of the 
possible quantum states of the system right up to virtually infinite 
energies. It is therefore entirely correct that the number of terms in 
the summation for which ¢+7 enormously exceeds—really infinitely 
exceeds—the number for which i=j. However, in evaluating Q we 
are also concerned with the magnitude of the terms. Each term is of 


the form extegteihr, 


and therefore the higher is the energy of the particular quantum 
state the smaller is its numerical contribution to the partition 
function. Beyond a certain point in the series of terms, additional 
terms make an almost negligible contribution to Q, and this will 
clearly occur at a lower total energy, ¢,+¢;, the lower is the tem- 
perature 7’. Suppose, for example, that only the terms containing é, 
and ¢, are significant in equations (12-3) and (12-4). In this case it is 
evident that there will be appreciable error in dividing all of these 
terms by 2, in order to eliminate indistinguishable states, as we have 
proposed above. However it can be shown by numerical evaluation 
of the translational energies of a molecule in a container that this 
kind of situation only arises at exceedingly low temperatures, of the 
order of 1°K. Under almost all conditions which are met with in 
practice the procedure of dividing all of the terms in equations (12-3) 
or (12-4) by two leads to an entirely negligible error. Thus in place of 


(12-4) we obtain Q=}(Zw, ee)? (12-5) 


as the partition function of a system containing two identical 
molecules. 

Consider now the case where there are three molecules of the same 
kind in the enclosure. If, at any moment, these three molecules are 
in the energy states ¢,, ¢, and ¢, respectively, then the total energy 
of the system is e+e; +e, 
Let it be supposed that the three molecules are actually distinguish- 
able. Then the above energy state of the system could arise in 3! 
different ways. Thus the ¢; level could be filled in three ways, by 
choosing between the three molecules, and each of these could be 
combined with the two alternative ways of filling the e,; level from 
- amongst the two remaining molecules. Because the molecules are 
actually identical it is evident therefore that in the summation for 
Q all terms for which ¢ +7 + occur 3! times too often. Using the same 
argument as previously, there will be no significant error if we divide 
all terms in Q by 3!, in order to avoid including terms which are not 
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independent. We thus obtain as the partition function for a perfect 
gas system containing three molecules of the same kind 


Qa 5, (Zo,ohn (12-6) 
and in general for N molecules of the same kind 
1 
Q= Gj (Zaze-ouhr yy, (12-7) 


In this expression # has been replaced by — 1/k7', and the summation 
is over the molecular energy levels é , €,, etc., whose degeneracies are 
Wp, W,, ete. . . 

The whole basis of the simplification is that there are always far 
more quantum states per molecule, of energies such that e~¢!*7 is not 
insignificant, than there are molecules in the vessel.t It follows that 
almost all the terms which make appreciable contribution to Q correspond 
to every molecule being in a different quantum or energy state. When this 
condition is satisfied, the kind of molecular statistics which are 
' obtained, as given in the present chapter, are known as Maxwell— 
Boltzmann. When it is not satisfied, the procedure for evaluating Q is 
more difficult but leads to the two kinds of molecular statistics known . 
as Bose—Hinstein and Fermi—Dirac respectively. (The latter includes 
the application of the Pauli exclusion principle and the former does 
not.) However, the Maxwell—Boltzmann statistics are satisfied by 
all molecular gases at all temperatures and pressures at which they 
are effectively perfect, ic. at which these gases consist of essentially 
independent molecules, which is one of the necessary assumptions 
of the present chapter. The only types of perfect ‘gas’ to which the 
formulae of the present chapter may not be applied are radiation 
and the free electrons in metals. 

Equation (12-7) may be rewritten 


Q NW! A. 
where f= uw,e-WFT, (12-9) 


which is called the molecular partition function. 

In the case of a mixture of two gases, consisting of N, molecules 
of type 1 and N, molecules of type 2, it is readily seen that the partition 
function for the whole system is 


a Ni fNs . 
O= winat Sa ? (12 10) 


where f, and f, are the molecular partition functions for the two types 
of molecules. 


(12-8) 


+ See Problem 1 at the end of the chapter. 
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12-2. Schriédinger’s equation 

The discussion so far has been almost entirely statistical and has 
been based on the postulate concerning the equal probability of 
quantum states of equal energy. The quantum aspects must now be 
considered. in more detail, and in particular we shall determine the 
value of the w, and ¢, which appear in equation (12-9). This informa- 
tion makes it possible to calculate f and Q and therefore the thermo- 
dynamic functions of the gas. For this purpose it is necessary to 
introduce an extra postulate—Schrédinger’ 8 equation. 

As is well known, it is not possible to make a direct application of 
Newtonian mechanics to phenomena which are on a very fine scale. 
This shows itself in the first place in a certain ambiguity in the con- 
ventional mental images of the particle and the wave. It would have 
been obliging on the part of nature if it were possible to attribute to 
the smallest pieces of matter (electrons and protons) the same 
Newtonian properties—in particular, definite positions and velocities 
—as are normally associated with the notion of a particle. Experi- 
ment shows, however, that these minute objects do not have such 
clear-cut properties. To be sure, in certain kinds of experiment they 
behave in the compact manner of a particle, but in other types of 
experiment, such as electron and proton diffraction, they seem to 
have the extended character of a wave. 

In a closely analogous manner radiation is found to have both a 
particle and a wave aspect, the former being shown, for example, in 
the photoelectric effect. In short, the things of the senses, matter and 
radiation, do not correspond in a simple one-to-one relationship 
with the mental images of the particle and wave respectively. 

For our present purposes we shall take as our additional postulate 
the supposition that the mechanical behaviour of matter on the 
atomic scale is in accordance with the Schrodinger wave equation. - 
Its numerical solution, for appropriate conditions, expresses the 
observable properties without contravening the principle that it is 
impossible to make an exact and simultaneous specification of 
position and velocities. It may be remarked that it is because of this 
principle of uncertainty that wave mechanics seek to describe the 
state of a system by means of the function ¥, whose purpose is to 
describe probabilities and not certainties. 

Consider a system containing n fundamental particles, of masses 
M4, Mg, ..., My, Some or all of which may be present as atoms or 
molecules. The system would be described classically by assigning 


\ 


+ The chapter will actually be concerned mainly with translational states 
and not with vibration or rotation. 
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values to the Cartesian co-ordinates 2,, y,, 2;, of the various particles, 
together with corresponding values of the momenta. 

Wave mechanically, the system is described by means of a wave 
function y, which has the following property: the probability that 
the various particles have their co-ordinates in the range 2, to 
+2, ..., 2, t0 2, +z, is given byt 

ydz, dy, ...dz,. (12-11) 
y is thus a probability density. . 

We shall be interested in systems of the above type which are in 
a time-independent state and where the particles move in a field of | 
force which can be described by a potential energy V which is a func- 
tion of the co-ordinates 2,,4;,...,2,. For such systems we shall now 
take as our postulate that y may be ere by solving the equation 


Oy Oe ayr\ | = 
ee a) # 7" (E— Vy, (12-12) 


together with any boundary conditions En are appropriate to the 
particular problem. The summation in (12-12) is over all the particles. 
h is Planck’s constant and Z is the total energy. It is an ordinary 
differential equation, and complications arise only on account of the 
large number of co-ordinates. Similar equations are used in classical 
wave theory and y may therefore be regarded as being the amplitude 
of a probability wave. However, it is not a wave in physical space 
because the equation is concerned with 3n dimensions. 

The essential requirement of y, if it is to fulfil its wave-mechanical 
purpose, is that it shall describe a probability, in accordance with 
equation (12-11). For this purpose it must be single-valued, continuous 
and finite throughout the range of the co-ordinates. For example, if 
it is known that all of the particles are contained within a certain 

_range of the co-ordinates (e.g. if they are in a box), then y* must have 
the above properties within this range but must be zero at all points 
outside it. Otherwise ? does not have the required properties as 
a probability density. 

In brief, not all possible solutions of the differential equation 
(12-12) necessarily lead to values of y which correspond to physical 
teality; it may occur that significant solutions are obtained only for 
particular values Ey, Hy, etc., of the energy.t These are called eigenvalues 


+ If y is complex, the product of ¥ and its conjugate y* is to be used i in 
place of 7'. 
¢ It should be noted that discrete energy states occur in most problems, but 
not all. For example the translational energies of a particle not confined in 
a container are not quantized. Quantization arises from the requirement that 
y shall be single-valued, etc., together with the boundary conditions of the 
‘ particular problem. 
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and the. corresponding values of y are yo, 7, etc., and are called 
etgensolutions.f 

Each eigensolution specifies a possible quantum state of the 
system, and their successive numbering gives rise to a quantum 
number. Instead of numbering the quantum states, an alternative 
procedure is to number the energy levels (eigenvalues) successively. 
If it occurs that there are Q, different quantum states of the system, 
all of which correspond to the same energy £,, this level is said to be 
Q,-fold degenerate. This is the same notation as was used in equations 
(12:1) and (12-2). For molecules,.on the other hand, the symbols 
€, and w, are used in place of H, and Q, respectively. 


12-3. Separability of the wave equation 


The quantum states of samples of solids, liquids or gases, of which 
we have spoken in the statistical discussion, are obtained in principle 
by solving equation (12-12). However, the equation can only be 
solved in actuality under especially simple conditions, particularly 
where there are separable energy states. The particular significance of 
separability—and this applies whether we carry out the separation 
as between different particles (as in the case of a perfect gas) or as 
between the different kinds of energy (translational, rotational, etc.) 
of any single molecule—is that it allows equation (12-12) to be broken 
down into a number of simpler differential equations, each containing 
a smaller number of variables. 

In order to illustrate this point consider the form of equation 
(12-12) when it contains only two independent variables x and y. 
We shall set about the problem of separating this equation into two 
others, one containing z only and the other containing y only. For 
simplicity it will be supposed that the physical situation corresponds 
to one of constant potential energy, i.e. V is not a function of x or y 


+ The student should not be put off by the seemingly abstract notion of 
eigenvalues and eigensolutions. As an example of their occurrence in ordinary . 
algebraic problems Margenau and Murphy (The Mathematice of Physics and | 
Chemistry (New York, Van Nostrand, 1943), §8-1) quote the pair of simul- 
t ti 

aneous equations (1B) 2+2y=0, 


22+ (1-H) y=0. 


Solution of these equations (other than the trivial solution s=0, y=0) can be 
obtained only when E has the values 8 or —1. For any other values of H the 
equations are inconsistent and thus the two. equations could not refer simul- 
taneously to the same physical problem involving the variables z and y. 
The eigenvalue #=38 has as its solution, or ‘eigenfunction’, z=y and the 
eigenvalue H = —1 has as its eigenfunction r= — y. 
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and can be taken as zero by appropriate choice of the basis for 
computing energies. Equation (12-12).therefore reads 


ay yr 822m ; 
dat * yt Hy. (12-13) 
This would be the wave equation of a particle of mass m which moves 
only in an x-y plane of constant potential energy. Alternatively, it 
could refer to a system of two particles, of equal mass, one confined 
to motion along the x axis and the other to motion along the y axis. 

Let it be assumed, for purposes of trial, that an eigenfunction y, 
corresponding to a permitted value of H, may be expressed as a 
product of a function y, which depends only on x and a function 
yr, which depends only on y: 


P=Poy (12-14) 


The correctness of this assumption depends on whether (12-14) 
satisfies (12-13), and this remains to be seen. From (12-14) we obtain 


py, Phe 
Oa® "dat? 
(12-15) 
a L d?yr, 
Bye Ue aya 
Adding these equations 
Pp Pp, Phe, , ayy 
Bait aye Ye gat Wega (12-16) 


Comparing this with (12-13) it is evident that (12-14) will meet all 
requirements provided that we can satisfy the relationship 


dy, d2yy 872m 
Vue +teqa 7 RS Ey. 


Dividing through by y=, we must therefore be able to satisfy 


+——4=-—_E. (12-17) 


What does this condition imply?, Now £, which is a particular eigen- 
value, is a constant of the motion and does not vary with x or y. 
Therefore each of the left-hand terms in the equation must be 
separately constant. (The first term is a function only of z and is thus 
not affected by any change in y and similarly the second term is a 
function only of y and is independent of z.) Provided that we impose 
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-these conditions (12-14) is a satisfactory solution of (12-13). y,, and 
y, are therefore obtained by solving the equations 


1 d*y, 872m 
pie =p (12-18) 
1 d? 822m 
ae —— Ey (12-19) 
¥ 1,2 


where H, and H, are constants which satisfy 
| E,+Hy=E. | (12-20) 


The original differential equation has thus been separated into two 
equations, (12-18) and (12-19), each involving only a single indepen- 
dent variable. 

In brief, in the example discussed, the property of separability 
implies that the wave function y can be expressed as a product of 
two wave functions yy, and y,, each dependent on only a single 
co-ordinate. It implies also that the total kinetic energy H (or E— V) 
can be expressed as the sum of kinetic energies, #, and E',, which are 
characteristic of motion along the x and y co-ordinates respectively. 
For example, if (12-13) refers to a single particle moving in the z, y 
plane then #, and H, may be interpreted as the kinetic energies for 
motion along the x and y co-ordinates respectively. Alternatively, 
if (12-13) refers to two particles, one moving along x and the other 
along y, then HZ, and E, refer to the individual kinetic energies of the 
two particles respectively. At any rate these are what may be called 
the ‘classical’ interpretations. 

Similar considerations apply when the wave “equation contains 
more than two independent variables. However, it is to be em- 
phasized that separability is not a necessary property of the wave 
equation, and it can be achieved only when the potential energy is 
constant or is a particularly simple function of the co-ordinates. In 
the present connexion three important types of separability are as 
follows: 

(a) The wave equation for a macroscopic quantity of a perfect gas 
can be separated into wave equations characteristic of each separate 
molecule in the same volume. This follows immediately as a general- 
ization from the discussion above, together with the fact that in a 
perfect gas the potential energy of interaction between the molecules 
is zero. This result has already been tacitly assumed in § 12-1, where 
the total energy of the gas was taken as being the sum of the energies 
of the individual molecules. A similar assumption is not true of liquids 
or solids because the molecules are not independent. 
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(o) The wave equation for each individual molecule of a gas can be 
separated into a part characteristic of its translational motion and 


a part characteristic of its internal motion. This is because the poten- 


tial energy for the internal states does not depend on the position of 
the molecule in space. It follows that any molecular energy ¢,, such 


a8 appears in equation (12-7), may be taken as the sum of a transla- 


tional part and an internal part. Thus 
€,= ef + int, (12-21) 


where et: is the jth level of translational energy and ei"*- is the kth 
level of internal energy (this. usage of the term internal energy is not 
to be confused with the usage in thermodynamics). 

(c) The wave equation for the internal state of the molecules may 
be further factorized, but not with quite the same degree of accuracy 
as in the two cases above. A detailed investigation, which cannot be 
given here, shows that ¢?* may justifiably be regarded as the sum 
of two terms, one due to the state of electronic excitation, of the 
molecule and the other due to the combined rotational and vibrational 
motion.{ At a rather poorer degree of approximation the latter may 
also be regarded as separable, From a classical point of view, the 
inaccuracy in this separation is due to the following reciprocal effect: 
the centrifugal force due to the rotation causes a stretching of the 
molecule, and thus affects its vibration, whilst the change of inter- 
nuclear distance during vibration causes a variation in the moment 
of inertia and thus modifies the rotation. However, to the extent to 
which this approximation is valid, we can write ° 


eint. a rot. + evib. 4 eflec.. (12-22) 


(Subscripts to denote the particular rotational, vibrational or elec- 
tronic quantum states have not been included.) 

In summary, separability is attained whenever there is negligible 
interaction between two or more degrees of freedom of the system. 
Under these conditions the total energy can be expressed as a sum 
of the energies which are attributable to each degree of freedom and 
the complete eigenfunction y can be expressed as a corresponding 
product. In the next section it will be shown that, under the same 


. conditions, the partition function can also be expressed as a product 


{ At normal temperatures the electronic states of most molecules are not 
‘excited’. That is to say the separation between the lowest electronic state 
and the one above is large compared to RT so that only the lowest state con- 
tributes a significant term to the partition function and almost all molecules 
are in the lowest state. An important exception is nitric oxide. 

$ In the present simplified treatment no account is taken of states internal - 
to the nucleus, nor of spin variables. 
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of partition functions, one for each separable degree of freedom. 

The fact that independent eigenfunctions and partition functions - 
combine as products (and not as sums) is related, of course, to the 

fact that they both determine independent probabilities. 


12-4, Factorization of the molecular partition function 


In equation (12-8) the partition function Q was expressed as a 
product of the partition functions f, of each of the N molecules, 
together with the factor N! which allows for indistinguishability. 
As noted in the last section, the justification for this procedure is the 
separability of the wave equation in the case of a perfect gas. In 
addition, there is also the separability which is expressed by equations 
(12-21) and (12-22), and this permits a factorization of f itself. Let 
u§* and wit. be the degeneracies of the jth translational level and the 
kth internal level respectively. The degeneracy of the energy state 


e;= eft + eft. ; 
is w= oF wint., (12-23) 


This is because any of the w{ translational quantum states, all of 
energy ¢;", may be combined with any of the wit internal quantum 
states, all of energy ei", to give a state of a given total energy. 
Substituting the above in (12-9) we obtain . 


f=D of of exp [— (ef +elt4y/kT]. (12-24) 

3,k 
This may be factorized in the same way as in equation (12-4). This 
aie i ae fae (12-25) 
where f® =Zof* exp [—ef"/kT], (12-26) 
fist. = Delt exp[—eD/kT], (12-27) 


and the summations are over the translational and internal states 
respectively. To the extent to which the further separation of equa- 
tion (12-22) is valid, we can proceed a step further and write 


f= firprot.pvib.felec, (12-28) 


where fTt., fvib. and fel. are rotational, vibrational and electronic 
partition functions respectively. 

In speaking of, say, the translational and internal parts of the 
energy as being independent forms of energy, it is to be borne in mind 
that whenever we have an isolated system the total energy is constant. 
Thus any decrease in the translational energy of the molecules would 
result in an increase in the energy of the internal motions and vice 


24 DCE 
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versa. For the isolated system Q tends to a maximum and the 
equilibrium distribution between the translational and internal 
parts of the energy is determined by the maximum of the product 


Q= Orans Ant,- 


The allocation of a fixed quantity of energy between the various 
forms of motion thus depends on the ‘spreading’ of this energy in 
such a way as to maximize ©, due allowance being made for the 
different spacing of the quantum levels. This point was mentioned 
previously in §1-17. 

The equilibration of the various forms of energy implies also that 
the statistical parameter 7’, the temperature, has the same value in 
all of the various parts, such as (12-26) and (12-27), of the total 
partition function. This follows from the same kind of argument as 
was used in § 11-9, where it was shown that two bodies at equilibrium 
have the same value of £. To demonstrate the equality of T or @ 
between, say, translational and internal states, we should set up 
equations similar to (11-4)-(11-6), noting on the one hand that the 
probability of a chosen translational state and a chosen internal state 
is multiplicative and, on the other hand, that the energies are additive. 

It may be remarked that the equilibration between the different 
forms of energy of a system of molecules which are not undergoing 
reaction is usually attained quite rapidly due to the collisional process. 
It is only under rather exceptional conditions that the equilibration 
is not attained, for example, in flames or in the rapid adiabatic com- 
pressions due to sound waves. In the latter instance the vibrational 
energy does not attain equilibrium with the translational (and rota- 
tional) energy within the period of the wave. Under such conditions 
it may occur that the various translational states are at approximate 
equilibrium with each other and have a statistical parameter 7',,,, 
and also that the vibrational states are at equilibrium amongst 
themselves with a characteristic temperature T,,,. However, if 
there is only a relatively slow equilibration between the translational 
and vibrational states 7, is not equal to 7, during the time 
required to attain this equilibrium. 


12°5. The translational partition function . 
From equation (12:25) we have 
f =f* 2 fie m5 
and within the scope of the present chapter we shall deal in detail 


only with the translational partition function. Now, as shown in 
§ 12-3, the wave function of a gaseous molecule has the property of 
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being separable into parts which are characteristic of the trans- 
lational and internal motions, 


y= yttapint., 
where y*- is an eigenfunction of the equation 
ory te. Ory te. Oy tr. S72 


oat + aya toe Re 
e is the total translational energy of the molecule, and it has been 
assumed that the potential energy is constant and zero throughout 
the containing vessel. The permissible values of ¢ are those we require 
in order to evaluate f*- by means of equation (12-26). 

The last equation is again separable, and we obtain 4 


pr =paby Yo, (12-30) 


where ¥,, yy and y, depend only on x, y and z respectively. This 
follows in exactly the same manner as in the treatment of equation 
(12-13) where, however, the discussion was concerned with the case 
of two dimensions only. In this way we obtain the three simpler 


(12-29) 


en nt etal (12:31) 
Ue dt he“ 
1 @ 872m, 
v 
1 d? 872m 
Ve — ~ h2 . (12-33) 
where €, +€, +6, =€. (12-34) 
The solution to (12-31) is 
v,=Asin F (8me,) +B) (12-35) 


where A and B are constants, as is readily verified. Similar solutions 
are obtained for (12-32) and (12-33). 

Let it be supposed that the gas is confined in a rectangular box 
whose sides have lengths a, b and c parallel to the z, y and z axes 
respectively. In accordance with the probability interpretation 
(equation 12-11), y%, must therefore be zero at all values of x which 
lie outside the range of length a. This is because we specify that the 
molecules are certainly inside the box. Thus 7, is zero for all values 
of x less than zero and greater than a, and it must approach these 
zero values quite smoothly within the box, as otherwise y, would 
not be a continuous function and the probability interpretation 


24-2 
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would become ambiguous. The application to (12-35) of the boundary 
conditions y, =0 at x=0, x=a, gives 
B=0, (12-36) 
na 
h a{(8me,) =9a7, 


where q, is an integer (not including zero as otherwise 7, would be | 
zero everywhere). The last equation may be rewritten 


h? (q,\2 
2 2 . 
Similarly “~g(2) (12-38) 
h?2 "Gs 2 
m2) , (12:39) 


where q, and q, are also integers. These are the quantum numbers and 
they determine the permissible energies or eigenvalues. It will be 
noticed that the origin of these translational energy levels is the 
imposition of the boundary conditions; in the case of unconfined 
motion there is no quantization and the kinetic energy is continuous. © 
Moreover, the larger are the dimensions a, 6 and c, the smaller is the 
separation of adjacent levels, reaching zero when the box is infinitely 
large (cf. the discussion following equation (12-7)). 

It will be noticed from (12-37) that to each possible value of the 
energy ¢, there is only a single choice of the quantum number q,. 
The levels ¢, are therefore not degenerate and the same applies also 
to ¢, and ¢,. The corresponding eigenfunctions are obtained by 
substituting (12-36) and (12-37) in (12-35): 

uO 


| P,=A sin —- zr ete. (12:40) : 


On the other hand, the total translational energy is given by 
€=€,+€, +6, | 
h* (9% Gs 
“om ae (S++9), © 41) 


and the complete eigenfunction for translation is 
y= constant x a eae ener 


Now 2, y and z are present in (12-42) but not in (12-41). It follows that 
each choice of the integers g,, etc., corresponds to a different eigen- 


(12-42) 
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function, but possibly to the same energy ¢. For example, if the box 
is such that a=), then the choice of quantum numbers g,=7, g,=1, 
q,=3 will give the same energy as the choice g,=5, g,=5, 9,="§ 
Thus if a, b and ¢ are commensurate, it will occur that many of the 


energy levels ¢ are degenerate. 
The translational part of the molecular partition function is given 


by (02:26) f= Bef oxp[—efF/ET], 


where the summation is over the energy jovels. Alternatively, we can 
sum over the quantum states 


f*= p> exp [—ef"/kT], 
states 


and substituting from (12-41) 
f™= D exp E- a 7 (S+ ia) (12-43) 
Cx, Ay, As 
This may be factorized S™=fabSes (12-44) 
h | f.== ( ss, snina} 
es Oe =P | ~ SmkTot 
: h? 
=> e708, if = SmkTa®’ (12-45) 
; az 
and similarly for f, and f,. 


The Boltzmann constant k, which originated in (11-14), has not 
yet been finally identified with R/N (see equation 11-50). However, 
if it is assumed for the moment that this is the case, it is readily shown, 
by inserting numerical values, that the coefficient g in (12-45) is 
exceedingly small for all reasonable values of 7' and a. It follows 
that the first term (i.e. g,= 1) in the summation is practically unity, 
the second term is also practically unity and so on. In fact, the various 
terms diminish so slowly that the summation may be replaced by an 
integral.t | 
_ Aplot of e-% as a function of g, is shown in Fig. 41, where, however, 
the decrease in the function is much magnified. The value of f, is 
the sum of all the vertical lines up to g,=00. Bearing in mind that the 
horizontal separation of the vertical lines is unity, the value of f, is 
therefore equal to the area of the rectangles. This again is equal, to 
a very high degree of approximation, to the area under the dotted 
curve of the continuous function e~9%, where q, is no longer limited 
to integral values. Thus 

fam Botti [ered (12-46) 
@a™1 
t Degree of freedom for which this property holes Ade tweoualy called classical. 
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The integral is a standard one and we obtain 


fa=Har/g), (12-47) 
_or inserting the value of g 


he=5 (2amkT)?. (12:48) 


1 2 3 4 5 q.— 
x 
Fig. 41 


The same result is obtained for f, and f,. Thus finally we have 
=Sofulz 


5a) (12-49) 


where V is the volume of the vessel. This result is not limited to 
rectangular boxes. . 


12-6.. The internal partition function 


For methods of determining the internal part of the molecular 
partition function the reader is referred to more comprehensive 
accounts in the literature.t Suffice it to say that it is a sum of ex- 

f For example, Fowler and Guggenheim, Statistical Thermodynamics 


(Cambridge, 1949); Mayer and Mayer, Statistical Mechanics (New York, 
Wiley, 1940). . 
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ponentials, as in equation (12-27), and the most accurate method of 


calculating f™*- is to analyse the spectrum of the particular molecule 
and thereby to obtain the value of each energy level relative to the 
lowest. If the degeneracies, w,, are known from theory, it is therefore 
possible to calculate the numerical value of each term, w,e*é*T, 
which contributes significantly to the summation, and these terms 
can then be added. . 

An alternative method is based on the approximation discussed in 
§12-4, where f'* was expressed as a product of rotational, vibra- 
tional and electronic factors. Analytical expressions for f™ and 
fr. may be obtained by the methods of wave mechanics; these 
expressions are rather complicated, being expressed as series expan- 
sions, and will not be quoted here. 

The convention is usually adopted of using an energy scale in 
which the lowest level of each type is taken as having zero energy of 
that particular kind. The use of (11-43) and (11-44) to calculate free 
energy and internal energy will therefore give values of these func- 


_ tions relative to the same zero. 


Consider the vibrational part of the molecular partition function; 
according to the above convention the first term, e~*0*?, in the 
summation is just unity. The second, and all succeeding terms, are 
very much smaller, and this is because the separation of the vibrational 
levels is usually rather larger than k7'’. The vibrational partition 
function is therefore not much larger than unity at room temperature, 
and the same usually applies a fortiori to the electronic part. By 


contrast, the rotational partition function, for which the spacing of 


the levels is much closer, is usually of the order of magnitude 10-100 
at room temperature and the corresponding value of f**, as given by 
equation (12-49), is enormously larger still. This does not necessarily 
imply that it is the translational partition function which always 
makes the largest contribution to the thermodynamic functions of 
a gas. For example, from (11-44) it is evident that C,=dU/eT is 
strongly dependent on the rate at which the partition function 
increases with temperature. In certain regions of temperature this. 
may be larger for the vibrational part than for the translational part, 
even though the latter is much greater in magnitude. 


12°7. Thermodynamic properties of the perfect gas 


Using (12-25) and (12-49) we obtain for the molecular partition 
function of a perfect gas whose volume is V, 


sv(tmeny ist, aa 
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where m is the mass of each molecule. Hence from (12-8) the partition 
function Q is onmkT\. 


el es Cr 
N! h? , 


where NV is the number of molecules in the volume V. We are now in 
& position to apply the important equations (11-42)-(11-46) which 
give the macroscopic properties of the gas in terms of 7’, V and N as 
the independent variables. Consider first of all the gas pressure, 
which is given by (11-46): 


ong 
P= a(S es 


Now in (12-51) the only quantity which is a function of V is the 
term V¥. In particular, f™- does not depend on V, and this was 
implicit in the separability discussed in §§ 12-3 and 12-4. (It is because 
the potential energy for the internal motions of the molecule does not 
depend on the distance between one molecule and another in a perfect 
gas phase.) | 

Taking the logarithm of (12-51) and differentiating we obtain 


pe oo (12-52) 


If there are m moles of gas in the system then N = Nn, where N is the 
Avogadro number. Thus (12-52) may be written ; 


PV =nNkT, | (12:53) 


and this is therefore a derivation of the gas law from the principles of 
statistical and quantum mechanics. The discussion of § 12-3 shows 
that it arises because of the negligible interaction between one 
molecule and another whenever they are far apart, and it was this — 
condition which allowed the wave equation for the whole macro- 
scopic system to be separated into a number of equations, one for 
each individual molecule. ew 

The last equation may be expressed as PV oc nT’. Now the coefii- 
cient of proportionality is usually denoted by the symbol R. Hence 


R= Nk. (12-54) 

This serves to identify the Boltzmann constant k as equal to the gas 
constant per molecule, as was foreshadowed in § 11-11. 

Further application of equations ( 1]-42)-(11-46) can only be made 

if the value of ft is known. Methods of calculating this quantity 

were briefly outlined in the previous section, and it follows from what 
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was said that f'™*. can usually be taken as unity in the case of mon- 
atomic gases.t In the remainder of this section we shall develop the 
equations which are applicable to this special case. First of all (12-51) 


feel 3 (cia 
=a! Te ee 


and therefore, applying (11-44), we obtain for the internal energy 
eng 
v=), a 
an Ti 
or 
= §NRT = 3nRT. (12-56) 
This familiar result is also obtainable from the kinetic theory, and 


it corresponds to the fact that in a monatomic gas the energy is 
entirely translational. The enthalpy is 


(12-55) 


H=U+PV 
=§nRT, (12-87) 
and the heat capacities per mole are obtained by differentiation and 
by putting n=1: cy=$R, | 
‘ } (12-58) 
c,=§R. 
The Helmholtz free energy is obtained by substituting (12-55) in 


This may be expressed in the lowing ee which is obtained by 
using the Stirling theorem (equation 11-77) for NV! and by putting 
m= M/N, where M is the molecular weight of the gas: 


vmirt (27k) 
F= —nR2 in( )ai+ +1+hn——. Gar. (12-59) 
The corresponding Gibbs free energy is 
G=F+PV 
=F+4+nRT 
(= (2nk)* 


+ If there is appreciable electronic excitation f*™ cannot be taken as unity, 
even in the case of a monatomic gas. This occurs in the case of the alkali 
metal vapours where there are two electronic states of equal energy. In this 
instance f+ =f": — 2 very nearly. 
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This may be expressed more conveniently by using P, 7' and n as 
variables in place of V, 7 and n, by means of (12-53): 


MiTt Qn\ 4 ke 


The chemical potential, which in the case of a single component gas 
is simply G/n, is obtained by putting n=1 in the last equation. If 
P is expressed in atmospheres and M in grams per mole, the insertion 
of the numerical values of k, h and N gives 


$73 
p= re in FS) ~ 3-6 | ; (12-62) 
Finally, for the entropy of the gas, we obtain from (12-57) and (12-61) 
S=(H-G)/T 
MiT# Qn\t RE 
$7 
=nr[ in (22) 10], A264 


where the units of pressure are again in atmospheres. This is known 
as the Sackur-Tetrode equation and was first obtained in 1912, in 
the early days of the quantum theory. 

Although the above equations are applicable only when fit. is 
unity, they may be regarded as giving those parts of the internal 
energy, entropy, etc., of a polyatomic gas which are due to the 
translational motion. Equations analogous to those above may be 
readily obtained for the more general case. For example, the equation 
for the chemical potential is 


MiTH | (2n\iet 


and this can be evaluated if f™- is known, for example, from band 
spectra. It is one of the great achievements of statistical mechanics 
' that it has made possible a method of determining the thermo- 
dynamic functions of polyatomic molecules, a method which is at 
least as accurate as that which is based on calorimetry and the 
measurement of equilibrium constants. For example, the equilibrium 
constant of the reaction 


co +H,0 =CO,+H, 
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at 1000°K is 1-37 as calculated} from spectroscopic datat on the 
various substances and is 1-5 according to the direct measurements 
of Haber and Hahn. The latter figure is based on gas analysis and is 
perhaps less accurate than the former. 

It may be remarked that the above equations lead to perfectly 
definite numerical values for that part of the energy, entropy, etc., 
which is due to the translational motion. For example, from (12-56) 
it may be calculated that the kinetic energy of translation at 300° K 
is 894 cal/mole, and of course, this is the value of the internal energy 
relative to the energy of the same molecules when they are at rest. 
Similarly, if equation (12-64) is evaluated for a gas of molecular 
weight 44 (CO,) at 300°K and latm the result is an entropy of 
38 cal/degree per mole. 

The fact that this is an absolute value arises from the statistical 
definition of entropy in equation (11-14). According to this equation 
the entropy would be zero if the system were known to be in a single 
quantum state. This point will be discussed in more detail in the next 
chapter in connexion with the third law. For the moment it may be 
noted that equation (12-64) leads to an apparent paradox—as T 
approaches zero it appears that S approaches an infinitely negative 
value, whereas the least value of S should be just zero, as occurs 
when the system is known to be in the single quantum state. This 
difficulty is due to the fact that equation (12-8), on which the equations 
of the present section are based, becomes invalid at very low tem- 
perature. Under such conditions the Boltzmann statistics must be 
replaced by Einstein—Bose or Fermi—Dirac statistics. 

In conclusion to this section it is of interest to obtain an expression 
for the equilibrium constant of a gas reaction in terms of molecular 
partition functions. In equation (12-10) we obtained an expression 
for the partition function of a mixture of two gases, and the corre- 
sponding expression for the partition function of a mixture of three 
gases A, B and C is 1 agar 

Q= AR ARAL *fo'fe’s 


where N,,, etc., are the numbers of molecules of each species in the 
volume V of the system and f,, etc., are the molecular partition 
functions. The Helmholtz free energy of the system is obtained by 
substituting the above expression in (11-43): 
F=—kTInQ 
= —kT(N, Inf, +N, nf,+N,nf,—mN,!—nN,!—mnN,)!). 
+ Guggenheim, Thermodynamics, §7-10. 
- $ Together with a value for the heat of reaction. This is needed in order to 


fix the energy zero of the products relative to those of the reactants, i.e. the 
relative energies of the lowest levels or ground states. 
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Let it be supposed that there is a reaction 
A+B=C, 


so that dN,=dN,= —dJ,. Differentiating the above equation at 
constant temperature and volume and using these relations, together 
with Stirling’s theorem, we obtain 


(ax = —kT(—Inf,—Inf,+Inj,+nN,+1nN,—InJ,). 


Now the condition of equilibrium is (@F/@N,)7,y=0, as follows from 
§2-8. Hence it follows that N f 
3 : ce c 


Let [C], etc., denote the number of molecules per unit volume. Then 
N,= V[C], etc. From (12-50) we also have the result that the partition 
functions f., ete., are proportional to the volume V of the system. 
Let ¢;, ete., denote partition functions per unit volume, thus 
¢,=f,/V, etc. Then we readily obtain 


1) ba 
[4] [B] [B] babs, 


In this expression the partition functions ¢;, etc., must all be 
calculated relative to the same zero. On the other hand, it is more 
convenient to calculate the partition function of each molecule 
relative to its own lowest level taken as having zero energy. Relative 
to any arbitrary zero let the lowest level of the A, B and C molecules 
have energies ¢,, €, and ¢, respectively. From equation (12-9) it is 
evident that the terms e-¢d/7, etc,, may be factorized out of each of the 
molecular partition al apeias The last equation can therefore be 
rewritten [oy ¢ 

£ ——— @ec—6q-eHRT 
[AJB] Sad, 
where ¢,, etc., are now calculated relative to the lowest level of each 
molecule as having zero energy. This relation may also be expressed 
in the form 1] be 


[AlIB) dads 


when £, is the difference in the zero-level energy per mole of the 
- reactants and products. 


e-2o/RT, (12-66) 
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12:8. The Maxwell—Boltzmann distribution 


Under this heading we are concerned with the question: what is the 
average number of molecules in a sample of a perfect gas which are in 
some particular energy state ¢,? To start with, it will perhaps be clearest 
if we deal with the quantum states of the molecules, rather than with tho 
energy states, since the latter may be © degensrate, Let the quantum 
states be numbered 0, 1, 2,..., 4,7, .. 

Over any large period of time let . Py be the fraction of the time that 
there is just one molecule in the sample of gas in the ith quantum state, 
let »,, be the fraction of the time that there are two molecules in the ith 
state, etc. The mean number of molecules in the ith state is therefore 


n= pq + ist SPist-.-- (12-67) 


Now, as discussed already in § 12-1,f the number of quantum states per 
molecule is enormously larger than the number of molecules in the 
sample. (This is the basis of the Maxwell—Boltzmann statistics and 
applies under all conditions of temperature and pressure at which e gas 
is effectively perfect.) In any sample of gas it is therefore very improbable 
that there will be more than one molecule in a particular quantum state 
— in fact, the mean number, %,, will be very much less than unity. In the 
above equation we can therefore neglect all p’s except p,, and write 


y= Pa. 
Alternatively—and this makes our discussion easier—we can put 
Ny =Py (12-68) 


where 7, is the probability that there is at least one molecule in the ith 
quantum state, this being effectively the same as the probability pn, 
that there is only one molecule in this state. 

For simplicity consider a gas sample containing just three identical 
molecules. A quantum state of the whole system will be specified by saying 
how many molecules there are in each of the molecular quantum states, 
but without seeking to distinguish between these molecules, which is 
impossible. An expression for the probability of this state has already 
been obtained in equation (11-42). For example, the probability that 
one molecule is the zeroth molecular quantum state, a second also in the 
zeroth, and the third in the ¢th is 


P = eAte+eet00/Q, 
where # has been written in place of —1/kT. Similarly, the probability 
that there is one molecule in the zeroth state, one in the first and the third 
again in the ¢th is Paokete+en/Q, 


The total probability that there is at least one molecule in the tth state is 


ft See also Problem 1 at the end of the chapter. 


eg ee ee ee 
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obtained by summing? all expressions of the above kind in which at least 
one of the ¢’s is an ¢,. Thus 


eft 
p= oO [eA(eo+é) + eAleet+6x) + e@A(Gotés) +... 


+ eA(Er+6s) 4 @A(E1 +62) isis 
+ e@A(éa+6s) + Ks 
teh (12-69) 


Consider the expression in brackets. Going back to § 12-1 it is seen that 
this expression is a correct form for the partition function, Q, of a system 
consisting of only two identical molecules. In fact, this expression is the 
Same as equation (12-3) with the identical terms in the latter left out: 
Therefore (12-69) can be written 


Qs 
= het —* 
pie Q; ’ 
where Q, and Q, are the partition functions for systems of two and three 
identical molecules respectively. In general, for a system which actually 
contains N molecules, the probability that at least one of them is in the 
tth state is Q 
p= e cuRt ¥N-1 : 
N¥ 


Substituting the values of Qy_, and Q, as given by (12-7) 


Ni (Zw,e-ekTy¥-1 


=—e-cikr ae 
BES (N=! (Zope 
Ne -turt 


The denominator is 4 summation over molecular energy levels and is 
the same as the molecular partition function, f, of equation (12-9). 
Combining (12-68) and (12-70) we thus obtain 


Ne-wkr 


t= 55 oak (12-71) 


as an expression for the mean number of molecules in the ith quantum 
state. Let NV, be the mean number of molecules in the ith energy level. 
If this is w,-fold degenerate then—since each of the w, quantum states is 
equally probable—we have 

N. t=; n; 


No, e—ckT 


f Note that we are concerned here with a swmmation of probabilities. The 
events represented, for example, by the two P’s quoted above exclude each 
other and do not occur simultaneously. 
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These equations express the quantal analogue of the Maxwell—Boltzmann 
distribution law, and they are more general in their scope than the Max- 
well expression for the distribution of velocities (the latter will be derived 
from (12-72) in § 12-11). 

Equation (12-71) can be used to give a verbal interpretation to f, 
which is its denominator. If, in accordance with the usual convention, 
we take the lowest level as having zero energy, then from (12-71) 

7iy_1 

N ff 
The molecular partition function may thus be interpreted as equal to 
N/m,, the ratio of the total number of molecules to the number in the 
lowest quantum state. Equation (12-72) can similarly be used to give a 
meaning to each term which occurs in f; for example, the term w,e~*#/AT 
is proportional to the mean population N, of the particular level «,. 
Thus each term in the molecular partition function is proportional to the 
probability of the energy level to which it refers. The ratio of the popula- 
tion numbers of two levels, ¢, and ¢,, is obtained from (12-72) 


X, _ @o~CuhkT 

N; = W; e-eiRT ? 
and similarly the mean total population of any two levels taken together, 
for example, the ith and jth levels, is 


(12-78) 


(12-74) 


= N 
N,+N,= 7 (w, o- WRT + w, o- GAT), (12-75) 


12-9. Distribution over translational and internal states 


The ideas of the last section may be extended to the various parts of 
the factorized partition function. As discussed previously, any molecular 
energy level ¢, may also be specified by stating that the molecule is in the 
jth translational level and the kth internal level. From equations (12-21) 
and (12-23) e,= et + emt, 

o,= os" wt, 
Substituting in (12-72) 
_ Nof- w°t* exp [— (ef +68") /RT] 
N,,.= 2+, + 4+ — , 
f 
where N, , is the mean number of molecules which are in the jth trans- 
lational level and at the same time in the kth internal level. Let N¥ be 
the number of molecules in the jth translational level, irrespective of the 


internal level of the molecules. This is obtained by acapung (12-76) over 
all internal levels. Thus 


Nea 2M, 
a Nof exp [—¢f'/RT] 
f 


(12-76) 


Sobtoxp[— ef /k I) 


LAREDO oo oem sea, 


a 
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Here the summation is just the internal part of the molecular partition 
function, as given by equation (12-27). Therefore, using (12-25) and (12-27) 


ap = Sere SET (12-77) 


Similarly, the number of molecules, N#*, in the kth internal level, 
irrespective of their translational states, is 


Nob oxp [—e*/kT] 
a ae e 


The same property of factorization applied to the internal energy states 
—in so far as there is approximate separability of energies—allows similar 
equations to be obtained relating to rotational, vibrational and electronic 
distribution functions. For example, the number of molecules in the ith 
rotational level, irrespective of the particular translational, vibrational 
and electronic level, is 


Ne 


Nm (12-78) 


Nof* exp[— 6 /kT] 
= f rot. . 
In brief, the distribution of a particular type of energy, if it is separable, 
can be discussed without reference to the other types of energy; each 
distribution function is determined only by its own partition function. 
It will be apparent also that the larger is the value of, say, f™™, the smaller 
is the fraction of all the molecules which populate any single rotational 
level. The magnitude of a molecular partition function, or any factorized 
part of it, is a measure of the total number of levels which can be appreci- 
ably populated at the given temperature. 


(12-79) 


12-10. Number of translational states of a given energy 
Before proceeding to the Maxwell distribution of velocities it will be 


“useful to derive equation (11-59). This was assumed without proof in 


the appendix to the last chapter. It is 
Q k= aH, 


k 
where Q is the number of quantum states of a macroscopic sample 
consisting of N atoms of a monatomic gas of total energy H,. (The expres- 
sion will also give the number of translational quantum states of a poly- 
atomic gas.) . 

From (12-37) the quantum number gq, is given by 


qo= = 4(8me,), (12:80) 


and this is therefore the number of translational quantum states of a 
single molecule corresponding to. an'x component of energy which lies 


\ 
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between zero and a value ¢€,. The number of quantum states which corre- 
spond to an energy which lies between ¢, and ¢€, + Ae, is therefore 


2= 5 (8m)t [(Ge-+ Ae)t — eb 


— amit et] (1. 4¢2\*_ 
geal ee 1]. 


and if Ae, is small compared to ¢, this ana aaa by 
< (8m)t ef (14-—2— 
5 (8m) € i( + = 1) 


== “afta (12-81) 


In fact, for large values of g, and ¢, these variables can be regarded as 
continuous, and we obtain 


dga=¢ (22)* ace (12-82) 


\ Ey 


which is the result of a direct differentiation of (12-80). Similarly 


The total number of translational quantum states for which the energy 
lies in the range ¢€, to €,-+deé,, €, to €, +de, and ¢, to ¢, + de, is therefore 


3 de. de, de, 
2g, dq, = 2m ==: 12-83 
dg,dg,dq,= a3( i a a a ( ) 


where V =abc is the volume of the gas. 

We now ask, what is the number g of translational quantum states of 
a single molecule when its total energy ¢,+¢,+¢6, lies between zero 
and some particular value ¢€? This is the integral of (12-83): 


~ Zant ff iene 
7 et et et’ 


where the integration is to be taken over all positive values of ¢,, e, and 
€, subject to the condition 


(12-84) 


€g t+ €y +e, <6. (12-85) 
This is the type of integral known by the name of Dirichlet. The integral 
1=f. fforses e?-1 .., eR! de, de, ... dey, (12-86) 

subject to the condition Le, <e, 


25 pce 
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_ (py e”” : 
Tipe’ (12-87) 
where I'(p) is the gamma function,{ which is & generalization of the 
factorial. (For example, if p i& an integer T(p)=(p—1)!. In general, 
T(:) is the ‘smoothest’ function which takes on the values (p—1)! at 
the integers.) Numerical values of I are to be found in mathematical 
tablest and two values we shall need are 


T(qj=mt and T(§)=$0h. 

In the case of (12-84) we have p=} and N=3. Hence 

i 3 

go Ula) (ty 
he at 
(2m)t ed. 
h3 

This result could actually have been obtained more simply,§ but it was 
useful to employ the method based on the gamma function because this 
method has an important application in reaction kinetics, especially for 
calculating the number of molecules having total energy greater than 
or less than a given value in S degrees of freedom. : 


The differential of (12°88) gives the number of translational quantum 
states of a single molecule whose energy lies in the range ¢ to ¢+ de: 


( amt 
h? 


If there are N molecules in the system—and let it be supposed for the 
moment that they are all distinguishable from each other—then the 
total number of translational states for the whole system when the 
translational energy of the first molecule lies in the range de, of the second 
in the range dé,, ete., is obtained from the last equation and is 


dg, dg, ---dgy= [oer Snr ete oie eh de, de, .. déy. 


As before, we ask what is the number G of translational quantum states 
of the whole system of N molecules when their total energy is less than 
some particular value H? This is the integral of the last expression, i.e. 


G= [or Ory. fold --cbaeide de 


subject to the condition ¢,+6,+..- +€y SE. 


t See, for example, ¥. 8. Woods, Advanced Oaleulus (Boston, Ginn and Co., 
1939), Chapter viz; and Margenau and Murphy, The Mathematics of Physics 
and Chemistry (New York, Van Nostrand, 1943), §3-2. 

¢ For example, Milne-Thomson and Comrie, Standard Four Figure Mathe- 
matical Tables (London, Macmillan, 1948). 

§ See, for example, Mayer and Mayer, Statistical Mechanics (New York, 
Wiley, 1940), §2i. 


has the value 


=$nV (12-88) 


dg=2nV etde. (12°89) 


SO A apa r es Tee ee ey om a a ee a Pe eee ee 
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Evaluating the Dirichlet integral as before, we obtain = os 


_T, (amy (Ta)? 
a=| anv h? | raven (12-90) 


If the molecules are actually identical this must be dividedt by N! 

because an interchange of particles does not give rise to a new quantum 

state of the system. However, for the present purposes, this is not im- 
rtant; the essential result is 

aa G=OEnP, (12-91) 


where C depends on V and N. The number of translational quantum 
states of the system whose energy lies in the small range between H and 


E+6£ is thus 8@=§NCEF-uE, 
or since Nis very large éG@=O'H 3H, (12-92) 


where O’ again depends on V and N. 

Now throughout the above discussion # has been treated as a con- 
tinuous function, whereas actually it is quantized. If we take éZ as being 
the energy separation between one level and the next, then the number 
Q, of quantum states having the energy H, is the increase in G in passing 
from the jth level to the adjacent kth level about it. Therefore 


0,=C' EP 3E 
=aHt, | (12-98) 


where «= 0’8H. This is equation (11-59) which was used in § 11-13; for 
the purposes of that section the meaning of « was of no importance, and 
the proof of the canonical distribution depended only on the fact that 
Qi varies as a very high power of LZ. 


12-11. The Maxwell velocity distribution 


According to (12-77) the mean number of molecules whose translational 
energy level is ¢,, irrespective of their particular internal level, is 


N we RT 
a 
The number 7, of molecules in each of the quantum states which is 
comprised within ¢, is obtained by dividing by w,: ' 
Neat 
f* 
Neatly t+eaykT 


f= f 


+ It is assumed, as in §12-1, that the molecular quantum states which are 
occupied by more than one molecule may be neglected. 


N= 


ny= 


25-2 


(12-04) | 


abate me oe 
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where €,, €, and €, correspond to the notation of § 12-5. Let 7, be the mean 
number of molecules whose x component of translational energy is ¢€,, 
irrespective of the y and z components. This is obtained by summing the 
last expreasion over all values of ¢, and ¢,, in the manner of § 12-9. We 
thus obtain Neo-ak? 


cae ae 
where f, is the part of the molecular partition function for translation 
in the x direction and is given by (12-48). Equation (12-95) thus refers 
to the molecules which have a unique value of the quantum number 
Qa: but any values whatever of g, and g,. We now ask, What is the number 
of molecules whose x component of translational energy lies in the small 
range €, to €, +de,? The number of quantum states which lie in this range 


is given by (12-82): , ea 
— |—] de,. 


(12-95) 


oh Cy 
Multiplying together the last two expressions and inserting the value 
of f, from (12-48) we find the required number as 


—_——.. o- *#kT de... 12-96) 
(wkTe,)t : 

Now if v, is the x component of velocity of these molecules and if | v, | 
is its scalar magnitude, we have 


e= 5 |v |?, 
and thus de, = (2me,)td | v, |. (12°97) 


Eliminating de, between (12:96) and (12:97) and dividing the resulting 
expression by NV, we find that the fraction of all the N molecules whose 
magnitude of the # component of velocity lies in the range |v,| to 
| % [+a] v,| is om \t . : 

(=) exp [—mv?/2kT]d| vz |. (12-98) 
In this expression |v, | can only be positive, since it refers to a scalar 
magnitude. By using the standard integrals tabulated at the end of the 
chapter it is readily confirmed that the integral of (12-98) is unity when 
taken over the range 0 to oo. On the other hand, if, in place of | v,|, we 
' consider v, itself, its values can range from — oo to +00. The fraction of 
the N molecules for which the z component of velocity lies between v, 
and. v,+ dv, is therefore obtained by dividing (12-98) by 2 and ist 


m \4 
(sea) exp[—mvt/2kT] dv,, (12-99) 


whose integral] is unity over the range — 00 to + 0. 


+ Half the molecules comprised in (12-98) have positive values of v, and 
the other half have negative values. 
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Entirely analogous expressions may be obtained relating to the y 
and z components. The product of all three fractions is the fraction of 
the N molecules for which the components of velocity lie simultaneously 
in the ranges dv,, dv, and dv,. This is 


m \# 
abies —mo'/akT iS 
( onk 7) e dv,dv,dv,, (12-100) 


where vt=vi+ot+ vt. (12-101) 

Finally, we may ask, what is the fraction of the N molecules for which 
the scalar magnitude of velocity lies between v and v+dv, without 
specifying the range of the component velocities? From (12-94), the 
fraction of the molecules in the guantum state for which the translational 
eigenvalue is ¢€ is o-okT 


The number of such quantum states within the range ¢ to ¢ +-de is given 
by (12-89) (2m)t 
h? 

Multiplying together the last two expressions and inserting the value of 


j* from (12-49), we find that the fraction of the molecules for which the 
translational energy lies between € and e+ de is 


dg=27V etde. 


27 


et o-SRT de, (12-102) 
(wkT)8 
If the corresponding velocity lies between v and v+ dv, then 
e= dmv 
and de= (2me)t do. (12-103) 


Therefore the fraction of the N molecules for which the scalar magnitude 
of velocity lies between v and v + dv is 


a 
™ 
| an sont) em akT 42 day, (12-104) 
This expression may also be obtained directly from (12-100) by trans- 
formation to spherical polar co-ordinates, followed by integration over 
the surface of a sphere. (The same process is implicit in the relationship 
between (12-82) and (12-89) which has been used in the above derivation.) 

In the various forms of the Maxwell equation it will be noticed that 
Planck’s constant h has cancelled between numerator and denominator. 
It appears therefore as if the equations might be independent of the 
quantum theory and they were, of course, obtained by Maxwell before 
this theory was developed. However, it is to be remembered that the 
results of the present chapter depend on the particles being very sparsely 
distributed over the quantum states.t Under the same conditions the 


+ Otherwise the Fermi—Dirac or Einstein—Bose statistics must be used, as 
in the case of the electrons in metals. 
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separation of the translational states is very small compared to k7', and 
therefore the translational energy is virtually continuous, as was sup- 
posed by Maxwell. This is an aspect of the fact that quantum behaviour 
converges towards classical behaviour at high values of the quantum 
numbers, in accordance with Bohr’s correspondence principle. 


12-12. Principle of equipartition 


This. principle has a very limited applicability, because it is really a 
classical rather than a quantum theorem. Its derivation from the 
quantum point of view which has been adopted throughout this chapter 
may be outlined rather roughly as follows. Let it be supposed that the 
energy of a molecule is separable into a number of parts, ¢’, e”, etc., and 
consider any of these, say e’, which depends on only a single variable or 
degree of freedom. (This applies, for example, to the x component of 
kinetic energy whose eigenvalues are determined by (12-31).) The fraction 
of the molecules in each of the quantum states whose energy is ¢,, in the 
class of energies denoted by a prime, is given by an equation of the type 
of (12-95) o-Suker 
where f’ is the appropriate part of the molecular partition function. The 
molecules in the system have a mean energy of this class which is obtained 
by multiplying each of the quantized values, ¢, €,, ete., by the corre- 
sponding fraction (12-105) and summing over all quantum states. Thus 
the mean energy is _ Seentier 


~ Se-sykT * 


(12-108) 


(12-106) 


If the separation of successive levels is small compared to RT’, these summa- 
tions may be expressed as integrals, as discussed in §12-5. We obtain 


i] io] 
v= J e’ eC IkT dg’ / i eS IT da’, (12-107) 
0 0 


where q’ is the appropriate quantum number, of which e¢’ is now regarded 
as a continuous function. Now in certain instances ¢’ varies as the square 
of’: e’ = C4". (12108) 
This has already been shown to be the case with regard to the com- 
ponents of translational energy, equations (12-37)-(12-39), and is also 
approximately true of the energy of rotation about an axis. Substituting 


(12-108) in (12-107) and evaluating the integrals, which are now of a 
standard form,t we obtain @ =4kT. (12-109) 


Therefore a molecule has an average energy, of the type in question, equal 
to 4kT and the corresponding contribution to the heat capacity of the 
gas is 4k per molecule or very nearly 1 cal/°C mole. This result is in accord- 


t Integrals of this type are listed in §12-13. 
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ance with equations (12-56) and (12°58) which were concerned with the 
three degrees of translational freedom. 

Equation (12-109), which expresses the principle of equipartition, is 
only applicable under the conditions stated, in particular that the 
separation of the levels is small and that the energy can be expressed as 
& ‘square term’, as in (12-108). These conditions certainly apply to the 
translational motion and also, at room temperatures and above, to the 
rotational motion. A linear molecule requires two co-ordinates for the 
specification of ite rotation, and for each of these the contribution to c, 
is +R per mole. A non-linear molecule, on the other hand, requires three 
co-ordinates for the specification of its rotation and the rotational con- 
tribution to c, is §R per mole. The overall value of c, would thus be nearly 
6cal/°C mole, and the corresponding value of c, nearly 8 cal/°C mole. 

Turning to the case of vibration, the above conditions are not obeyed 
in either respect; the separation of levels is not small compared to RT, 
at normal temperatures, and the eigenvalues are not proportional to the 
square of the quantum number. In fact, for a harmonic oscillator, the 
permissible energies are a linear function of the quantum number v, 


e=(th)hy (v=0,1,2,...), (12-110) 


where vy is the classical frequency of the oscillator. If this relation is 
substituted in (12-107), then, at a sufficiently high temperature, we find 
that the mean energy of the oscillators is é 


é=kT, (12-111) 


which is just twice the value given by (12-109). In classical terms this 
may be explained as follows: éach harmonic oscillator has a kinetic energy 
proportional to the square of the momentum and a potential energy pro- 
portional to the square of the displacement. If each of these has a mean 
value of }kT per molecule, the total is kT per molecule. This corresponds 
to a contribution to c, of R per mole. 

However, it is to be emphasized that (12-111) applies only at high tem- 
peratures such that kT is large compared to the separation of the vibra- 
tional levels. At room temperature the vibrational motion makes a much 
smaller contribution to the heat capacity of gases than would be expected 
on the basis of (12-111). The main value of this equation is for the estima- 
tion of lower and upper limits to the vibrational contribution to o,, if 
this has not been measured. The lower limit, corresponding to no vibra- 
tional excitation, is zero and the upper limit is R per mole for each 
vibrational mode. 

The number of these modes is 3n — 5 in the case of a linear molecule and 
3n—6 in the case of a non-linear one, where n is the number of atoms in 
the molecule. This may be seen as follows. The position of the n atoms 
may be completely specified by means of 3n co-ordinates. These may be 
chosen as the Cartesian co-ordinates of each atom or in any alternative 
way. For example, three co-ordinates can be used to describe the position 
of the centre of gravity of the molecule (corresponding to its translational 
motion), and ite orientation in space can be specified by using either two 
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or three angles, according to whether it is linear or non-linear respec- 
tively. These angles correspond to the rotational degrees of freedom. This 
leaves either 3n— 5 or 3n— 6 co-ordinates still to be specified, and these 
can be chosen as the internuclear distances. It follows that either 3n—5 
or 3n— 6.of these distances are independent variables, and each of these 
describes an independent mode of vibration. 


20 


15 


10 


6 500 7000 
Temperature (°Abs.) _ 
Fig. 42. Values of c, cal/°C mole, at 1 atm pressure. 


The experimental values of c, fer some common gases are shown in 
Fig. 42. The reader may find it instructive to compare these values with 
those estimated on the basis of the foregoing discussion and to note the 
temperatures at which the rotational and vibrational contributions are 
partially or completely effective. It may be remarked that electronic 
contributions to the heat capacity only become appreciable at very high 
temperatures, except in one or two exceptional cases such as nitric oxide. 
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12-13. Appendix. Some definite integrals 


2 n! 
. arenes dae = 5 (n=0,1,2,...) [N.B.O0!1=1), 


5 —az* =3(2)" 
ix de=s\a) ’ 


n! 
2ant1 


ao 
i) gintl e—se* dy = (n=0, 1, 2, ...). 
0 


Values of the gamma function, defined by 
fo 
T(n) =| x"-le-*dz (n positive), 
0 


zx 
and the error function, rf o==| e-* daz, 
AJ 0 
are given in Milne-Thomson and Comrie, Standard Four-Figure Mathe- 
matical Tables. 


PROBLEMS 


1. Investigate the simplification used in §12-1 which leads to the 
Maxwell—Boltzmann statistics. For this purpose use equation (12°88) 
to show that the number of translational energy states per molecule, 
whose energy €, is such that e-*#*? is not insignificant, is much larger 
than the number of molecules in the system under any conditions at 
which a molecular gas is perfect. Show, however, that this condition is 
" not satisfied in the case of free electrons, if their concentration is of the 
order 10** per cm?, as in metals. 


2. Show that the number of molecules which cross a plane of unit 
area in a gas in unit time, and which have a component of velocity normal 
to this plane greater than a value Vz, is given by 
N [rT \t 

(=) exp[—mv2,/2kT], (12-112) 


V 


where N is the number of molecules in the volume V. 
Show also that the number crossing unit area in unit time whose total 
kinetic energy exceeds the value ¢, is given by 


N [kT \* €0 \ eikT ‘ 
+ (xn) (1+gs)e (12-118) 
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Note that if no lower limit is given to v, or to ¢, the above expressions both 
reduce to 


N [kT \t P 
~ (=) “Geant (12-114) 


where P is the pressure. 

(The above expressions are usually taken as being applicable also to 
the number of gas molecules striking a plane solid surface. This neglects 
the fact that, close to the surface, the potential energy in the gas phase is 
no longer quite constant, on account of the attractive forces due to the 


_ solid.) 


3. Consider the molecules which cross & given plane in a gas in unit 
time. Show that their mean kinetic energy in the direction normal to 
this plane is k7’, and also that their mean total kinetic energy is 2kT. 
Why is this larger than the value §k7', which is the mean kinetic energy 
of all molecules in the gas? 


4. According to equation (12-64) the translational entropy of a gas is 
larger the greater is the molecular weight. Why is this? 


5. From equation (12-104) obtain expressions for the following 


means: 0, B, v*. 
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CHAPTER 13 


PERFECT CRYSTALS AND THE 
THIRD LAW 


13-1. Normal co-ordinates 


The thermodynamic properties of a system, as shown already, 

may be calculated from its partition function 

Q=Le-Fsr, 

which is a summation over all of the quantum states. This can be 
evaluated only if the Schrédinger equation for the system can be 
simplified, in particular only if the system can be regarded as con- 
sisting of independent entities for each of which the Schrédinger 
equation takes a sufficiently simple form. Now any sample of a crystal 
(or liquid) is really a single quantum-mechanical whole and does not 
consist of independent molecules. This is because of the strong 
internal forces; the state of any one molecule depends on the state of 
all the others and the system is said to be co-operative. In this situation 
Q cannot be evaluated as simply as in the case of a gas. 

Despite what has been said, it is possible to attribute approxi- 
mately independent energies, not to the molecules of a crystal lattice, 
but to the normal modes of its vibration. At any rate this is the case 
when the atoms are arranged in a fixed and regular pattern and when 
the forces between them may be approximated by Hooke’s law. This 
will become apparent in § 13-2 below, but it is necessary first of all 
to discuss normal co-ordinates. 

The thermal energy of a crystal containing NV atoms consists in the 
small vibrations of these atoms about their equilibrium positions in 
thelattice. To specify the momentary positions of all the atoms, a total 
of 3N co-ordinates are required, and these may be numbered 2}, %s, ..., 
2gy. They may be chosen conveniently as the displacements of the 
various atoms from their equilibrium positions. Thus 2,, 7, and 2, 
will denote the momentary displacements, in three directions at right 
angles, of the atom occupying the first lattice site; 2,, x; and 2, will 
denote the displacements of the atom occupying the second numbered 
site, and so on. - The total kinetic pais of all the atoms is therefore 


T=; 3 mat, (13-1) 
2jm1 
where m, is the mass which is appropriate to the tth co-ordinate. 
(Of course if all of the atoms are the same, all of the m, are equal.) 
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The potential energy of the system is of more immediate importance 
and is a function of all of the displacements, 


V =f (24, Vg, »»-)Xgy)- (13-2) 
For example, if there were just two significant displacements, x, 
and 2,, we should have V=f(x,, 2%), (13-3) 


and this may be expanded by means of Taylor’s theorem 
) eae 1@V " eV 
On, 20032 Ou, Ox, 


1 28 y 1aV 
+3 tea ata gaat (13-4) 
In this expression E£, is the potential energy when the displacements 
are zero. Under the latter conditions V is at a minimum and therefore 
the first differential coefficients in (13-4) are zero. If we make the 
approximation of neglecting the terms which invplve the cubes and 
higher powers of the displacements, then (13-4) may be written 


1827 ev, " ple as 
2 dat" Ax, Gat, 1 +3 3a8* 


or V — B=} (Cy 2] + 012% Uy + Cpy %q% + Caq5), (13-6) 


where ¢,,, etc., denote the second differential coefficients (‘force 
constants’) and ¢,,=¢,,. (The use of both of the latter symbols, 
instead of a single one equal to 2? V /dx, da, enables the 4 to be brought 
outside the bracket.) 

A similar Taylor expansion of (13-2), in the general case, gives 


V — Ey =4$2c,;%;2;, (13-7) 


where the summation is over all values of ¢ andj from 1 to 3. Ep, the 
potential energy of the crystal when none of the oscillations are 
excited, will be taken as being computed relative to the same atoms 
at infinite separation. It is the negative of the work which would have 
to be done in order to separate the atoms against their attractive 
forces. 

The expressions (13-6) and (13-7) contain the cross-terms L1Ly, ete. 
For the purpose of attaining separability in the Schrédinger equation 
for the crystal it is necessary to define new co-ordinates such that 
these cross-terms are no longer present. For this purpose consider 
the simple example, as discussed above, of only two degrees of 
freedom x, and z,. We define new co-ordinates g, and g, by linear 


lati 
a Pree %=h +9; } 
_= ag, + ge, 


ov 
V= = ligt = fa. oe L Le 


V=E,+-= (18-5) 


(13-8) 
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where a and 6 are arbitrary constants. Equations (13-1) and (13-6), 
when expressed in terms of g, and g,, become 


27 =m, <3 -+m,23 
= Gi(m, +a*m,) + 24, Ga(m, + abm,) + G3(m, +5%m,), (13-9) 
2(V — Eo) = Gil +4(Cy2 + Cm) +2%Co9] 
+91 Gal 2eq, + (G+) (Cra +o3) +2abC og) 
+ g3lCr1 + (Cra + Car) + 57Cgq].- (13:10) 
The cross-terms ¢, 7, and g, 9g, vanish from these equations, if a and 6 
are chosen to satisfy the relations 


abm,=0, 
wines } (13-11) 


2¢4, + (a+b) (Cg +6) + 2abceg.=0. 


By means of these two equations the two constants a and 6 may be 
expressed in terms of the masses, m, and m,, together with the force _ 
constants c,,, etc., which are physical properties of the system. 

In the general case involving 3N Cartesian co-ordinates it is again 
possible to choose an alternative set of co-ordinates, q,, 92, .--.%sy- 
These are related to the 2; by independent linear relations, 


L,= A519, + %i99at --- + Fian Wan» (13-12) 


and they have the property that neither the kinetic nor the potential 
energy involves cross-terms between different co-ordinates. How- 
ever, this can be achieved only as a result of the important physical 
assumption that terms higher than the square in the Taylor expansion 
may be neglected. This is equivalent to the assumption that the inter- 
atomic forces obey Hooke’s law, i.e. the force is proportional to the 
displacement or the potential energy is proportional to the square of 
the displacement. 

Co-ordinates having the above property, namely, that the energy 
can be expressed as a sum of squares, are called normal or principal 
co-ordinates. Their significance in regard to the Schrédinger equation 
will be discussed in the next section. From a classical viewpoint their 
importance is that when a system of harmonic oscillators (e.g. pen- 
dulums coupled with springs) is given an initial displacement in one 
of these co-ordinates, the motion continues as a simple. harmonic 
motion in this co-ordinate only. The energy is not transferred to the 
other normal ‘modes’ which therefore remain unexcited. Any more 
complex oscillation can be conveniently analysed as a superposition 
of the simple sinusoidal motion in the normal modes. At the same time 
it may be remarked that the transformation of the mathematics of 
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a physical problem by use of normal co-ordinates, or normal modes, } 
is a purely formal process—they have neither more nor less physical 
significance than the original Cartesian co-ordinates. 


13-2. The Schrédinger equation for the crystal 
Using the normal co-ordinates the potential energy of the crystal 
may be expressed, analogously to (13-10), as 
V=Hy+42A,q3, (13-13) 
which contains no cross-terms. The generalized force constants, ,, 
are related to the c,,, the force constants in Cartesian co-ordinates, 
in a manner analogous to the two-dimensional example of equation 


(13-10). On this basis the Schrédinger equation for the crystal may 
be written as follows (see equation 12-12) 


87? 
Ly aa — fe Bo EADY, (13-14) 


where the 6,’s are constants, related to the masses m,, arising from 
the transformation from the Cartesian to the normal co-ordinates. 
The very important result of using these co-ordinates is that (13-14) 
is separable, in the sense of §12-3, and this is because there are no 
cross-terms, Therefore y can be written as a product 


y= Vita. Wi Vans (13-15) 


where each y, is a function only of the co-ordinate g,. This means that 
equation (13-14) can be separated into 3N equations each involving 
only a single independent variable q,, 


dy 87°b 
aan oar (6:— 44.97) Yi, (13-16) 
where the ¢, satisfy the relation | 
Le, = H—E,. (13-17) 


In order to see the significance of this result let it be supposed that, 
instead of 3N oscillations, we are concerned with only one. For a 
single particle making a harmonic oscillation in a particular co- 
ordinate let the displacement from the position of equilibrium be q. 
The potential energy is given by 


V =4Aq3, (13-18) 


t Corresponding to the 3N normal co-ordinates there are actually only 
3N -~ 6 normal vibrational modes of the crystal. This is because six co-ordinates 
are needed to spécify the centre of gravity and orientation of the crystal aa 
a whole (see §12-12). However 6 may be neglected relative to 3. 
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where A is the force constant. The Schrédinger equation (12-12) can 
therefore be written 
. dy —81*m 


Gat ar e-Bay, (13-19) 


where m is the mass of the particle and ¢ is an energy eigenvalue. It 


is seen that (13-16) and (13-19) are of precisely the same form, and 
the whole crystal may therefore be regarded as a system of 3N independent 
harmonic oscillators each obeying (13-16). The sum of their energies 
is equal to H-~ Hy, which is the total energy of the crystal relative to 
the chosen zero point Z,. These oscillators, which should usually be 
spoken of as ‘normal modes’, are not to be confused with the atoms 
themselves. It is true that if the crystal were to vibrate in a single 
mode only, all of the N atoms would vibrate with the same frequency 
(although with different amplitudes). But in general the motion of 
the atoms is a superposition of the 3N (actually 3N — 6) normal modes, 
just as the vibration of a violin string is a superposition of a funda- 
mental and its harmonics. 


13-3. The energy levels of the harmonic oscillator 

In solving the differential equation (13-19) it has to be borne in mind 
that y* must have the physical significance of a probability density 
and y must therefore be single-valued, continuous and finite over 
the range of the co-ordinate g. When these conditions are applied it 
is found that (13-19) only has a solution} when ¢ takes on certain 
eigenvalues as given by 


h (A\t 
where v=0,1,2,.... 


In short, only certain discrete values of the energy are permissible if 
y is to ‘make sense’ and fulfil its quantum-mechanical purposes. 
In (13-20) the quantity (A/m)*/2m has the dimension of a frequency 
and will be denoted by v, } 
ea bale (13-21 
20 \m) ~ oS ) 
The energy levels of the oscillator may therefore be written 
e=(v+4)hy, (13-22) 
but the introduction of the symbol v has no particular significance in 
quantum mechanics. Equation (13-22) is conventionally written in 


t For more detailed discussion see, for example, Margenau and Murphy, 
The Mathematics of Physics and Chemisiry (New York, Van Nostrand, 1943), 
§ 11-11. 
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this form because (A/m)*/2z is the frequency with which the oscillator 


would vibrate if it obeyed classical theory. Its classical equation of 


motion is mij = —g, (13-23) 


4 
and therefore q=Asin |) +8 ; (13-24) © 


where.A and é are constants having the significance of amplitude and 
phase respectively. If v is the frequency of this classical motion then 
q must have the same value at ¢ and at ¢+1/y. Since sin 0 =sin (0 +27) 
it follows that the classical oscillation frequency has the value given 
by (13-21). On the other hand, in the quantum theory a particle 
cannot be regarded as returning to a given point after a precise time, 
on account of the uncertainty principle, and therefore the quantity 
(A/m)/2m which appears in (13-20) is only to be regarded as a frequency 
by convention. 

It is for the same reason that the oscillator has a non-zero amount 
of energy, thy, even when it is in the lowest vibrational state, as follows 
from (13-22). If an oscillator could have zero energy it would corre- 
spond to a precise location, g=0. The least allowable energy }hy is 
called the zero-point energy of the oscillator. 


13-4. The partition function 


We first collect together the important results. The partition 
function for the crystal is 
8 Q=De Fat, (13-25) 


where the summation is over all the independent quantum states of 
the crystal. The energies H, corresponding to these quantum states 
can be expressed by means of (13-17) in terms of the energies of the 


normal modes E,=Ey+2é:; (13-26) 


where the summation is over the 3N normal modes. Finally, each 
e, can have the values 


es=(¥, +4) hy, (v,=0,1,2,...), (13-27) 


where v; is the classical frequency of the ith oscillator. In general, 
the various modes are not to be expected to have the same frequency, 
and the main difficulty in calculating the thermodynamic properties 
of the crystal lies in finding the distribution function for the v,. This 
will be discussed in later sections. 

As mentioned above, the summation (13-25) is over the independent 
quantum states. Now a state of the crystal in which a particular 
oscillator has an energy of, say, 2 units and another particular 


13-4] Perfect Crystals and the Third Law 401 


oscillator has an energy of 3 units, is distinguishable from the state in 
which the first oscillator has the energy of 3 and the second of 2. This 
is because the oscillators, or normal modes, are specified in terms of 
the normal co-ordinates and these in turn are functions of 3N Car- 
tesian co-ordinates which specify the displacements of the atoms from 
the numbered lattice sites. Since the latter are physically distinguish- 
able so also are the normal modes. For this reason the kind of in- 
distinguishability which was discussed in §12-1 does not arise and 
the factor NV! will not make any appearance in the formulae to be 
obtained. | 
Substituting (13-26) in (13-25) 

Q=De-BolkT o-Legkr, (13-28) 
In order to make clear the nature of the indicated summations, sup- 
pose that there are just two normal modes, denoted A and B, of 
conventional frequencies y, and v,. Let the eigenvalues for these 
oscillators be €g9, €g1; --+3 so px) ---> 28 given by (13-27). Then (13-28) 
can be written g— Se HulkT e-cad kT? g—endh?, 

states 
Let it be supposed that when the two oscillators are each in specified 
states, it is still possible for the crystal to have Q, different com- 
plexions. This degeneracy of the crystal, if it occurs, is due to factors, 
such as different possibilities of orientation of the molecules in the 
lattice,t which are quite distinct from the oscillators—the latter are not 
_ degenerate, as may be seen from (13-22). The last expression can there- 
_ fore be written Q=Q, e-BokT S e-cad RT g— cosh? 
and this is now a summation over all combinations of the permitted 
energies of the two oscillators. Writing it out in full 
Q=Q, 0-20 RT fecal kT (e-ebo kT 4 e-erJkT + |.) 
+ e-talkT (e-bolRT x a -) 
+..3 
= =O, e-ElkT >> e~eailkT p» eneaihT. 


r 


Therefore i in the general case of 3N ‘galing: (13-28) becomes 
Q= QO, e Fok? ¥ e~edkT SY e-oolkT |, Yi e-eay/FT, (13-29) 
where each sum refers to one of the 3X oscillators and is a summation 
over all of its energy levels. The i ait ca Pe written _ 
Q= Que Boar IL So (13-30) 


where f;= 2 oeiht (13-31) 
+ The significance of Q, will become clearer in §13-11. 
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and may be called the partition function of the ith oscillator. Sub- | 
stituting (13-22) in (13°31) 

f, =e bAkT (] 4 e~AkT 4 o-thvghT 4. |), 


the series extending over all of the vibrational quantum numbers 
from zero to infinity. The quantity in brackets is a geometrical 
progression and can readily be evaluated in closed form. We thus 
obtain e—h2tkT 


Se= [Sag (13°32) 


Under conditions of high temperature where hy, < kT’, this expression 
approaches the value RT 


f= hy, 
Substituting (13- 32) in (13-30) we obtain an expression for the 
partition function Q of the crystal in terms of the frequencies. Its 
logarithm is more useful and is 
Ey _ h 
RT kT woe 


The second and third terms on is right-hand side may be con- 
veniently grouped together. X$hv; is the sum of the zero point energies 
of all the oscillators, and therefore the quantity 


is the value taken by the internal energy} of the crystal at the 
absolute zero of temperature where all of the oscillators are in their 
- lowest quantum states. Substituting (13-35) in (13-34) we obtain 


(13-33) 


V5 


Ing=nQ,— —Zn(l—eMr), (1334) 


ngQ=In a, 78 ~—¥ In (1—e-A%*?), (13-36) 
4 


From (11-43) and (11-44) we oe the following expressions 
for the Helmholtz free energy and internal energy of the crystal: 


| P=—kTINQ, +05 + kT Ein (1—e 7), (13:37) 


where the summations are over the 3N values of v;. It may be 
remarked that these frequencies are a function of the volume of the 
crystal and, if this function were known, it would be possible to apply 
equation (11-46) to obtain an expression for the pressure (which varies 

with the volume when the crystal is compressed.) 


{ Relative to the component atoms at infinite separation. 
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13-5 The Maxwell-Boltzmann distribution 
Before going on to discuss the possible values of vy; it is useful at this 


74 stage to consider the analogue of the Maxwell—Boltzmann distribution 


88 applied to the oscillators. Let it be supposed that N’ of the oscillators 
have an equal, or approximately equal, frequency v’. Equation (13-38) 
may be applied to this group of oscillators so that their total internal 


energy is U’= Us + N’hy’ [(ohv'ikT — 1) 
,, N’hy’ hei 


by (13-35). The total vibrational energy of the group of oscillators is the 
sum of the last two terms in this equation and is 


‘ 1 1 
N ny (5 + aenrZ) . (13-39) 


Now although the oscillators in this group all have the same frequency 

their individual energies are not necessarily equal. Let N; be the number 

whose vibrational energy is ¢;. N{e, is therefore the total vibrational 

energy of this subgroup,-and if this‘quantity is summed over all values 
of ¢, the result must be the same as (13-39). Thus 


. i 1 1 
EN(e=W'hy (5+ sre) “ , (13-40) 


It will be shown that this relation is satisfied if we putt 
Ni echt . . 
WN" Scene’ (13-41) 
The denominator in this expression is the partition function for any: 
oscillator of the particular frequency v’ and may be summed as in the 
case of (13-31). Substituting (13-27) in (13-41) we obtain 


f 1 ; 
wa(l —e Av ikT) e~howikT, (13-42) 


where ¥, is the vibrational quantum number corresponding to ¢,. The left- 
hand side of (13-40) may thus be written 


EN; 6,=N’(1—e-AYRT) ¥ how IhT (y, +. 4) hy’, 


and the summation is an arithmetico-geometric series. If this is evaluated 
it is readily seen that (13-40) is satisfied. . 
Equation (13-41) is closely analogous to (12-72) and expresses the 
Maxwell-Boltzmann distribution for a group of normal modes of approxi- 
mately equal frequency. Of course if all of the 3N normal modes were of 


t A more rigorous derivation of this equation is given by Tolman, Principles 
of Statistioal Mechanics (Oxford, 1938), §113. 
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equal frequency—as is supposed in the Einstein approximation shortly 
to be discussed—then (13-41) or (13-42) would give the fraction of all 
oscillators in the crystal for which the vibrational energy is €;. 

The fraction of the N’ equal oscillators whose energy is equal to or 
exceeds a specified value e, is readily calculated from (13-41), and the 
result is of considerable interest in connexion with the reaction rate or 
evaporation rate of solids. This fraction, which will be denoted ¢,;,, is 
obtained by adding to (13-41) the corresponding expression for the next 
higher level €,, and so on up to infinity. We obtain 

e-eskT + e-cHRT = ae 


e¢ e-eikT +e-eukT A ie : 
Since the energies of the adjacent levels of a harmonic oscillator all differ 
by the constant amount hv, as shown in equation (13-22), the above 
expression may be written 
e-wRT (1 + e-hvikT 4 g-2hy'tkT + |, ,) 


a e-hv' aT (] + e-hv'ikT 4 |.) 
= efthy’—erykT, (13-43) 
If e; is large compared to the zero-point energy this expression can be 
approximated by $.,= on euRT (18-44) 


13°6. The high temperature approximation 


Of the 3N normal modes of vibration of the crystal, those with the 
lowest frequencies are the ordinary acoustic vibrations which appear 
in the theory of sound. On the other hand, the highest possible 
frequency is determined by the smallest possible independent wave- 
length, and this can be shownf to be of the order of 10-7-10-8 cm, the 
distance between atoms in the lattice. If the wave velocity may be 
assumed approximately constant over the whole range of frequencies, 
it will be equal to the velocity of sound; the highest value of v, may 
therefore be calculated to be of the order 10'*-1017/sec. 

Consider the largest possible value of hv/k7. Using the known 
values of h and k, this ratio may be calculated to be about 50/7’ or 
500/7', according to whether the largest frequency of the crystal is 
of the order 101? or 10** respectively. Clearly this ratio will be small 
compared to unity at sufficiently high temperatures and for certain 
crystals, those for which the highest frequency is about 10, even at 
room temperature. 

Under conditions of temperature where hv/kT'<1, the terms 
beyond the third in the expansion 


hv 1 [(hv\? 
hv| kT a Ae ff x 
e Itcntay (G) +. 


+ Seitz, Modern Theory of Solids (New York, McGraw-Hill, 1940), §19. 
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may be neglected. With this approximation (13-38) becomes 


U=Uj+3NkT 2 


=E,+3NkT, (13-45) 


in view of (13-35). At sufficiently high temperatures the internal 
energy is therefore independent of the frequencies. The corresponding 
heat capacity at constant volume, U/2T, is 3Nk or 3R per mole, in 
close agreement with the empirical rule of Dulong and Petit.} As is 
well known, this is a good approximation for many elements at room 
temperature, but in the case of diamond, beryllium and silicon the 
value of c, approaches 3R only at high temperatures. This is pre- 
sumably because the highest frequency in these crystals is larger than 
10"? due to the strength of the bonding. 

It may be remarked that transition metals have values of c, which 
considerably exceed 3F at high temperatures; for example, y iron has 
a value of about 9 cal/°C. This is believed to be due to electronic ex- 
citation from the unfilled d shells, a factor whichis not allowed forinthe 
theory as developed above. The applicability of the Dulong and Petit 
rule to ionic and molecular lattices will be discussed in a later section. 

The same result as (13-45) could also have been obtained by applying 
the principle of equipartition (§12-12) which will be valid under 
conditions where kv/k7’<1. Each oscillator will have a mean energy 
of k7', as shown in equation (12-111), and the total thermal energy of 

the crystal is therefore 3NkT in agreement with (13-45). 

_ _ The form taken by the Helmholtz free energy at high temperatures 

does not have quite the same simplicity as in the case of the internal 

energy. Under conditions where hv,/kT <1, the expansion of the 

exponential allows (13-37) to be written in the approximate form 
hy, 


P= —kTinQ,+Uyt+ kT UIT, . 


= hy,\ (hv, Rvzy\ 
=—kT ln 04+U,+ kn (F) (a) “ie (Zz). 


where v,, etc., are the frequencies. If we define a geometric mean 
frequency > by means of the relation 


PAN =p, Vy eee Ven> 


} According to this rule the heat capacity of atomic crystals tends to the 
value 6-4 cal/°C g atom. This actually refers to the value of the heat capacity 
at constant pressure which is the heat capacity most easy to measure experi- 
mentally. The difference between c, and c, may be calculated by means of 
equation (2-91) and is usually about half a calorie per °C at temperatures in 
the region of 300°K.. 
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then the high-temperature value of F' may be expressed as 


kT 


Combining this with (13-45) and. neglecting the zero-point energy, 
we obtain the high-temperature value of the entropy as 


P= —kTinQ,+U+3NkT In (Fz): (13-48) 


U-F hp . 
g=—F* =kin 0, +3NK( 1 ng) (13 47) 
It will be remembered from § 12-1 that the crystal under discussion 
contains V atoms. Thus the values of U, F and S per mole are ob- 
tained from the preceding equations by replacing N by N, the 
Avogadro number, or by replacing Nk by R, the gas constant per 
mole. 


13-7. The Einstein approximation. 


As shown above, the heat capacity c, (or at any rate that part of it 
which is due to the vibrations) may be expected to have a value of 3R 
whenever hy/kT' <1. This would be so, even at the lowest tempera- 
tures, if Planck’s constant h were zero, and this is the case in the 
classical or pre-quantum mechanics. In fact, classical theory leads to 
the expectation that, for any crystalline substance, c, has the constant 
value of 3R per mole. This is contrary to experiment, and it is known 
that c, usually diminishes below 3R, with fall of temperature, and 
seems to approach zero at the absolute zero. One of the early successes 
of the quantum theory consisted in finding the reason for this decrease 
in c, which is quite inexplicable in classical theory. The explanation 
is implicit in the previous equations and is due to the fact that the 
oscillators can only take up finite increments of energy. When a 
system of oscillators is held at low temperature, most of them are in 
their lowest energy level, and a small rise of temperature is insufficient 
to excite them to the next higher level. Therefore c,, which measures 
the intake of energy per unit increase of temperature, is smaller than 
at higher temperature. 

In order to make use of equations such as (13-37) and (13-38) some 
assumption must be made with regard to the frequencies. As early as 
1907 Einstein used the approximation of assuming that all of the 
3N frequencies are equal. This is equivalent to supposing that each 
of the N atoms in the lattice makes quantized harmonic oscillations . 
in three dimensions, and these oscillations are quite unaffected by — 
the motion of the neighbouring atoms. This supposition of atomic 
independence cannot be correct, but nevertheless it leads to an 
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expression for c, which is fair agreement with experiment except at 
very low temperatures. 

"Tf all the frequencies are put equal to a constant value vg, equations 
(13-37) and (13-38) become 


F=—kTQ,4+0,+3NRT In (1—e-# HAT), (13-48) 


U =U) +3Nhv,/(e*s!*7 — 1), (13-49) 
hy efaikT 
and therefore 0, = =30e( Fs ay (goa (13-50) 


The entropy is obtained from (13-48) and (13-49) and is 


hyg 
RT (eho sik ~1) 


If a suitable value of vz is used, (13- 50) fits the experimental data 
quite well at temperatures at which c, is more than half of its maxi- 
mum value, 3R. But at low temperatures there is a serious dis- 
crepancy, and the Einstein equation predicts a value of c, which 
approaches zero too rapidly. This is due to the error in treating all the 
normal modes as if they have the same frequency vy. In the actual 
crystal there are no doubt a large number of modes which have quite 
a small frequency and therefore a small separation of their energy 
levels. At low temperatures these modes will have a much greater 
probability of becoming excited, with absorption of heat, than would 
be expected on the Einstein model. . 


S=kin 0,+3N| —In(1—eman, (13°51) 


13°8. The Debye approximation 


At a rather later date Debye made the assumption that the fre- 
quency spectrum of the crystal—consisting as it does of discrete 
particles—can be adequately represented by the frequency spectrum 

of a continuous elastic medium. Let such a medium be in the form 
of a rectangular block of sides a, 6 and c. Then a standing wave can be 
developed within the material parallel to the side of length a if this 
length is an integral number of half-waves. Similarly with regard to 
the other sides. These conditions fix the allowable wavelengths within 
the elastic solid and thereby also the allowable frequencies. 

Proceeding in this way it can be shown that the number of modes 
whose frequencies lie in the range v to v+d? is 


dN=AVydy, (13-52) 


+ For further details see Fowler and Guggenheim, Statistical Thermodynamics 
(Cambridge, 1949) or Seitz, Modern Theory of Solids (New York, McGraw-Hill, 
1940). 
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where V is the volume of the elastic medium and A is a function of 
the wave velocity. Now in such a medium there is no lower limit to 
the wavelength and no upper limit to the frequency. On the other 
hand, in an atomic solid there is such an upper limit, v,,,,., a8 discussed 
already in § 13-6. There are also a finite number, 3, of normal modes. 
The essential feature of the Debye theory is to assume that (13-52) 
is applicable to the atomic solid right up to the frequency v,,,,,, but 
beyond it dW falls abruptly to zero. The value of v,,,., is determined 
by the condition that.the integral of (13-52) must be equal to 3. Thus 


3N=A vf tavaa Ves. (13-53) 
and eliminating A and V between (13-52) and (13-53) 
an =F van, (V<Vp), (13-54) 
D . 
where Vp has been written in place of v,,,, 


Within the scope of the present section we shall apply (13-54) to 
the internal energy and heat capacity only. The free energy and 


~ entropy on the Debye model may be worked out by similar methods. 


From (13-35) and (13-38) we have 


h 
U=E, uy xy, +hi—=— ek = 
where the summations are over the 3N frequencies. By using (13-54) 
the summations may be replaced by integrations (cf. the discussion 
in § 12-5) and thus 


h (»PON PON py dp 
= ia — pd st oe 
U Bo+5 |. 7 +h’ ve gh] 


9Nh 9Nh (> vdp 
=Hyt+—.— te |. ghvikT 1° (13-55) 
It is convenient to define 0,=hv5/k, (13-56) 
z=hy/kT, (13-57) 
and therefore (13-55) may be written | 
INROy T\8 (onlT a8 dz 
pe = Hy+ a +oner() : ee (13-58) 


_in which the second term on the right-hand side is the total zero-point 


energy of the crystal. The value of C, is obtained by differentiating 
with respect to temperature and is 
473] rs al 
as = 00 4, +3 ar) : 
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where J is the integral which occurs in (13-58). The upper limit of this 
integral is a function of 7. When the differentiation is carried outt 
we obtain i | 


T\8 (oniT 38 On J 

This expression takes a much simpler form at very low temperatures 
where 6,/T'>1. Under such conditions the second term in (13-59) 
is negligible, because of the exponential, and the upper limit in the 
integral can be replaced by infinity with only a small error. The 
integral is therefore independent of temperature, and we obtain the 
result that C, is proportional to 7'—the ‘Debye 7? law’. The actual 
result of the integration is : : 


3 
C= Fe (=) , (13-60) . 


13-9. Comparison with experiment 


The quantity 0p has the dimensions of a temperature and is called 
the ‘Debye characteristic temperature’ of the particular substance. 
According to (13-59) C, is the same function of the ratio 7/0, for all 
substances, and the heat capacity per mole may therefore be written 


C= 3Rf(T/Ap), (13-61) 


where the function is three times the value of the bracket in (13-59). 
The ratio T/8p is evidently a ‘reduced temperature’ such that two 
crystals having the same value of 7'/@p are in a ‘corresponding state’ 
as regards their heat capacity. 

The same considerations apply to the Einstein theory. An Einstein 
characteristic temperature 0, may be defined by the relation 


6,=hy,/k, (13-62) 
where vz is the Einstein frequency. For one mole of a substance, 
(13:50) may therefore be written 

san) an 
=3Ri(T/,). (13-63) 
It will be seen from (13-62) that 0, is the temperature at which kT 


becomes equal to hv,, the separation of the vibrational energy levels 
according to the Einstein model. It is in the temperature region 


+ See, for example, Aston’s chapter in Taylor and Glasstone’s, Treatise on 
Physical Chemistry (New York, Van Nostrand, 1942), vol. 1, p. 622. 
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between 0-10, and 0, that c, increases most rapidly because it is in 


- this region that the number of normal modes which are excited above 
the lowest level increases most rapidly, with absorption of heat. (See 


Problem 1 at end of chapter.) 

In Fig. 43 the lower curve represents the value of c, as a function 
of 7'/6,, as calculated from equation (13-63) of the Einstein theory. 
The upper curve represents c, as a function of 7/@p, according to 
equation (13-59) of the Debye theory. (Tabulated values of the 


80 


70 


05 1:0 15 20 
Tle 
Fig. 43. Upper curve, Debye approximation; lower curve, Einstein approxi- 
mation. ©, ¢, for silver, 0p7=215°; x, cy, for KCI per gram atom, 6)=230°. . 


integral which occurs in this equation, and also tabulated values of 
c, and the other thermodynamic functions as predicted! by the Debye 
theory, are available in the literature.}) 

The limiting values of c, are the same on both theories, namely, 
8R at high temperature and approaching zero at the absolute zero. 
But at intermediate values of 7/0 the Einstein theory predicts lower 
values of c,, and as mentioned previously, these values approach zero 
too rapidly, when compared with experimental results. 

This comparison with experiment is carried out by finding the value 
of 6g, or Op, for the particular substance which brings the experi- 
mental data into as close agreement as possible with the theoretical 


¢ See, for example, Appendix tv to Aston’ s chapter in Taylor and Glass- 
tone’s Treatise on se cal Chemistry ee York, Van Nostrand, 1942), vol. 1. 
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equations over a wide temperature range, Now in the case of a large 
number of solid elements, and also many inorganic compounds which 
have an ionic structure, a very close agreement to the Debye curve 
can be obtained over the whole temperature range. Fig. 43 shows the 
values of ¢, for silver, as calculated from the experimental data on 
c, by use of equation (2-91). With 0, chosen as 215° K, these results 
fall almost exactly on the Debye curve. Good agreement with the 
Einstein curve could also be obtained in the region above 7'=0-40,, 
by appropriate choice of 6g, but this choice would result in very poor 
agreement in the low-temperature region. 

The figure also shows the experimental values of the heat capacity 

per gram-atom of potassium chloride (half the value per mole). These 
experimental figures refer to the heat capacity at constant pressure, 
_ whereas the Debye theory predicts the value of the heat capacity at 
constant volume. In the low-temperature region, where the difference 
between c, and c, is very small, the agreement is excellent, and in the 
higher temperature region the experimental figures lie above the 
Debye curve by an amount such as would be expected for this differ- 
ence. (In the case of potassium chloride the data are not available for 
the direct application of equation (2-91) which gives c,—c,.) 
_ The values of 6p which bring the experimental data into agreement 
with the Debye theory are usually about 100-400° K, corresponding 
to a frequency vp, as calculated from (13-56), of 2 x 10! to 8 x 1012. 
On the other hand, those substances which approach the Dulong and 
Petit value only at elevated temperatures have a much larger value 
of 9p. Diamond, for example, has a value of 1860°, corresponding to 
a Classical frequency of 4 x 1018. 

. As mentioned in §13-6, the transition metals have heat capacities 
which rise considerably above 3R per mole, and the same applies to 
their ionic salts. Germanium and hafnium also have heat capacities 
which are not in agreement with the Debye theory. Both metals 
have peaks in their curves at about 70° K, and in the case of hafnium 
the heat capacity at the peak is as much as 11 cal/°C g atom. At higher 
temperatures the heat capacity settles down to the Dulong and Petit 
value. 

At a sufficient temperature the heat capacity at constant pressure 
of many ionic lattices approaches the value 6-4n (cal/°C g formula - 
weight), where 1 is the number of atoms per gram formula weight. 
This is equivalent to the Kopp rule, as used in § 4-13. However, this 
rule is not even approximately correct in the case of a molecular 
lattice, such as solid benzene, or where there are molecular ions such 
as NO;, SO2-, etc. In such systems there are internal vibrations 
within the molecules, in addition to the vibrations of the lattice. The 
_ force constants for the former are usually much larger than for the 
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lattice vibrations, and therefore they: become appreciably excited 
only at considerably higher temperatures. The heat capacities of 
such crystals can often be represented quite adequately by applying 
the Debye theory to the lattice vibrations and treating the remainder 
of the heat capacity as in the case of a gas molecule, using spectro- 
scopically observed. frequencies. t 

Although the Debye theory predicts a heat-capacity curve which is 
often in good agreement with experiment, the assumptions in the 
theory with regard to the frequency spectrum are not necessarily 


- correct. For certain simple types of lattice, Blackman (1937) was 
- able to make a detailed calculation of the frequencies of the normal 


modes, allowing for the atomic structure of the system. It was found, 
as is assumed. in the Debye theory, that there is an upper limit, vp, 
to the possible frequencies, and it was also confirmed that the 7? law 
should hold at very low temperatures. On the other hand, Blackman 
found that the frequency distribution does not have such a simple 
form (equation (13-54)) as was assumed by Debye and, in fact, it may 
have two or more peaks. In view of these results it seems that the 
agreement of the Debye theory with experiment is better than might 
reasonably have been expected. 

Blackman’s calculations also give an indication why it is that the 
Einstein approximation works as well as it does—almost as well as 
the Debye in the high-temperature range. It seems that a large 
fraction of the actual frequencies are closely packed in the vicinity 
of a peak which is just below vp. Therefore it is a fairly good approxi- 
mation, at temperatures which are not too low, to regard all of the 
normal modes as having a single frequency vz which is a little smaller 
than the maximum frequency vz of the Debye theory. 


13-10. Vapour pressure at high temperature 


Provided that the temperature is high enough for the relation hy; <kT 
to be satisfied, even for the highest lattice frequencies, the Helmholtz 
free energy of the crystal is given by equation (13-46): 


F=—kTinQ,+U,+3NkTIn (a): 


where P is a geometric mean frequency. This expression is not dependent 


‘on the assumptions of the Einstein or Debye theories. The chemical 


potential of the crystal when it is under its vapour pressure P is therefore 


hy 
fie= Pv, — RT In Q, ++ SRT In (7), (13-64) 
+ See, for example, §62 of Aston’s chapter in Taylor and Glasstone, Treatise 
on Physical Chemistry (New York, Van Nostrand, 1942), vol. 1. 
¢ For further discussion see, for example, Fowler and Guggenheim, Statis- 
tical Thermodynamics (Cambridge, 1949), Chapter Iv. 
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_ where v, is the volume per mole of the crystal and 1%, is the internal energy 
per mole of the crystal relative to the gas at the absolute zero. For con- 
venience we define w, by the relation 


Q)= oN’, | (13-65) 
and in view of the meaning of Q, (§13-4), W» is the degeneracy of the 
lattice per atom. Therefore 


h ee 
[e= Pv, +Up— RT Ino) + 3RTIn (i) (13-66) 
It was shown in equation (12-65) that the chemical potential of a perfect 
gas may be expressed in the form 


== tn) om Gl heme 


where P is the pressure and M is the molecular weight in grams/mole. 
For equilibrium between the crystal and its vapour, /#,= /,, and therefore 
from the last two equations, 


p_Prettg in PV at an\t kt 
inP=— ort daT-+In (FZ) M oot nw) ne 
The quantity Pv,+u, is very nearly the negative of the latent heat of 


evaporation L, at the absolute zero. tf The last equation can therefore 
be rearranged to give 


_ Lt, | M5 fit Qn $1 : 
iInP=—~Fe,— pla + In (=) +10 (5) a (1867) 


In the special case where the substance is monatomic the factor f™/w, 
may be expected to be unity. Therefore 


nN) av (13-68) 
Comparison with equation (6-20) shows that (13-67) is a thermodynamic- 


ally correct expression for the vapour pressure of a monatomic substance 
at a high enoug Hep perature where Ac, hasa value of about — 4R. In fact 
vi 


i 
InP= ~ gp tn T+ sinpatt +n (F) : 


what has been ed in (13-67), by means of the statistical theory, is 
a definite value the integration constant in the shermcay anemic 
equation (6-20). 

The vapour pressures of a large number of substances are qopresnaiea 
in the literature by an empirical equation 


log,.P = —A/T +B. (13-69) 


For the purpose of comparing the experimental values of B with the 
terms on the right-hand side of (13-68) which do not involve 1/7 we shall 


+ AH=AU+A(PV)=—u+RT—Pv,. Hence, when T=0, Ly= —u—Pv 
(neglecting the temperature coefficient of v,). 
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put $n 7 =3, which will be a good approximation when T is of the order - 

of 1000° K. After inserting numerical values for k, N, etc., we obtain 
log, 0Mt =}(B+31), (13-70) 


when P is expressed in mm Hg. From this equation it is possible to 


estimate an approximate value of 7 from the empirical values of B. The 
results are given in the fourth column of Table 12 and are seen to be in 
the range 1042-10!*. Values of the Debye frequency Vp, as calculated from 
the heat capacity, are given in the fifth column. A precise agreement is 


not to be expected because the empirical equation (13-69) is not thermo- 


dynamically exact and the values of the constant B could no doubt have 
been chosen rather differently without appreciably affecting the corre- 
lation of the vapour-pressure data. In any case, ¥ and v, do not have the 
same significance and the former would be expected to be rather smaller 
than the latter. 


TABLE 12+ 


Temp. range z 
(°C) . 


500— 700 5x 1012 4-8 x 1012 
150— 320 . 2x 10% 3:5 x 1044 


1800-2240 8x 10% 8-0 x 1014 

1425-1765 : 6x 104 4:7 x 1018 

2230-2770 3x 10% 2-0 x 1078 
250~- 420 3x 10% 4-9 1048 
700— 930 1x 101% — 
100— 310 2x 1018 — 


+ Data from International Critical Tables, vol. mr. 


A more general discussion of the integration constant in the vapour 
pressure equation will be found in the literature.} Our purpose in | 
developing equation (13-67), applicable to high temperatures, is partly 
because of its simplicity and also because it has application in the theory 
of the evaporation rate and reaction kinetics of solids. If equation (12-114) 
may be taken as a correct expression for the condensation rate of a gason 
ita own crystal, then this equation may be combined with (13-67) to give 


‘ an equation for the evaporation rate of the solid. 


13-11. The third law—preliminary 
In § 11-10 two statistical analogues of the entropy were introduced 
§’ = —k=P,InP,, (13-71) 
8’ =king. (13-72) 


¢ See, for example, Fowler and Guggenheim, Statistical Thermodynamics, 
Chapter v. 
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_ Now quantum theory assigns definite values to the P’s and also to Q. 
Therefore, for any system, 9’ and 9” have perfectly definite values 
which are positive or zero. (They cannot be negative because the pro- 
babilities P; are all fractions and the number of complexions Q of 
the system cannot be less than one.) 

It was shown subsequently that S’ and 8” possess all of the pro- 
perties of entropy and the primes were therefore deleted. On the 
other hand, since thermodynamics deals only with changes of entropy, 
it is clear that the statistical analogues would have been equally 
satisfactory if they had contained an additive constant. Let us write 

. such a constant in the form —k In Q,,. Then the entropy analogue 


8" =kinO—kn OQ, =kIn Q/Q,, (13-73) 


will be entirely satisfactory for all thermodynamic purposes, and it 
will be zero when the system has a number of complexions equal'to . 
Q,. Therefore it would be entirely a matter of convention if (13-71) 
or (13°72), containing no additive constant, were to be taken as the 
choice of the statistical definition. In actual fact our procedure in 
this chapter, and the previous one, has been based on taking the 
entropy as zero when the system may still possess a large number of 

possible complexions. This is because we have no means of computing 
the number of complexions due to alternative quantum states within 
the nuclei of the atoms. 

_ In Chapter 12 we discussed randomization over translational and 
configurational states and also, to some extent, over rotational, 
vibrational and electronic states. Two other factors which are known 
to contribute small amounts to the entropy are (a) the number of 
possible orientations of the nuclear spins and (6) the entropy of 
isotope mixing. (The latter factor arises if the substance in question 
contains two or more isotopes.) However, this leaves quite untouched. 
the possibility of randomness within the nucleus, about which nothing 
whatever is known. It is evident that even when we have allowed for 
all the known factors our computed entropy may still be incomplete. 

In brief, i¢ ts not possible to calculate absolute entropies. Instead it is 
necessary to adopt some convention concerning what factors are to — 
be included in Q, in view of the present state of knowledge. The 
convention which is usually adopted in physical chemistry is that the 
entropy is taken as zero when the substance is in a physical state such 
that translational, configurational, rotational, vibrational and 

. electronic contributions to the entropy are all zero. Contributions 

\\, due to the nucleus, including its spin, are ignored and also the effect 

of isotope mixing. The justification for omitting these factors lies in 

. \the fact that nuclei are conserved in chemical processes and also 

\ \pecause the isotopic composition usually remains almost constant. 
t 
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_ Effects of this kind therefore cancel when we consider changes of 


entropy. : 

Returning to (13-73), the convention which is adopted is equi- 
valent to taking ©, not as the total number of complexions of all types, 
but as including only the number due to translation, etc., and at the 
same time arbitrarily putting ©,, the number of complexions due to 


- the nucleus and isotope mixing, equal to unity. (This is what was done 


implicitly in Chapter 12 when f+ for a monatomic gas was put equal 
to unity.) If this convention is used whenever statistical mechanics 
is applied to chemical problems, it may be expected that the results 
will be self-consistent. The entropies as calculated on this basis are 
referred to as practical or conventional entropy values. 

Having adopted this convention we may ask, Does there exist a 
physical state of a substance for which the conventional entropy is 
actually zero? Now perfect crystals are known to have a very orderly — 


structure, and at very low temperatures the lattice vibrations will 


all be in their lowest states which correspond to the zero-point energy. 
Therefore it may be expected that a crystal will have a very low | 
entropy at temperatures approaching the absolute zero, and in one 
of the original forms (Planck’s version) of the third law it was asserted 
that the entropy of a pure substance is actually zero under such 
conditions. On the other hand, from (13-51), based on the Einstein 
approximation, it is seen that 


lim §=kIn Qa, (13-74) 
T~>0 


and the same result is readily obtainable from the Debye equations. 
It seems therefore that, even after we have adopted the above 
conventions, the entropy of the crystal approaches zero only if Q5 
is unity. This quantity, which was first introduced in equation 
(13-29), was tentatively identified with orientational factors in the 


' erystal. 


Before discussing this question it may be remarked, that imperfect 
erystals would not be expected to have zero entropy. Also it might 
be very difficult to determine whether or not a crystal is perfect, at 
very low temperature, except by the investigation of its entropy. 
Therefore there is some danger of circularity in the argument. More- 
over there is no evidence that the absolute zero can ever be reached ; 
on the contrary it seems quite unattainable, as if there is really a . 
kind of infinity of temperature between 0° K and, say, 1° K. What 
we have to discuss, therefore, is really an extrapolated entropy, namely 
its apparent value at 7’ =0, as extrapolated from the lowest tem- 
peratures attainable in calorimetric measurements. This is normally 
a temperature of a few ° K upwards. 


13-11] Perfect Crysteds ond the Third pa | 417 


Suppose we have available a set of c, values on a crystalline sub- 
stance at closely spaced intervals from a temperature 7” (say 10° K) 
up to its sublimation temperature 7’, and also a set of c,, values for 
the same substance as a gas from 7', up to some temperature 7” 
which is of interest. These values will all be taken to refer to the same 
- pressure P. The entropy increase df the substance in passing from the 

solid state at (7”, P) to the gaseous'state at (7, P) is therefore 


—Sp=| aryle4[" % zr 
Sy Se=[ parece ar, (13-75) 


where L, is the latent heat of vaporization at the sublimation tem- 
perature. The integrals may be evaluated by plotting c, against nT 
and taking the area under the curve.t Now below 7” the Debye T? 
law may be assumed to hold with sufficient accuracy. Thus from 


(13-60)} c,=aT, (13-76) 


and in accordance with what was said above we shall use this law for 
the purpose of extrapolating downwards to T=0. The estimated 
entropy change in the process (7'=0, P)-—>(T", P) is§ 


=? | (13-77) 


where ¢, is the lowest measured value of c, at the temperature Yb 

Adding (13-75) and (13-77) we obtain a quantity which is usually 
denoted S,,15,, and is called the calorimetric entropy of the gas at the 
temperature 7”: 


Sq -8,=%24 [4 dT +— + 3 co aT 


ee (13-78) 


The significance of S—S, in equation (13-77) is an entropy 
change based on the use of the Debye theory for the purpose of a 
smooth extrapolation from 7” to T = 0. It is therefore tacitly asswmed 


+ Additional integrals and latent heat terms must, of course, be included 
a aa maa a aaa a ra ee ray 
atate. 

} At low temperatures c, and c, are practically equal. 

§ Note that the integral is convergent and Sy, —S, is finite. This is because 
of the 7* law which shows that c,/T approaches zero as T'-> 0. 
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that the only cause of a decrease of entropy in passing from T” to T = 0 
is a damping out of the lattice vibrations. 
In accordance with (13-74) let us now substitute 


S)=kln Q,. (13-79) 


Then it follows that Q, must similarly be interpreted not necessarily 

as the true degeneracy at 7’=0 (even when nuclear factors are not 

included), but rather as its value at 7’ and upwards. This will becom 

clearer in what follows. 
The substitution of (13:79) in (13-78) gives 


Sp =kin Q)+S8oaior. 
= Cy MCy L, Ty 
=knQ+2 +("3 ars | a aT. (13-80) 


In summary, this is an expression for the entropy of the gas at the 
temperature 7” on the basis of (a) the foregoing conventions with 
regard to nuclear and isotope factors not being included; (b) the smooth 
extrapolation from 7” to zero by use of the statistical theory of 
perfect crystals. Using just the same conventions as in (a) above an 
alternative value for S. may be calculated by the methods of § 12-7. 
If the gas is monatomic the entropy in question is simply the trans- 
lational entropy and is given by the Sackur—Tetrode equation (12-64). 
If the gas is polyatomic it is necessary to know the value of \ doe 
e.g. by determination of the energy levels by spectroscopy. In either 
case the entropy, as computed in this way, is known as S,yo.,- Thus 
(13-80) can be written 
Sspeo. = * in X59 + Soator.- (13-81) 


A number of experimental values of S,yeo, ANd Sogior. ATE given in 
Table 13,¢ and it is seen that there is an appreciable difference 
between them only in the case of H,, CO and N,0. The difference in 
the case of hydrogen is believed to be due to the ortho-para effect and 
will not be discussed here. With CO and N,0O the difference is about 
1-1 cal/mole °C, and this may be accounted for on the following lines. 
In carbon monoxide the oxygen and carbon atoms probably do not 
differ much in size or in their force fields (and similar considerations 
apply to N,O which is also a linear molecule). Therefore it may be 
expected that an arrangement of the crystal in which all of the CO 
(or N,O) molecules are arranged with their dipoles pointing in the 
same direction, e.g. CO, CO, CO, etc., will not differ much in energy 


+ The figures refer to the ideal gas state at 25°C and 1 atm and are in units 
of calories per °C per mole. A much larger table is given by Aston in Taylor 
and Glasstone’s Treatise on Physical Chemistry, vol. I, p. 588. 
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TABLE 13 


from an arrangement in which the molecules are turned end to end, 
e.g. CO, OC, CO, etc., at random. At high temperatures the random 
arrangement will certainly be the more stable and at the lowest 
temperatures, c. 10°K, which can be reached conveniently in the 
heat-capacity measurements, the crystal may still be expected to 
have the random structure. (Either because the random arrangement 
continues to be the more stable or because the transition to a more 
orderly structure is exceedingly slow compared to the time in which 
the published heat capacity measurements were made.) We therefore 
postulate that each molecule can have two arrangements in the 
lattice, CO or OC, and thus, per mole of the crystal, 


kin Qy)=kIn2N=1-38. (13-82) 


This rather more than accounts for the discrepancy between Sanco, 
and S,ujor,, and it may be that some loss of randomness has taken 
place at the lowest temperatures attained. 


13°12. Statement of the third law 


As is well known, Thomsen and Berthelot believed that the 
tendency of reactions to take place is determined by the heat of 
reaction, and this view was subsequently modified in favour of the 
free energy as the correct criterion. Nevertheless it remains true 
that the majority of reactions take place in the direction in which 
heat is evolved, especially when the temperature is low, and when 
none of the substances are gaseous. 

Evidently AF (or AG) is not very different from AU (or AH) for 
such processes, and this was substantiated by Richards who showed, 


27-2 
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in 1902, that the e.mf. of galvanic cells becomes more and more 
nearly proportional to the internal energy change of the cell reaction 


_ the lower the temperature. 


On the basis of such results Nernst{ in 1906 put forward a new 
hypothesis: the curves of the changes in free energy and total energy 
of a chemical reaction between pure solid or liquid bodies become 


tangential to each other at the absolute zero. The shapes of these 


curves, according to Nernst’s hypothesis, are shown in Fig. 44, and 
it is instructive to consider them in relation to the Gibbs—Helmholtz 
equation (2°68). Nernst’s hypothesis is clearly equivalent to the 
supposition that the entropy change in a reaction between pure 
solids or liquids approaches zero at 7'=0. 


y neem! 


Fig. 44 


Instead of considering differences of entropy, aa was done by Nernst, 
Planck subsequently adopted{ the stronger statement ‘as the tem- 
perature diminishes indefinitely, the entropy of a chemically homo- 
geneous body of finite density approaches indefinitely near to the 
value zero’. The discussion in §13-11 shows that this statement is 
not at all satisfactory. In the first place the absolute zero is not 


- attainable, and we must discuss instead the properties of matter 


as smoothly extrapolated to 7’ = 0 from the lowest attainable tem- 
perature 7”. Secondly, the possibility of giving any value including 
zero, to the entropy is entirely conventional because nothing is 
known about the entropy of the nucleus. Finally, we have seen that 
even the ‘conventional entropy’ does not necessarily fall to a value of 


+ Nachr. Ges. Wiss. Gottingen, Klasse Math. Phys. (1906), p. 1. 
¢ Planck, Treatise on Thermodynamics, transl. Ogg (London, Longmans, 
1927), 3rd ed., p. 274. 
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zero, due to the presence of configurational randomness at the lowest 


attainable temperature. 

To be sure, in the great majority of cases the comparison of Deas 
and Soaior, indicates that Q, is unity, which means that the con- 
ventional entropy does approach zero, But it is precisely because 
there are exceptions that it is difficult to put forward an unambiguous 
law of nature on the lines of Planck’s formulation. Modern versions 
of the law are much closer to Nernst’s original statement, but contain 
safeguards against unstable states such as supercooled liquids and 
glasses. 

Guidance with regard to the best formulation of the law may be 
obtained by considering the case of crystals, for which we have the 
limiting equation (13-74), of the Debye theory. From this equation 


lim (S,—8,) =k In Qog—kIn Q,,, (13-83) 
T->0 
where a and f refer to two states of the crystalline substance or sub- 
stances. Therefore, if Q, is the same in both states, we have 
lim (S,—S,)=0, (18-84) 
To 
and this will apply even if OQ, is not unity in the two states. For 


example, any isothermal process on solid carbon monoxide, such ag 
a small change of pressure, may be expected to have zero entropy 


change at a low enough temperature, provided that it does not. 


change the randomness of the molecular arrangement in the crystal. 
On the other hand, the reaction CO + 40,=CO, would not be expected 
to have a limiting entropy change of zero; in this process the ran- 
domness of the CO lattice is lost and there is no evidence that it is 
compensated by any corresponding factor in the CO, lattice (cf. the 
table in §13-11). 

A statement of Fowler and Guggenheim+ which meets the situation 
very adequately is as follows: For any isothermal process involving 
only phases in internal equilibrium, or, alternatively, if any phase is 
in frozen metastable equilibrium, provided the process does not 
disturb this frozen equilibrium, 


lim AS=0. (13-85) 
T>o | 


ft Fowler and Guggenheim, Statistical Thermodynamics, Chapter v. These 
authors prefer to deduce the above statement from a second principle which 
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For example, a change in the pressure of solid CO might be expected 
to fulfil this condition, whereas any reaction involving CO does not. 
‘Internal equilibrium’ implies that the state of the phase is deter- 
mined entirely by its temperature, pressure and composition, and 
this excludes glassy states or supercooled liquids whose state may be 
expected to be at least partially determined by their previous 
history, such as the rate of cooling. 


13-13. Tests and applications of the third law 


(a) Liquid helium. The above statement of the law is not limited 
to crystals, and it is actually the transition between liquid and solid 
helium which provides one of the best confirmations. This transition 
can be carried out reversibly, by suitable change of pressure, at 
temperatures far below 1°K. The equilibrium is determined by the 
Clausius—Clapeyron equation, (6-8), which can be expressed as 


dP AS 
d7 AV’ 
It was shown experimentally by Simon and Swensen} that dP/d7T 
is extremely small or zero below 1-4°K. The differential coefficient 
was actually found to be proportional to the seventh power of T’, 
dP 
aa 0-4257”, 
and is thus quite minute at JT =0-5°. It follows from the Clausius— 
Clapeyron equation that AS, the entropy difference between liquid 
and solid, must also approach zero very rapidly, in accordance with 
‘the third law. (It is of interest that in these low regions of tempera- 
ture there is no latent heat, and the phase change does not take place 
by intake of heat but only by change of pressure.) 


(b) Coefficients of expansion. Consider a small increase dP, in 
the pressure of a stable phase at a constant temperature. The entropy 


increase is 
os 
6S = () . oP. 


According to the third law dS tends to zero and therefore so also must 
(@8/8P)7. Using one of the Maxwell relations it follows that (OV /éT')p 
must also tend to zero as 7'>0. This has been confirmed experiment- 
ally in the case of copper, aluminium, silver and other substances. 


+ Simon and Swensen, Nature, Lond., 165 (1950), 829. 
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(c) Crystal-crystal and crystal-glass transitions. Let a and B 
be two crystalline forms of a substance both of which are in a state 
of internal equilibrium at very low temperature, as previously 
discussed. This does not necessarily imply that they are at equili- 
brium with respect to each other, when they are in contact. Let 7, 
be their normal equilibrium temperature, where their chemical 
potentials are equal. Let S%,,, and S4,,,. be the calorimetric en- 
tropies of the two phases at the temperature 7’,, as calculated by use — 
of equations such as (13-78): : 


ce °c. 
Seale: = 3 +[ "Sar. 


Finally, let (§,,—S,) 7, be the entropy increase in the process #—> a at 
the equilibrium temperature 7’,, as calculated from the latent heat, 
and let (S,,—.S4)) denote the extrapolated entropy difference as 7’ > 0. 
Since entropy is a function of state its change round a cycle is zero. 


nee (Su—S,)o=SPator, + (Sa—Sp)2,— Saxton.» (13-86) 


and therefore, according to the third law, the sum of the three terms 
on the right-hand side should be approximately zero. Results quoted 
in Table 14 show that this is the case. 


TABLE 14 


_ + The entropy data refer to 25° C, although the transition temperature is 13-2°C. 


The same agreement is not to be expected if we compare the 
entropy of a crystal with that of the same substance in a supercooled 
liquid or glassy state. For example, the entropy, extrapolated to 
T'=0, of glaasy glycerol exceeds that of crystalline glycerol by 
4-6 cal/mole°C, and the corresponding difference for glassy and 
crystalline alcohol is 2-6 cal/mole°C. These glassy states evidently 
have quite large values of Q,. 

Despite the good agreement in the table above it must be admitted 
that any application of the third law to metastable states is somewhat 
precarious, and is perhaps justified only in cases where we seem to 
have a fairly clear statistical insight, 
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(d) Chemical reaction. A much more certain application of the 
third law is to chemical reactions, as discussed originally by Nernst. 
Consider a reaction A+B=C 


in which the three substances all exist as perfect and stable crystals 
at a temperature less than, say, 10°K. The value of S,ajor. for each 
substance at any temperature 7' can be calculated from experimental 
measurements by use of equation (13-78). It follows from the third 
law (as in the derivation of equation (13-86) above) that 


SCator. — Seator. =. Soali . (13-87) 


is equal to the entropy increase in the reaction at temperature T. 
This third law value of AS can be compared with a value obtained in 
the usual way, either from measured values of AH and AG, or from the 
temperature coefficient of the e.m.f. when the reaction is carried out 
in a cell. 

TABLE 15 


AS third law 
(cal/mole °C) 


AS direct 
(cal/mole °C) 


Temp. 
(°K) 


Reaction 


Ag(s) +$Br,(t)=AgBr(s) — 3-:0140-40 ie aN 
Ag(s) +4Cl,(g) = AgCl(s) —13-8540:25 | —13-73+0-10 
Zn(s) + 40,(9) = Zn0(6) —24-074.0-25 | —24-2440-05 
Mg(OH),(¢) =MgO(s) + H,0(g) 35-85+0-08 | 36-67 + 0-10 


A comparison quoted by Astont is given in Table 15. It will be seen 
that the agreement is within the experimental error except in the 
fourth reaction which involves water. This discrepancy is attributed 
to lack of perfection in the ice crystal at very low temperatures. In 
fact a residual entropy of 0-806 cal/mole°C can be accounted for 
statistically and this almost completely removes the discrepancy. 

The great value of the third law in physical chemistry is this 
application to chemical reactions. In the case of simple molecules, 
which exist as perfect or almost perfect gases, the standard free energy 
can be evaluated from the band spectrum, as discussed in §12:-7. 
This method is not applicable to the more complex organic substances, 
and it is for this reason that the third law is extremely valuable. 

Let it be supposed that the substance in question passes into a 
crystalline form (and not a glass) on cooling. Its calorimetric entropy 
can be calculated at any temperature 7’ by use of equation (13-78) 
provided that heat-capacity measurements are available at close 


+ Taylor-Glasatone, Treatise on Physical Chemistry, vol. 1, p. 618. 
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intervals from about 10°K upwards. By subtracting from this value 
the corresponding calorimetric entropy of the elements of which the 
substance is formed we obtain the entropy of formation at the tem- 
perature 7’. A determination of the heat of combus ion gives the 
enthalpy of formation, and a combination of the two results gives 
the free energy of formation. 

By this method the equilibrium constants of reactions can be 
estimated by purely calorimetric methods. The main point where care 
must be exercised is in the measurement of the heat capacities—if, 
below a certain temperature, the substance were to pass into a glassy 
state, instead of a crystal, the computed entropy of formation might 
be considerably too low, as may be seen from the example of glycerol 
as previously discussed. 

In conclusion, it may be remarked that the above method of 
applying the third law has now largely replaced the method of the 
“Chemical Constants’ as described in the older textbooks. 


PROBLEMS 


I. Using the Einstein model show that the total number of modes 
which are in the first or higher excited levels increases most rapidly with 
temperature when 7'’=46,. Why is this not quite the same as the tem- 
perature at which c, increases most rapidly? The figure in § 13-9 shows 
that this occurs at about 7’ = 0-20,. 


2. Show quite generally that the application of the statistical theory 
determines the value of the integration constant in equation (6-19) for 
the vapour pressure of a crystal. 


3. Obtain the following expression for the evaporation rate of a crystal 

at high temperature 
2a My? fi 

RT w, 
(This expression is usually multiplied by a factor a, the condensation 
coefficient, to allow for the possibility that molecules strike the surface 
without condensing. In any case it seems that a is usually close to unity.) 


4. Verify the shape of the curves shown in Fig. 14 of Chapter 2 for the 
equilibrium of a crystal with its monatomic vapour. For this purpose 
plot the total energy and entropy of the crystal-vapour system as s 
function of the fraction present as vapour when suitable values of 7, M, 
ete., are substituted in the relevant equations. For simplicity, use the 
equations which are valid for high temperature. 

5. Using the following data, which are from Landolt—Bornstein, 
compare the calorimetric entropy of mercury vapour at 343-9° K with a 
value calculated from the Sackur~Tetrode equation, assuming that the 
vapour is entirely monatomic. 


Molecules/cm* sec = e WRT, (13-88) 
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Atomic weight 200-6. 

Vapour pressure at 343-9° K = 5-16 x 10-?mm Hg. 

Latent heat of evaporation of liquid at 343-9° K = 14,460 cal/mole. 
Latent heat of melting at m.p. (234-3° K) = 555 cal/mole. 


Heat capacity of solid (cal/°C mole): 


°K 10 20 30 40 50 60 70 
O:, dell 2°51 3-69 4-45 4:94 5:26 5-48 
T°K 80 100 120 . 150 200 234:3 


Cy 5-63 5-86 6-01 6-20 6:47 6-65 
Heat capacity of liquid (cal/°C mole): 


T°K 234-3 240 250 270 300 323-2 353-2 
Cy 7-00 6-95 690 6-76 6-65 6-63 6-60 


6. Using the limited amount of data provided below, investigate the 
thermodynamic conditions which might be needed for the conversion 


_ of graphite into diamond. What additional data are necessary for the 


purpose of a more exact calculation ?. What other conditions may need 
to be satisfied if the conversion is to take place? 

The first column refers to the standard enthalpy of formation 
(cal/mole) and the second column to the standard entropy (cal/mole °C), 
as obtained by third law methods. The third and fourth columns give 
the heat capacity (cal/mole °C) and density (gm/c.c.) respectively, at 
atmospheric temperature and pressure. 


AH hoe Soo OC, d 
Diamond 453 0-583 1-449 3-51 
Graphite 0 ' 1-361 | 2-066 2-25 


[C.U.C.E. Tripos, 1955] 
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CHAPTER 14 


REGULAR SOLUTIONS 
AND SReOEE TAO. 


14-1. Configurational energy and entropy 


In §11-12 it was shown that, in certain types of Seobiiea: the 
difference in entropy between two states of a system is given by 


S_—5,=kIn 2oontie.2 (14:1) 
. Qeonfig.1 
where the 0’s are the numbers of configurational arrangements in 
the states 1 and 2. The purpose of the present chapter is to make some 
simple applications of this equation by assuming, as a rough approxi- 
mation, that certain phenomena of solutions, and of adsorption, are 
due to purely configurational effects. 
Before proceeding, it is desirable to show in rather greater detail 
how the above equation may be derived from the more fundamental 


relation F=—kTinQ. (14-2) 


Equation (14-1) was actually derived for certain types of process at 
constant energy; it must now be shown that the equation may also 
apply when the process is isothermal. 

Consider a change from state 1 to state 2 which is at the same 
temperature. Then from (14-2) ( see 


F,-F.=—-kTin (14-3) 


Ye FwkT - 


where the explicit form of the partition functions has been inserted 
and the summations are taken over all of the quantum states i which 
are comprised within the macroscopic or thermodynamic states 1 
and 2. In these summations it may occur, of course, that a particular 
term, e~“/FT, repeats itself a great many times on account of the 
degeneracy of the particular level. 

Let it be supposed that, as we pass from state 1 to state 2, the 
only change which occurs is a change in the number of geometrical 
configurations in which the system can exist. In particular, we shall 
suppose that each configuration has the same set of energy levels 
rising above the same zero. A typical example was that discussed in 
§ 1-17, namely, the mixing of very similar atoms or molecules between 
lattice sites. If the numbers of particles of type A and Bare N, and N, 
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respectively, there are 3(V, +N,) normal modes of the lattice and the 
present assumption is that these modes are quite unaffected by the 
mixing process. (If A and B are actually molecules, rather than atoms, 
it must also be assumed that their internal states are unchanged.) 
The second macroscopic state of the system will therefore be taken 
as having (2, times as many configurations as the first, the symbol 
Q, being used for brevity in place of the ratio Qoonae.2/ Qconag. as 
Thus each term e-#V/AT repeats itself Q, times more often in the 
numerator of (14-3) than in the denominator. This quantity can ~ 
therefore be factorized out and we obtain 


Le-Fail® 
—K= —kT In (0, 5-2) : 


where each summation now refers to any single configuration only. 
Also these two summations are equal, This is because, as said already, 
the kind of isothermal process which is being discussed is one which 
involves a change in the number of configurations but for each of 


these configurations the quantum states are the same. 


Hence F,—-F.=—kTnQ,. | (14:4) 
For the same reason U,—U,=90, (14-5) 
and therefore S,—S,=kInQ,, (14:6) 


in agreement with equation (14:1). 

On the other hand, it may occur that the spacing of the energy 
levels is the same for each configuration of the system, but not their 
energy zeros. This kind of situa- 
tion is indicated in Fig. 45. For 
example, in the mixing of A and 
B atoms it may occur that. 
the A-B interaction energy is 
greater than the mean of A-A 
and B-B interaction energies. 
Those configurations of the 
mixture in which there are a 
large number of A-B nearest 
neighbours will thereforehavea = —— ————~ 
more negative potential energy ; | 
than those in which there are a 
small number. If the physical 
conditions are such that the 
spacing is unaffected, then be- 


nil 


Fig. 45. 


_ tween any two configurations there is nee a displacement of the 


levels relative to each other by some quantity #. However, the mag- 
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nitude of H will vary from one pair of configurations to another, 
according to the relative numbers of A-B, A-A and B-B nearest 
neighbours. Under such conditions it is evident that the two sum- 
mations do not cancel and no simple result is obtainable. However, 
a further approximation} is frequently adopted which is difficult to 
justify in a brief discussion. It amounts to the supposition that the 
energy zeros of the vast majority of configurations in state 2 of the 
system differ from those of state 1 by a constant amount Z. 

Consider the example of the mixing of the A and B particles. As 
mentioned above it may be that there is a tendency for a particle of 
a given type to be surrounded by an excess of particles of the other 
type. Conversely there may be a tendency for like particles to collect 
together. However, provided that the disparities in the A-A, A-B 
and B-B interaction energies are not very large, it seems that these 
tendencies may often be neglected. This is the approximation which 
is now being made, and it amounts to the assumption that those 
- quantum states of the mixed system in which the particles are 
distributed at random over the lattice sites are so preponderant in 
numbers that all other states (which should really be included in the 
summations) may be neglected. 

We thus assume that the energy zero of every configuration of the 
fina] state of the system differs from that of the initial state by the 


same amount FZ. Thus 
E,,=E£,,; +E. (14-7) 


If, as before, the ratio of the number of geometrical configurations 
is Q,, it follows that the term Q, e-#/AT can be factorized out of the 
numerator of (14-3)..We thus obtain 


F,—F,.=—kTInQ,e-BAP 
=—kTInQ,+E, (14-8) 


the remaining parts of the summations having cancelled. 
By application of the Gibbs~Helmholtz equation, or equation 
(11-44), it is readily established that 


U,—U,=E, (14-9) 
provided that # and 2, are independent of temperature. Thus we 
a da 8,—8,=knQ,, (14-10) 
whenever the above approximations are valid. | 


t Equivalent to the so-called ‘zeroth’ approximation or the Bragg and 
Williams approximation. 
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14-2. Regular solutions 


In §8-1 it was shown that equations (14-4)—(14-6) lead to a statis- 
tical deduction of the laws of ideal solutions. For this purpose it was 
supposed that a liquid solution can be approximated by a quasi- 
crystalline lattice, and also that the A and B molecules are of roughly 
the same shape and size, so that they can be interchanged between the 
lattice sites without change of lattice structure and without change in 
the lattice vibrations or the internal states of the molecules. Before 
mixing there is only one geometrical arrangement and after mixing 


there are _ _(a+™)! weit) 
config.2" N,! Np! | 
such arrangements. 

It was also supposed that there are no preferential interaction 
energies between the molecules. Let w,, be the increase in potential 
energy when a pair of A molecules are brought together from infinite 
distance to their equilibrium separation in the pure or mixed lattice. 
Similarly, let w,, and w,, be the potential energies of A-B and B-B 
pairs. Assuming for simplicity that only nearest-neighbour inter- 
actions are appreciable and that the average number of nearest 
neighbours of a given molecule is z, then 


Z[2wWap — Waa Wy] (14: 12) 


is the increase in the potential energy when one A molecule is trans- 
ferred from the pure A liquid to the pure B liquid and one B molecule 
is transferred in the reverse direction. In §8-1 this quantity was 
assumed to be zero so that AU=0 


and this led to the laws of ideal solutions. 

We now consider a rather more general model of a solution in which 
(14-12) is no longer taken to be zero, but the other assumptions are 
retained. We thus consider the case where there is preferential inter- 
action between otherwise similar molecules in a quasi-crystalline 
lattice. Now the existence of this interaction can only mean that the 
molecules are not arranged entirely at random in the mixed state. 
However, provided that the quantity defined in equation (14-12) is 
not large in absolute magnitude compared to the thermal energy, 
kT, it may be supposed that departures from randomness are not 
very appreciable. We can therefore adopt the approximationt 


+ For the more extensive treatments of regular solutions which do not 
depend on this approximation the reader should consult Rushbrooke, Intro- 
duction to Statistical Mechanics (Oxford, 1949) and Fowler and Guggenheim, 
Statistical Thermodynamics (Cambridge, 1949). 
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embodied in equations (14-7)-(14-:10). In particular, we obtain for 
the entropy of mixing 


AS=kinQ, 
(Na +;)! 
= kin 
N, N, 
=-4(N, ny tay a): (14-13) 


which is the same as for the ideal solution, as given in §8-1. It 
remains to obtain the energy change on mixing when (14-12) is no 
longer zero. 

Consider two adjacent sites 1 and 2 in the mixture. In accordance 
with the assumption of randomness the probability of an A molecule 
being on site 1 is equal to the mole fraction N,/(N,+,). Similarly, 
the probability that a B molecule is on site 2 is N,/(N,-+N,). The pro- 
bability that an A molecule is on site 1 and simultaneously a B mole- 
cule is on site 2 is therefore N, N,/(N,+.N,)?. This is also the probability 
of the reverse arrangement—A on 2 and B on 1. Therefore the 
probability-that the particular pair of sites is occupied by an A-B 


pair is 
2N,N, 


(Na+) pee) 


(Note that in this expression we have a sum of probabilities. This is 


because the events are not independent but exclude each other— 


either the one arrangement occurs or the other.) 
Now the system contains a total of N,+N, molecules and, if the 
average number of neighbours is z, there are a total of 


42(N, +) (14-15) 


pairs of neighbouring sites in the whole mixture. (The factor } is to 
prevent the counting of each pair twice.) For many liquids it seems 
that z is about 12 corresponding to an approximately face-centred 
cubic packing. 

From (14-14) and (14:15) we find that the total number of A-B 
pairs in the mixture is 


Nav = 42(N, +) x 


=z N,N, 
~ "NA+," 


2N, N, 
(Na+)? 


(14-16) 
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Similarly, the numbers of A-A and B-B pairs are 


Nao=42(Nag +M,) eae CRT 


(Na +M, ae 
Ne 
} Wa M) (14:17) 
N?2 
Ny = iW, $M)’ (14-18) 


respectively. On the other hand, in the two pure substances before 
mixing there are }#zN, A-A pairs and }2N, B-B pairs respectively. 
The increase in potential energy on mixing is readily obtained from 
the above relations and is 
N, NaN _ Ni Nj NaWaa Ny Mop 
tN) Ot Baa) ot Py 
In accordance with (14-9) this is equal to AU. On simplifying we 
obtain 
z N,N, 


2 (N+) 


and this is seen to contain the quantity expressed in (14-12). If we 
define 


AU= (2we, — Wag Wop)» (14: 19) 


WEWy— > — y ’ (14-20) 
7 | NN, 
then AU =2w WN) 7 (14 21) 


This may also be put equal to AH, since for a mixing process at con- 
stant pressure AV is zero or trivia] by the nature of our assumptions 
concerning the molecules 4 and B. Therefore combining (14-13) and 
(14-21) we obtain the increase in Gibbs free energy on mixing as 
Na ON, 

+ bP (N, nH, NG +Mln gs] : 

(14-22) 
The second term on the right-hand side of this equation is equal to 


the free energy of mixing if the solution were ideal, as discussed 
ee in §8-1. Therefore the excess free energy is 


NaN, 
(Ng+%)’ 


(14-23) 
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where N is the Avogadro number and n, and ™, are the mole numbers 
of the two species. By applying equation (9-46), . 
| age | 


me 


we obtain the logarithms of the activity coefficients 
(14-24) 


Finally, by using equation (9-6), the partial pressures of the two 
components are found to be . 


Po =p5%q ype 


Pr=P3 % eXeqT, iia 


where K=zNw/R. 


This simplified account of regular solutions has been put forward 
mainly for the purpose of illustrating the ‘statistical method based 
on the supposition that only the configurational factors are significant. 
For a detailed discussion on the extent to which the equations agree 
with experiment, the reader is referred to the literature.t It is suffi- 
cient to say, in the first place, that the class of regular solutions 
includes the ideal solutions as a special case, namely, when w=0. 
Secondly, it seems that the theory often gives results which are 
closer to experiment for the free energy than it does for either the 
enthalpy or entropy taken separately. That is to say the expressions 
(14-22) or (14-25) are frequently in better agreement with experiment 
than either (14-13) or (14-21). 

It will be noted that the simplified theory, as given above, repre- 
sents the deviations from ideality entirely in terms of an energy factor. 
The entropy of mixing, as given by equation (14-13), is the same as 
for an ideal solution. . 

If the ratios p,/p% and p,/p¥, as given by equation (14-25), are 


plotted against z, the curves are symmetrical about the point 7=0-5. 


Very few solutions exhibit this symmetry at all accurately. At the 
same time the class of regular solutions is certainly more compre- 
hensive and closer to reality than the class of ideal solutions and is 
therefore a very useful working model for practical purposes. 


¢ Hildebrand and Scott, The Solubility of Nonelectrolytes (New York, 
Reinhold, 1950); Disc. Faraday Soc. (1953), no. 15. 
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14-3. The Langmuir isotherm 


This well-known equation, concerning the phenomenon of adsorp- 
tion, is frequently arrived at by a kinetic method; this depends on 
equating the condensation and evaporation rates for adsorbed mole- 
cules at the surface. However, since it applies to a condition of 
equilibrium, it might be expected that the same equation could 
be obtained by a purely statistical method. The advantage of the 


' statistical derivation is that it shows much more clearly the precise 


conditions which are necessary if the Langmuir equation is to be 
obeyed, and thereby it shows the causes of deviations. 

The following is based on a derivation given by Everett,{ with some 
simplifications of the notation. The necessary assumptions are (a) a gas 
molecule can only be adsorbed at a finite number of positions, called 
the ‘sites’, on the surface of the solid; (b) the quantum states of 
adsorbed gas molecules are the same for all sites and independent of 
the presence of neighbouring molecules. The first of these is analogous 
to the assumption of a quasi-crystallic lattice in the case of a solution, 
and its purpose is to give a ‘countable’ number of configurations. Its 
justification depends, of course, on the fact that the surface is atomic 
in structure and may be-expected to have potential energy ‘wells’, 
where adsorption takes place most readily. The assumption will 
probably break down if the depth of these wells is not considerably 
in excess of kT’, for if this condition is not satisfied the molecules will 
be able to adsorb with almost equal readiness anywhere on the surface, 
and the adsorbed layer will approach the nature of a two-dimensional 
gas. 
The second assumption makes possible the application of equation 
(14:10). It may be expected to break down either if the surface is 
appreciably heterogeneous or if there is appreciable attractive or 
repulsive interaction between the adsorbed molecules themselves. 
A third assumption is also implicit in what follows, namely, that the 
gas does not dissociate on adsorption. However, this is not essential, 
and a form of the Langmuir isotherm can be obtained quite readily 
for the case where dissociation takes place. 

Let there be YU sites on the given surface and a total of m gas 
molecules adsorbed. The ratio m/M is denoted 0, the fractional 
coverage m/M=8@. (14-26) 
Consider any one of the possible arrangements, such as is shown in 
Fig. 46, of the m molecules on the UY sites and let s be the entropy per 
mole of the adsorbed molecules in this configuration. Let s° be the 
entropy per mole of the gas at unit pressure. Therefore, if, from the 


t Everett, Trans. Faraday Soc. 46 (1950), 942. 
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gas at unit pressure, adsorption were to take place to give the chosen 
arrangement, the entropy increase would be s—s per mole. Since 
there are m/N moles of adsorbed gas (where N is the Avogadro 
number), the total entropy of the adsorbed layer, relative to the gas 
at unit pressure, would be 4, 

N (8 — ). 


However, the above arrangement is only one out of a very large 
number, and at any moment the system might exist in any of them. 
A term for the configurational entropy, due to the randomness of 
mixing over the various patterns, must evidently be included. 


+ ® + + + + + + 


+ + + + + © @® + 


Oo + + + + + + 4 
+ + @® + + + + @ 
+ @® + + + @® + + 
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Fig. 46. + lattice sites, O adsorbed molecules. 


The total entropy of adsorption from the gas at: unit pressure is 


therefore 


AS= = (s—s#) +kinQ,, (14-27) 
where {, is the number of arrangements of m molecules on M sites. 
ak M! 


By applying Stirling’s theorem we obtain 


AS =< (6-9) +k{M In M—minm—(M—m)In(M—m)}. 


(14-29) 

If the number of molecules adsorbed increases by dm, the entropy 
of the adsorbed layer, relative to the gas at unit pressure, will increase 
by (2AS/ém)dm. .By carrying out the differentiation on (14-29), 


28-2 
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and assuming that s, the entropy in a particular configuration, is 
independent of the degree of coverage, we obtain 

As _(e-#) 


0 
ina —kin;—;- (14-30) | 
This is the differential entropy of adsorption per molecule, and the — 
corresponding value per mole is obtained by multiplying by N. 
This will be denoted AS, ee 
AS=s—#©—RIn—,. (14-31) 
Let AH be the corresponding differential molar heat of adsorption 
(and, according to the previous assumptions, this is independent of 0 
and also independent of gas pressure, if the gas is perfect). Let 4 be 
the chemical potential of the adsorbed layer and let 4° be the chemical 
potential of the gas at unit pressure. Then the differential Gibbs free 
energy of adsorption, relative to the gas at unit pressure, is 
p—w=AH-TAS © 
=AH-T(e—#)+RTIn. (14-32) 
_ This difference, it p, is not necessarily zero because unit pressure 
may not give rise to a state of equilibrium at the particular coverage 0. 
Let py be the actual gas pressure which does give rise to this state of 
equilibrium and let 4,5, be the corresponding chemical potential of 
the gas. Then the condition of equilibrium is 
| Fal =f 99? 
or, supposing that the gas is perfect, 
p= p+ RT In po. (14-33) 
Eliminating «4 and p° between (14-32) and (14-33) and rearranging 


we finally obtain AH 9—s9 
ca ET aa (ere) ; ed 
‘This may be written. b= 7p (14-35) 
AH 3-3 
where | b=exp (-at ke) . ; (14-36) 


If AH and ¢ are both independent of 6, as we have assumed, then 
b is a constant and (14-35) is the same as the well-known Langmuir 
isotherm. However, it is evident that this constancy can hold only 
under very restrictive conditions, in particular that there are s 
definite number of ‘sites’ and that the state of the adsorbed molecules 
is the same on all of the sites and however many of them are occupied. 
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CHAPTER 15 


CHEMICAL EQUILIBRIUM IN RELATION 
TO CHEMICAL KINETICS 


15-1. Introduction 


To many of the early Greek philosophers it seemed that only those 
things which are changeless could be made the subject of scientific 
study. How, they asked, is it possible to have any knowledge about 
something which is in process of becoming something else? The very 
notion of change seems unreal, for how can one thing cease to exist 
and become another? — 

This problem continues to give trouble, although in a less acute 
form, and the atomic theory provided what is at least a partial answer. 
According to this theory the occurrence of a natural process is re- 
garded as being simply a change in the mutual positions of the atomic 
particles. The latter are thought of as being entities which are per- 
- manent and changeless, and it is this postulate which makes it possible 
to put forward an idea of change, i.e. in terms of changes of pattern, 
which is at least comprehensible. 

The modern theory of rates is therefore based, in the first place, on 
the particular, types of particles which may be assumed to remain 
unchanged in the process which is under discussion, e.g. the atoms 
in chemical reactions. However, this way of looking at things serves 
only to diminish the difficulties and not to eliminate them. There is 


no theory of rates which stands, so to speak, on its own feet; all existing 


theories depend, in one form or another, on ideas carried over from 
the study of matter at equilibrium, which is to say in an unchanging 
condition. 

It is very difficult to think of the temporal duration of a natural 
process as a kind of complete entity. Instead, it is usually pictured as 
a sequence of instantaneous states which are spread out along a time 
co-ordinate, Each state consists of molecules, free radicals, etc., 
whose numbers change but whose properties are supposed to remain 
the same as if they were actually at equilibrium. In short, the fact 
that there is a reaction taking place is assumed not to cause any 
alteration in the equilibrium properties of the various entities— 
only of their numbers. But even in the Jatter respect it is often neces- 
sary to take over further conceptions from the theory of equilibrium, 


as will be discussed in § 15-7 in connexion with the transition state _ 


theory. 
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15-2. Kinetic species 


In a footnote to § 4-16 it was remarked that the number of chemical 
equations which is sufficient to represent the stoichiometry and the 
equilibrium of a reaction may not be sufficient to represent its 
kinetics. For example, in the combination of hydrogen and oxygen 


the equation 2H,+0,=2H,O0 


represents the stoichiometry to a very high accuracy, but an under- ~ 
standing of the kinetics involves the writing of equations containing 
OH and other transient species. 

Any chemical reaction is a rearrangement in the pattern of the 
atomic nuclei relative to each other, and in this process the distance 
between the various atoms changes over a continuous range. However, 
at any moment, the vast majority of the atoms which are present in 
the system are present as one or another of a small number of distinct 
chemical species, e.g. H,, O,, OH, H,0, etc., and it is for this reason © 
that the mechanism of reactions may be interpreted in terms of a 
finite (and usually quite small) number of species, and not an infinite 
number. For example, a pair of H and O atoms at a separation of, 
say, 1 cm, does not constitute a chemical substance in this sense, and 
its ‘life’ is far too minute for an observation of its properties. 

The chemical species which are used in kinetics are therefore the 
more or less stable arrangements of atomic nuclei, each characterized 
in its ground state by a certain geometrical configuration, about which 
it vibrates. One species is distinct from another (which may be 
composed of precisely the same atoms, as in isomerism) if they are . 
separated by a barrier large compared to kT’. 

Of course each configuration will comprise a great many quantum 
states of rotation, etc., which ‘belong’ to the particular ground state, 
and in principle each of these quantum states might be regarded as 
a distinct species. Let [OH'}, [OH], etc., be the concentrations of 
OH radicals in the various quantum states and let [.A’], [A”] be the 
concentrations of some other molecule in its quantum states. Then 
the total reaction rate between OH and A might be written in the form 


k,[OH’][A’]+4,[0H"][A’]+..., 


where h,, kg, etc., are velocity constants. Now all quantum states 
between which the energy separation is small compared to kT' may 
be expected to remain in approximate equilibrium with each other. 
Thus [OH’]=K’[OH’], [OH”]=K”[OH’], ete. Using these relations, 
it is easily shown that the above expression reduces to the form 


k{OH][A], 
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where [OH] and [4] are the total concentrations of OH and A in all 
quantum states between which there is approximate equilibrium. 
This last expression is the type which is normally used in chemical 
kinetics. 

In short, the chemical species whose concentrations appear in the 
usual kinetic expressions comprise all quantum states in approximate 
equilibrium and which ‘belong’ to a particular configuration or ground 
state. These species are normally separated by quite high barriers, 
thereby causing slow interconversion through the improbable 
. intermediate states. 


15-3. Variables determining reaction rate 


The question needs to be considered whether the rate of a reaction is 
primarily determined by the volume concentration of each reacting 
species, or by some alternative variable such as its mole fraction, 
chemical potential or thermodynamic activity. 

In simple reactions involving perfect, or almost perfect, gases it 
is found from experiment that it is the volume concentration which is 
the significant variable. Consider a reaction of this type wees 


stoichiometry is aA+bB=cC, 


where a, 6 and ¢ are stoichiometric coefficients. Let n,, etc., be the 
number of moles of the three species at any instant in the reaction 
system (or in any chosen element of fixed mass), and let V be the 
volume at the given moment. The rate of increase in the number of 
moles of C is dn,/dt, and the reaction rate per unit volume is 


In simple reactions of the type under discussion it is often found 
experimentally that this rate is proportional to small integral powerst 
of the concentrations of the reacting species. Thus 

1 dn, 

7 a =k(ng/V)* (m/V)4, 
where k is independent of the concentrations and « and £ are small 

integers, not necessarily equal to a and b in the stoichiometric equa- 
tion. a and # define the order of the reaction; thus if «= 1 the reaction 
is said to be first order with respect to substance A. 
The above equation may also be written 


1 dn, 


1 che _ KA} BY, 51) 


ft Simple fractional powers such as } also occur. 
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where [A] and [B] denote the concentrations. ‘If the chosen system is 
one in which V, the volume of a fixed mass, is also constant, then the 
left-hand side of (15-1) can be written 


1dn, d(n/V) d[C] : 
| | Vdt dt dt’ oo 
where [C] is the concentration of C. Thus 
AO) M Ar IBY, (158) 


but this equation is only applicable if V is constant. 
The fact that it is the volume concentrations which determine the 
rate of a simple gaseous reaction (and not, for example, the mole 


fractions) receives a simple interpretation as soon as it is assumed that 


reaction takes place at the collision of the reacting molecules. Accord- 
ing to kinetic theory the number of collisions, per unit time and 
volume, of the molecules A and B is proportional to the product 
[A][B] of their concentrations. These considerations are very 
familiar and need not be elaborated. For the present it is sufficient 
to emphasize that the customary use of volume concentrations in 
kinetics, including the kinetics of liquids, has its origin (a) in the 
experimental results obtained from gas reactions} and (b) in the 
support obtained from the kinetic theory of gases. However, this 
question will be referred to again in § 15-5. 


15-4. Forward and backward processes 


In a number of reactions the point of equilibrium is not displaced 
predominantly in one direction or the other, and in such instances it 
is often found experimentally that the observed reaction rate may be 
expressed as a difference of two terms, one of which contains only the © 
concentrations of the reactants and the other only the concentrations 
of the products. For example, in the decomposition of hydrogen 


iodide vapour, 2HI=H,+I,, 


+ This is important in connexion with the kinetics of flow systems. See, for 
example, Denbigh, J. Appl. Chem. 1 (1951), 227; Danckwerts, Nature, Lond., 
173 (1954), 222. 

¢ See, for example, the work of Kistiakowsky (J. Amer. Chem. Soe. 50° 


_ (1928), 2315) on the decomposition of hydrogen iodide vapour. In a series of 


fourteen experiments in which the initial concentration varied between 0-02 
and 0:47 mole/l., the velocity ‘constant’ was actually constant, i.c. the rate 
was proportiorial to the square of the volume concentration. This was no longer 
the case at high concentrations, probably due to the appreciable fraction of 
the total volume occupied by the molecules themselves. 


15-4] Chemical Equilibrium and Chemical Kinetics 441 
Kistiakowsky’s results show that the rate may be expressed in the 


form 
— oP = MHIP — eH), 


with constant values of k and k’. 

Now there is no specifically thermodynamic reason why the 
measured reaction rate must be expressible as a difference of two 
termst—all that thermodynamics requires is that the rate shall be 
positive in the direction of free-energy decrease and shall reduce to 
zero at thermodynamic equilibrium. The existence of the two terms 
must therefore be given an interpretation which is kinetic, and it has 
become customary to regard the observed reaction rate as being equal 
to the difference of the rates in the forward and backward directions, 
these processes taking place simultaneously at the molecular level. 
This interpretation is entirely in harmony with a collisional picture 
of the mechanism; at the same time there is clearly an element of 
convention in identifying the two terms with the forward and back- 
ward rates. For given values of the concentrations it is only the net 
rate which can be measured, and the intrinsic forward and backward 
rates have meaning only by interpretation. 

At equilibrium the above expression reduces to 


b{HI}*— k’[H,] [1,]=0, 


or 


The left-hand side of this equation has the correct form of the equi- 
librium constant expressed in terms of concentrations as in equation 
(4-34). Bodenstein} confirmed by experiment that the ratio k/k’ of 
the experimental velocity constants is equal to the measured equi- 
librium constant. It follows that the thermodynamic conditions 
mentioned above are entirely satisfied in this example. 


1 Consider the perfect gas reaction a4+6B=cC. The thermodynamic 
conditions would be satisfied if the rate of reaction were expressible in the form 


a[C] {Ke [Cy i}, 


“ae Me fap By 


where K, is the equilibrium constant and @ is a function of the concentrations 
and temperature having a positive value. Except for the case n=1, the 
equation does not express the rate as a difference of two terms. _ 

{ Bodenstein, Z. Phys. Chem. 29 (1899), 295. 
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15-5. Thermodynamic restrictions on the form of the kinetic 
equationst 


The restrictions on the permissible form of the kinetic equations 
are rather less stringent than is often supposed. The matter can best 
be discussed by considering a specific reaction whose stoichiometry 


is expressed by aA+bB=cC. 


Case (a). Single reaction in a perfect gas mixture. In this 
instance the equilibrium constant, expressed in terms of concentra- 
tions, is [cy 


[arBy 
Let it be supposed that, under conditions where the quantity of C 
in the system is very small, the measured velocity has been found to 
be expressible in the form 


on) _ may [BY [Cy (15:5) 


(15-4) 


(where yy is commonly zero and a and f# are commonly unity). If we 
seek to express the velocity over the whole range of composition by 
adding to the above only a single extra term, chosen as a product of 
powers of the concentrations, this term will have a somewhat re- 
stricted form. Let this term, representing the ‘backward’ velocity, 


be denoted WA} [BI IC]. 
The proposed complete expression for the rate is therefore 


A) x A} (BY [Cy — FLA} [BY [oy (15-6) 


Therefore at equilibrium 
AP IBRICY 2 
[A}*[BY [CY k” 
where [A], etc., now denote any set of concentrations, infinite in 
number, at which there is equilibrium. Now & and k’, and therefore 
also the ratio &/k’, are independent of composition and are functions 
only of the temperature. According to thermodynamics, the equi- 


librium constant K, is also a function only of temperature. Therefore 
the ratio k/k’ is a function of K,, 


kk’ =f(K,). 


+ See also Manes, Hofer and Weller, J. Chem. Phys. 18 (1950), 1355; 
Hollingsworth, J. Chem. Phys. 20 (1952), 921, 1649. 


(15-7) 
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Substituting from (15-4) and (15-7) in this relation we obtain 
[A}o-2 [B]?- [C]yY =f] [B}* (Cp). 
This equality will be satisfied for all possible values of [A], etc., if 
the function in question is a power function, 
[A]}@— [B}4- [Cy = {[A}-* [BB] [Cy}", (15-8) 


and if (a’—«), (@’—) and (y’—y) are each the same multiple of the 
respective stoichiometric coefficients —a, —b and c. Thus 


(a’—a) (B’-f) (y’-Y)_ ; 
ag ye ae 


The power n can have any positive value, including fractions, but 
negative powers must be excluded because it can be readily shown 
that this would imply a positive reaction rate in the direction of free- 
energy increase. 

In short, if a, 8 and y have been determined experimentally, as 
in equation (15-5), the expression for the backward reaction will be 
consistent with thermodynamics if a’, 6’ and 7’ are chosen to comply 
with equation (15-9). The corresponding relation between the 
velocity constants and the equilibrium constant is 


k/k’ = K*. (15-10) 
Suppose, for example, the reaction is 
A+4B=C, 
so that a=1, b=4, c=1. If it has been established for the forward 
reaction that a=1, 8=1, y=0, then from (15-9) it is readily shown 
that permissible expressions for the backward reaction rate are 
kT A}t [BF [C}, 
kB} [0], 
k'TA}“[CP,  etce., 
corresponding to n=}, 1, 2, etc.t 
Case (b). Single reaction in a solution. The discussion above 
was based, in the first place, on the fact that reaction rates in perfect 
gases are usually found to be proportional to the volume concentra- 
tions, or to their powers, and secondly on the necessity that the rate 


shall be positive in the direction of free-energy decrease and shall 
reduce to zero at equilibrium. 


~f For a practical application of this procedure see Denbigh and Prince, 
J. Chem. Soc. (1947), p. 790. 
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The first of these points has been very decisive in creating the 
generally accepted ideas on chemical kinetics. Consider, for example, 


the reaction aA+bB=cl. 
The second condition alone could be met by expressing the rate as 
d 
TOI 2 6(0414 + ty— oe) (15-11) 


where @ is any function of the concentrations which is positive and 
the 4’s are the chemical potentials. It is evident that the right-hand 
side of this expression is positive when there is reaction from left to 
right and it reduces to zero at equilibrium. However, it does not 
express the rate as proportional to the volume concentrations. 
When we turn from dilute gases to solutions the situation is much 
more complicated. The rates of reactions in solution, especially those 
involving ions, are no longer accurately proportional to the volume 
concentrations, or to their simple powers. In other words, if the 
experimental results are constrained into the form of an expression 
such as equation (15-6), the velocity ‘constants’ turn out to be no 
longer quite constant, but vary somewhat with the concentrations 


and they depend, in particular, on the ionic strength. 


Now the equilibrium constants of reactions in solution may be 
expressed in terms of the products of molalities (or volume concen- 
trations) together with the appropriate activity coefficients, as shown 
in equation (10-7). Consider the reaction 


aA+bB= =cC. 
The equilibrium constant is 

(meV) 

(m4 4)* (ma7x)° 
where the m’s are molalities. Alternatively 
[Cryo 
[4]}* 72 [BP ¥% 

where [A], etc., denote volume concentrations and the y’s are 
appropriate activity coefficients (equation (9-21)). 


=K, (15:12) 


(15-13) 


t On the other hand, if the reaction is sufficiently close to equilibrium for 
the condition |au,+bu,—cu,|<RT to be satisfied, it can be shown that 
(15- 11) is equivalent to (15-6). This turns on the expansion of the logarithmic 
term in the equation which relates chemical potentials to concentrations in an 
ideal system. For further discussion see Prigogine, Outer and Herbo, J. Phys. 
Chem. 52 (1948), 321; Manes, Hofer and Weller, J. Chem. Phys. 18 (1950), 1355; 
Denbigh, Trans. Faraday Soc. 48 (1952), 389. 
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Because the equilibrium constant must be expressed in forms such 
as the above, throughout the period from 1915 to 1930 there was 
strong school of thought holding the view that reaction rate must 
also be primarily dependent on activities (i.e. the products of con- 
centrations with their appropriate activity coefficients), rather than 
on the concentrations themselves. According to this view the rate of 
the above reaction should be expressible in a form such as 


Lay aay yg view 7g, (15-14) 


where k and k’ depend only on temperature and a, § and y’, are 
small powers, usually integers. When this equation is considered in 
relation to the equilibrium constant, (15-13), the same results as were 
obtained in the discussion of case (a) above may be readily derived, 
in particular k/k’ = K*, 

On the other hand, there was a lack of clear evidence that an 
expression such as (15-14) adequately accounted for the observed 
velocities.t In order to meet this situation it was pointed out that an 
equation of the form of (16-14) is unnecessarily restrictive, and the 
thermodynamic conditions can be satisfied equally well if each term 
on the right-hand side is multiplied by the same factor #, which may 
itself be a function of the concentrations. At equilibrium this factor 
cancels and we obtain . 


k/k’ = K", (15-15) 
as before. 
For example, if the reaction is 
A+B=2C, 


complete consistency with thermodynamics would be obtained if 
the rate were expressible in the form 
tC) Ally aye KIC! 15-16 
oan) hehe YaYph—k'[C} y3 2, ( ) 
where # depends on the concentrations. A well-known physical inter- 
pretation of £, due to Bronsted, is that it is the reciprocal of the 
activity coefficient of an intermediate complex. This point will be 
referred to again in connexion with the transition state theory. 
The treatment of kinetics in solution on the basis of equations of 
the type of (15-16) has led to generally satisfactory results.t Roughly 


1 See, for example, R. P. Bell, Acid-Base Catalysis (Oxford, 1941); Belton, 
J. Chem. Soc. (1930), p. 116. 

{t For detailed discussion see R. P. Bell, Acid-Base Catalysts (Oxford, 1941); 
Moelwyn-Hughes, Kinetics of Reactions in Solution (Oxford, 1933). 
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speaking the collision processes in solution may be regarded as being 
largely determined by the volume concentrations, but the forces 
between the molecules make it necessary to introduce additional 
factors such as the activity coefficients and the parameter /. 


Case (c). More than one reaction. In the more general case 
where there may be several reactions in the system the restrictions 
due to pure thermodynamics are even less stringent than in the case — 
of a single reaction. In particular, the supposition that every reaction 
must balance individually is not a consequence of thermodynamics. 
It owes its justification instead to the principle of microscopic reversi- 
bility, which was expressed by Tolman in the following form: 
‘...under equilibrium conditions, any molecular process and the 
reverse of that process will be taking place on the average at the 
same rate....’ ee ace 

This point has been discussed in some detail by Onsager. Consider 
three substances A, B and C (for example, three isomers) which are 
mutually interconvertible according to the scheme 


2-gB 
k, 72 ki, / 
Pe 4 ky - A kg 
ke kg C 


_ At equilibrium the chemical potentials are equal, 
f ba=lo= Fe 
and, if the system is a perfect gas mixture, the equilibrium constants 
can be expressed as , 
[A] [B] [C] | 
ww J=K,, —=K, —-=§,. 15-17 
iB)” [cl ” [4° ae 
Let it be supposed that the velocities of the three reactions are 
expressible as first-order terms. Then at equilibrium we have from the 
kin ti f / 
ae (i, + ks) [4]=K[B] + FalC], 
_ (ka+ k,) [B] =h[C] +4,[4], (15-18) 
(kg +k) [C] = kglA] + kal B]. 
By manipulation of these three equations we obtain 
[A] _kgkatkyky + ky ke 
a 15-19 
[B] kk, +hgk, +k k, 
} Onsager, Phys. Rev. 37 (1931), 405. A fairly detailed discussion is also 


given by Denbigh, Thermodynamics of the Steady State (London, Methuen, 
1951). 
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and similar expressions for [B]/[C] and [C]/[A]. When these are 
compared with (15-17) it is evident that all of the conditions required 
by thermodynamics can be satisfied without any necessity for the 
relations k k! K 

ml, oe Ws _K. 

ii XK, ra K,, Es Ks (15-20) 

In fact, in order to obtain these relations it is necessary to use the 

principle of microscopic reversibility which requires that each in- 
dividual reaction, when there is equilibrium in the system, shall be 
balanced in the forward and backward directions. That is to say 


k[A]=k[B], k[B]=h[C], k[C]=k;[A], 


and when these are combined with the thermodynamic equations 
(15-17) we obtain the relations (15-20). 


15-6. The temperature coefficient in relation to thermodynamic 
quantities 


To speak of the temperature coefficient of the reaction rate is 
already to assume that the notion of temperature has a clear meaning, 


but this is strictly true only for systems which are at equilibrium. In. 


the case of a reaction, if it is not too fast, this difficulty seems not to 
be very formidable. On account of the high frequency of the ordinary 
molecular collisions, as compared to those leading to reaction, the 
distribution of the energy of the system between translational, 
rotational and vibrational states probably remains very close to the 
equilibrium distribution, despite the fact that the total energy of the 
system may bein process of change. In brief there is a single statistical 
parameter 7’ which determines a condition of approximate equi- 
librium between the translational, rotational and vibrational states. 
(However, under extreme conditions, perhaps in flames, it may be 


that each of these forms of energy must be specified by a somewhat | 


different temperature.) 

Leaving aside this question, if the logarithm of a measured velocity 
constant is plotted against the reciprocal of the absolute temperature, 
it is usually found that the points fall very nearly on a straight line 
having a negative gradient. At any temperature T the gradient is 
used for the purpose of defining the Arrhenius activation energy E, 


by the relation dink E 
eee 
d(1/T) RR’ 
or eine Bs (15-1) 


ad? RT?’ 
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and, of course, if the gradient is constant HZ, is constant. For the 

_ reverse reaction, whose velocity constant is "Y, the corresponding 

activation energy Eis given by : 

dink’ _ EK 

aT ~ RT? 

Consider a reaction in a perfect gas mixture. As shown previously 
the following relation is compatible with thermodynamics: 


kjk’ =K*, 


where K, is the equilibrium constant expressed in terms of concentra- 
tions and n is a small positive integer or its reciprocal. Taking log- 
arithms and differentiating with respect to temperature 


dink dlink’ ndin Ky 


ee 


dT aT aT 
Therefore by substituting from (15-21), (15-22) and also (4:37) we 
obtem E,—E=nAU, (15:23) 


where AU is the increase in internal energy from left to right of the 
reaction. The difference of the two kinetic quantities 2, and EZ, is 
thus equal to a thermodynamic quantity. 

On the other hand, if partial pressures had been used in place of 
concentrations for the purpose of defining the velocity constants we 
should have obtained k k= Ks . (15-24) 


and E,—E,=nAH. (15-25) 


It follows from (15-23) and (15-25) that the Arrhenius activation 

energy is either an internal energy or an enthalpy, according to 

whether the velocity constants are expressed in terms of concentra- 

tions or partial pressures respectively. The use of concentrations is 
the more usual. 


(15-22) 


15-7. Transition-state theory 


The two important theories of chemical kinetics, the collision theory 
_ and the transition-state theory, both depend on essentially the same 
assumption. Since this is concerned with the existence of a kind of 
equilibrium i in the. system, even during the course of its reaction, it 
is appropriate to give a short outline of one of these theories in the 
present volume. 
We commence with a discussion of the potential energy surface. 

If n is the number of atomic nuclei which are involved in each elemen- 
tary reaction, their positions relative to a frame of reference could be 
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' specified by 3n co-ordinates. However, the translation and rotation 
of the centre of mass are irrelevant as far as reaction is concerned, and 
therefore, for the present purpose, it is sufficient to use only the 3n—6 
co-ordinates required to describe the positions of the nuclei relative 
to each other. The potential energy of the system could therefore be 
_ Tepresented as a surface} in a 3n—5-dimensional-space. 

The surface can be visualized at all easily only in the simplest 
instances. As an example consider the reaction 


involving the free atom Z and the diatomic molecule XY. If it is 
assumed for simplicity that the reaction only occurs when Z 
approaches towards Y along the line of centres of the X Y molecule, 
. the potential energy can be represented in three-dimensional space 
as a function of the X-Y and Y-Z distances. On the potential energy 
surface there will be two deep valleyst which occur at short X-Y 
and Y-Z distances and correspond to the stable X Y and YZ molecules. 
Surrounding these valleys are high mountain ranges but between 
them there is a pass or col, which is of much higher potential energy 
than the bottom of the valleys, but lower than that of the ranges. 
It is assumed that this is the ‘path’ of the reaction. 

Thus, as Z comes near to X Y the potential energy of the trio rises 
on account of the repulsive forces between the electronic envelopes, 
Y gradually stretches away from X until it is somewhere about mid- 
way between X and Z. The system X YZ is then on the top of the pass 
or col and is said to be in the transition state. Finally, the atom X 
breaks away, leaving the new molecule YZ and the co-ordinates of 
the system simultaneously move down into the YZ valley. Plotted 
in terms of distance along the reaction path, or reaction co-ordinate, 
the potential energy would thus appear somewhat as shown in Fig. 47. 

In the general case, as mentioned above, the potential energy 
surface cannot be so easily visualized, but the transition state can be 
thought of as being the configuration at the top of the lowest pass 
between the reactants and the products. The term activated complex 
is also used as referring to a set of nuclei which has this configuration 


t According to the so-called ‘adiabatic hypothesis’, which is an essential 
part of the theory, it is supposed that the electrons remain in equilibrium with 
the particular nuclear configuration which occurs at a given moment, due to 
the large speed of the electronic motions relative to those of the nuclei. This 
implies that there are no electronic transitions during the course of the re- 
action and that the whole process takes place on a single potential energy 
surface, 

{ On account of their vibrational energy the molecules are not to be thought 
of as lying along the bottom of the valleys, but rather as being in a state of 
rolling, as it were, from one side of a valley to the other. 
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and is in a state of motion such that its representative point in the 
3n—5-dimensional space can cross the pass in the one direction or 
the other. 

Although it is freely used, the term ‘complex’ is not very satis- 
factory because it carries the implication that the reaction vessel 
contains molecules of reactants, molecules of products and ‘com- 
plexes’. Actually the transition state is the least populated of any of 
the configurations lying along the reaction co-ordinate between the 
reactants in their normal states and the top of the col. This is on 
account of the exponential factor e~#/AT, 


X¥4 Zoo XYZ XH YZ 


i 


Potential energy 


Reaction coordinate 


Fig. 47 


Another important aspect of the activated complex is that it has 
no stability to small displacements in the direction of the reaction 
co-ordinate. A normal molecule is able to carry out vibrations without 
flying apart because it is surrounded on all sides by a potential energy 
barrier. The complex, on the other hand, has a potential energy whose 
shape is ———~ in the direction perpendicular to the col, although it 
has the normal shape ~—.—— in all directions in configuration space 
which are parallel to the col. In the latter directions it can carry out 
normal vibrations, but in the former there is no restoring force and it 
flies apart in the period of one ‘vibration’. Provided that the top of 
the pass is almost flat the movement across it can be regarded as a 
free translatory motion of the centre of mass of the complex, and the 
appropriate one-dimensional partition function can be applied. 
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15-8. The equilibrium assumption 


Let the bimolecular collision process, whose rate we are interested 


any De A+B=X+Y, 


and let [C] and [C] be the concentrations of activated complexes 
which, at any moment, are moving across the top of the pass in the 


directions from left to right and from right to left respectively of this 


reaction. 
The important assumption which is made is that the concentration 
_[C] of complexes which are moving from left to right is in equilibrium 
with the reactants, and the concentration [C] of those which are 
moving from right to left is in equilibrium with the products. Thus, 
for a system which obeys the laws of a perfect gas mixture, 


[C] i? 
(Ch. 
and Bale aime - (15-27) 


The concentrations will be expressed as molecules per cm® of the 
reaction space. 

On the basis of this assumption the reaction rates from left to right 
and from right to left are calculated by dividing the concentrations 


—> — 


[C] and [C] respectively by the time taken to go over the top of the 
pass. First, however, it is necessary to consider the assumption itself. 
It is clearly sound enough when the whole reaction system is at 
equilibrium, but when reaction is taking place it is very difficult to 
justify.t 

Some degree of relief may be obtained by considering, first of all, 
the somewhat analogous situation concerning the effusion of a gas 
through a small hole. The system consists of a vessel divided into two 
parts by means of a plane wall through which there is a hole small 
compared to the mean free path. Let the gas pressures in the left- 
and right-hand halves of the vessel be P, and P. respectively, these 
being equal at equilibrium. According to equation ( 12-114) the rates 
of collision of gas molecules with unit area of the left- and right-hand 
sides of the dividing wall are P,(27mkT)-+ and P,(2amkT)-+ respec- 
tively. Fhen the analogous form of the equilibrium assumption is 
that these expressions also give the rates of passage from left to right 


_{ The analogous postulate in the older collision theory is the maintenance 
of the Maxwellian distribution of velocities whilst reaction is occurring. 


29 “2 


452 Principles of Chemical Equilibrium [15-8 


and from right to left through unit area of the hole. This is an example 
of a rate problem answered by means of a theorem of equilibrium. 
The validity of this procedure clearly depends on the diameter d 
of the hole being small compared to the mean free path A. The last 
collision before a molecule passes through the hole takes place at an 
average distance from the hole which is of the order of A. The mole- 
cules may therefore be thought of as being supplied from a hemisphere 
of radius A and whose centre is at the hole. If the ratio d/A is small, 
the solid angle subtended by the hole at a point on the hemisphere 
is also small, and therefore only a very small fraction of the collisions 


which occur on this hemisphere actually result in a passage through 


the hole. In short, those molecules which would have rebounded from 
the wall if the hole had not been there probably make only a small 
contribution to the maintenance of the equilibrium distribution of 
velocities and concentration. The actual loss of these molecules makes 
little difference, and the rate of impact on the area of the hole is 
effectively the same as if either the hole were closed or the gas pressure 
were the same on the other side. 
Returning to the case of the reaction 


A+B=X+Y, 


let it be supposed that the reactants and products are at complete 
equilibrium so that the relations (15-26) and (15-27) are entirely valid. 
From this equilibrium mixture it may be imagined that a quantity 
of X and Y are removed through semi-permeable membranes, 
thereby resulting in a state of non-equilibrium and an overall reaction. 
from left to right. At the new values of the concentrations it is assumed 
that (15-26) and (15-27) continue to apply. That is to say, the energetic 
collisions amongst the reactants are sufficient to maintain the con- 
centration [C] at its equilibrium level, and similarly the collisions 
amongst the products are sufficient to maintain [Cl at its particular 
equilibrium value. 

There are two rather distinct factors which might cause errors in 
this assumption: (1) The effect of complexes returning across the col 
in maintaining the equilibrium distribution. It is assumed in fact 


that the concentration [cj of complexes which are travelling across 
the col from left to right is not appreciably diminished by the fact 
that a smaller number are returning from right to left than there 
would be if there were complete equilibrium. Errors arising from this 
assumption are perhaps. rather small if the activation energy per 
mole is large compared to RT, for in this case the collisions leading 
to reaction are a small fraction of the total number. (2) The effect 
of the heat of reaction. In exothermic reactions, for example, the 
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products of reaction at the moment of their formation have an 
excess thermal energy, and this might cause an increase in the rate 
of activation of the reactants. 


Various aspects of the equilibrium assumption have been discussed _ 


by Guggenheim and Weisst and by Polanyi.t Fowler§ has remarked 
that the analogous assumption of a Maxwellian distribution of 
velocities in dealing with viscosity and heat conduction in gases leads 
to an error of 100-200 %. If the same error occurs in chemical kinetics 
it is probably not very large compared to other uncertainties. 

More recently a number of workers || have subjected the assumption 
_ toa quantitative examination. In general, for reactions in which the 
' activation energy is large compared to RT, it seems unlikely that the 
assumption is seriously in error, except perhaps in highly exothermic 
reactions. In such instances, as Prigogine has shown, the ‘hot’ 
reaction products may cause a significant increase in the rate of 
activation. 


15-9. The reaction rate 


We shall consider the rate of the reaction from left to right, the 
rate of the corresponding backward reaction being calculable in an 
analogous manner. 


Using equation (15-26), together with (12-66), the concentration 


—> 


[C] is obtained as the following function of the partition functions: 


[C]= < 5 e~F/RT | AT[BI, (15-28) 


c 
ars 


where ¢,, , and ¢, are the molecular partition functions per unit 
volume of the reactants, A and B, and the complex, moving from left 
to right across the col, respectively. H, is the amount by which the 
zero energy level of the complex exceeds that of the reactants per 
mole. 

The partition functions can be approximately factorized, in the 
usual way, as a product of translational, rotational and vibrational 
terms. These depend on the co-ordinates which specify the species 
in question and, as regards the complex, one of these co-ordinates 
can be chosen as a short length é lying in the direction of the reaction 


+ Guggenheim and Weiss, Trans. Faraday Soc. 35 (1938), 57. 

{ Polanyi, Trans. Faraday Soc. 35 (1938), 75. 

§ Fowler, Trans, Faraday Soc. 35 (1938), 75, 124. 

|| Kramers, Physica, 7 (1940), 284. Zwolinsky and‘ Eyring, J. Amer, Chem. 
Soc. 69 (1947), 2702. Hirschfelder, J. Chem. Phys. 16 (1948), 22. Prigogine, 
J. Phys. Chem. 55 (1951), 765; Prigogine and Xhrouet, Physica, 15 (1949), 913; 
Prigogine and Mahieu, Physica, 16 (1950), 51. 
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eo-ordinate at the top of the pass (Fig. 47). (It will be shown shortly 
that the precise value of é is not important.) The top of the pass being 
almost flat, the potential energy is almost constant over the length é 
and the corresponding motion can be treated as a free translation. 
One of the factors in ¢, is therefore the translational partition 
function corresponding to one-dimensional motion over the distance 


8. If m is the mass of the complex for motion in this direction, the 


one-dimensional partition function was shown in equation (12-48) 
© (anmkT), | (15-29) 


or rather it is just half this value, since the concentration [Cl refers 
to complexes moving in the one direction over the pass and this is 
just half the total concentrationt of complexes which would oce 
if there were complete equilibrium in the system. | 

If this factor is removed from (15-28) we obtain 


$a 


where ¢* is now a quasi-partition function which does not include 
the factor due to this special type of translatory motion. ¢* may be 
regarded as being the partition function of a stable molecule having 
one less than the normal number of vibrational modes—this missing 
mode corresponding, of course, to the fact that the transition complex 
does not have stable vibration in the direction along the reaction 
co-ordinate. 

Let & be the average velocity of motion over the length 6. The 
average time taken to traverse this length is therefore r= 0/0. Since 


there are [C] complexes in unit volume of the reaction system which 
populate this length 6, and which are moving from left to right, the 


corresponding reaction rate is [Cl /r. Thus 
forward reaction rate = [C] a/é 


[Cl =5 (2rmkT)t <. e-2/RT [A)[B), (15-30) 


o) ¢* 
=. (2amkT)t—— e-BdRT[A][B], (15°31 
ay OmmeT)tG > eMRT[A}LB], (15°31) 
and from this expression ¢ has disappeared. 

It remains to obtain an estimate of the mean velocity 0, and for 
this purpose we again assume free translatory motion of the repre- 
sentative point along the reaction co-ordinate. Now, according to 


+ It is this total concentration, given the symbol O; which is used in the 
treatment of Glasatone, Laidler and Eyring, Theory of Rate Processes (New 
York, McGraw-Hill, 1941), Chapter rv. 
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equation (12-99) the fraction of a set of freely moving particles which 
have a component of velocity in a particular direction which lies 
between vandv+dvis __ ; 
Lie v/akT 

(5. zz) om dv. 
The mean velocity is obtained by multiplying this fraction by v and 
taking the average over all fractions.t Thus 


foo] (+) 
j= i) ve-muyakT dy / i) ene BaT Gy 
° ry 


2 cy’ | (15:32) 


Combining this result with (15-31) we finally obtain 


5 ; 
forward reaction rate = =a é 7 e“7/RTTA][B]. (15-33) 

A similar expression may be readily obtained for the backward 
reaction rate, based on equation (15:27), and it is easily verified, by 
using expressions such as (12-66), that the forward and backward 
rates are equal at equilibrium. 

The important result (15-33) shows, in the first place, that the 
reaction rate from left to right of the bimolecular gas reaction 


A+B=X+Y 


is proportional to the product of the concentrations [A][B]. The 

theory thus provides an interpretation of the empirical law of mass 

_ action which was discussed in § 15-3. Secondly the bimolecular velocity 
constant k is shown to have the value 

i= kT ¢* 

| h dado 

The velocity would thus be calculable if sufficient were known about 

the complex and about the potential energy surface which determines 

the value of Z,. 

The quantity k7'/h in the above equation has the dimensions of a 
frequency and its value at room temperature is about 0-6 x 10!8sec,-1. 
The rate constant as given by (15-34) is, of course, in terms of molecules 
and not moles. it 


e-F/RT, (15-34) 


} Or rather over all fractions which correspond to the complexes moving 
from left to right and not from right to left. For this reason the integrals 
are from 0 to co, correspondng to positive values of v only. 


ba Nd at ak tt 
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Equation (15-34) is often expressed in the form 
kT 
k=— Ke, (15-35) 


where K? is a kind of equilibrium constant. However, it is not the 
same as the equilibrium constant, denoted K, in equation (15-26), 
and this is because the factor (15-29) has been removed from the 
complete partition function of the complex. The relation between 

them is readily shown from the preceding equations to be 


a ; 
R= K( | = (15-36) 


It remains to obtain a relation between H,, the Arrhenius activa- 
tion energy, and some characteristic of the complex. By taking 
logarithms of (15:35) and (15-36) and differentiating with respect to 
temperature, we obtain 


dink 1 dink? 


ar ot ar” ie) 
dinK, dinK* 1 
ar ar tor (15-38) 
Therefore, by eliminating K* between these equations, 
dink dink, 1 
= £ (15-39) 


, | qr ar or 
Now the term on the left-hand side defines the Arrhenius activation 
energy by equation (15-21). The first term on the right-hand side is 


related to AU, the increase in internal energy on forming the complex 


from the reactants, by the standard thermodynamic relation (4:37). 


Hence By AG u 1 
RT?) RT® QT’ 
(15-40) 
— RT 
or EH,=AU +> ; 
This equationt therefore gives a theoretical interpretation to the 
experimental quantity Z,. 


It is to be noted that neither #, nor AU are necessarily equal to 
E,, which appears in (15-34), on account of the temperature-depend- 


T ING is the same as AH* of Glasstone, Laidler and Eyring. However, 
equation (15-40) differs from their equation (167) in Chapter 4 by a factor 
RT. These authors seem to have neglected that K+ does not have quite the 
same temperature dependence as a normal concentration equilibrium constant 
on account of the presence of T? in equation (15-36) above. 
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ence of the partition functions. On the other hand, the difference 
between these three quantities is probably not very large. 

In so far as the quantity denoted K* above may be regarded as 
an equilibrium constant (although not in the same sense as K ¢)> it 
may be related to a “standard” free energy change AG": 


—RT In K*¥=AG*. (15-41) 
Thus equation (15-35) becomes 
bak g-actine (15-42) 
or in terms of entropy and enthalpy factors, 
| pat eAS/R o-AHYRT, (15-43) 


However, in view of the remarks following equation (15-35), it will 
be clear that AG*, AH* and AS* do not refer to the same kind of 
standard state for the complex asin an ordinary reaction. Nevertheless, 
the use of these quantities, particularly A.St, has been of value in the 
understanding of kinetics. 

The above outline of the transition-state theory has been primarily 
concerned with bimolecular collision processes in perfect gas reactions 
for which (15-26) and (15-27) are correct thermodynamic expressions 
for the assumed equilibrium. For reactions in solution these should 


be replaced by [C] —— 
[Byes ae 
ee / Sees : 
= XY vere ed. 


where the y’s are appropriate activity coefficients. Provided that the 
other assumptions of the theory continue to hold good, the appro- 
priate form of equation (15-33) for the forward reaction rate now 
contains the factor y,7,/7¢ on the right-hand side. Similarly, the 
backward reaction rate contains the factory x Yy/Vo- These expressions 
are of the same form as those which occur in equation (15-16). The 
quantity # may therefore be interpreted as the reciprocal of the 
activity coefficient of the activated complex. 

For further discussion of the transition-state theory, and in 
particular the introduction into the above equations of the rather 
problematic ‘transmission coefficient’, the reader is referred to the 
literature. 

+ For example Glasstone, Laidler and Eyring, The Theory of Rate Processes 
(New York, McGraw-Hill, 1941) and Fowler and Guggenheim, Statistical 


Thermodynamica (Cambridge, 1949). For a discussion of the thermodynamics 
of the activited state see Guggenheim, Trans. Faraday Soc. 33 (1937), 607. 
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APPENDIX 


ANSWERS TO PROBLEMS 
AND COMMENTS 


CHAPTER 1 
2. (a) 731 cal; (b) 741 cal. 
6. (a) — 1-50; (b) +1-70; (c) +0-20cal/°C. 


6. (a) for 80°C, + 1-30 and — 1-07 cal/mole°C. 
(b) for 120°C, + 2-06 and — 1-89 cal/mole ° Cc. 


8. Note that it is not necessary to assume that c, or y is constant. 
Along the reversible adiabatics we have 


dU= ~pav=—2, 
aU —kdV 
eo. g — V *. 


Since U is a function of 8 only, the left-hand side of this equation is also 
a function only of @. Hence a is the same for any reversible adiabatic 


between the same pair of isothermals @, and 4). 


ll. (a) —4-94cal/°C; (6) +5-13cal/°C. 

The first result is obtained by considering the reversible path 
—10°C-»0°C +—10°C for the transformation water ice. The second 
result is obtained by first calculating the heat given to the environment 


_ in the spontaneous freezing at — 10° C. This heat is 1350 cal and the corre- 


‘sponding entropy change of the environment is 
1350/263-16 = 5-13 cal/°C. 


(The student should be quite confident about this question before 
proceeding further.) . 


12. 55°C. ; 

The steam is compressed under conditions of approximately constant 
entropy. Hence carry out an entropy balance on the steam (which is 
‘wet’), showing that its volume diminishes to 3-93 ft.? and therefore the 
volume of air admitted is 6-07 ft.? Also carry out internal energy balance 
on the steam and thus calculate the work done on the steam by the air. 
Finally, carry out an internal energy balance on the air which is admitted: 

AU =(work done on admitted air by air in supply main) 

— (work done on steam). 
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Assuming that the air is a perfect gas, AU =nc,(t~ 15), where n is the 
number of moles of air in 6-07 ft.? at ¢°C. Hence solve for n and finally 
for t. The result.is rather sensitive to the accuracy with which the 
calculation is carried out but should be 50-60°C. — 


13. For the process materials the energy balance is 
AU=q-—q@—P,AV, (1) 
where gy is heat loss to the environment. The second law can be expressed 
AS + AS,+ AS,=0, 


where AS, and AS, are the entropy changes of the steam and the environ- 
ment respectively and o>0. Hence 


as—2£4% Wg, (2) 


Eliminate g, between (1) and (2) and consider the special case where o = 0. 


CHAPTER 2 
1. AS =31-4cal/°C; AU=11,410cal; AH = 12,350 cal. 


2. The initial and final states of the process denoted by A must refer 
to the same temperature. 


3. A@= — 24,720 cal; AH= — 22,730scal; AS = 6-67 cal/°C; heat 
absorbed = 7' AS = 1990 cal. 


4. Since U is extensive it is proportional to V and thus U = Vf(T) or 
u=f(T'). For the particular system the equation (2-76) 


(o7),-"(en),-* 


‘ Tdu u 
can be rewritten “= San 3 
since P=u/3. Hence dua Tot 
aT’ 
and integrating '  u=at, 


where @ is an integration constant. Similarly ¢ is obtained by integration 
es dU =TdS~— Pav. 


5. Note that the gas is not perfect, but it can be proved that Cyo—-G = R 
by application of (2-91). For what molecular reason might a gas obeying 
the equation P(v—b)= RT be expected to behave like a perfect gas in- 
regard to the difference of heat capacities? 


fovtaelt thes Sant 
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6. The ‘fundamental’ equation (1-19) is here replaced by 
dU=TdS+fdl. (1) 
Hence also aF=d(U-TS) = —SdT+/fdl, (2) 
and. therefore by reciprocity 


-(a),= (a). o 


The required formula is then obtained from (1) and is analogous to (2°76). 
The second equation to be proved refers to an isentropic change. From 


(1) by reciprocity A af of ar 
(a),7 (is).= (rss), 


= (ex), (5)~ (ea), 


Hence for an isentropic change 


Sr= Jee) 


Note that in this equation all quantities, including (@f/@T),, are experi- 
mentally measurable. This equation can therefore be tested—see, for 
example, Treloar, The Physics of Rubber Elasticity, Oxford, 1949. 


_ [a ) 
7. Prove first (3) = -2(Z) + V. (1) 


Now (s7),~ (ee), Gr), 


Substitute from (1) and use the relation (§ 2-10c) 


(sr), (2), - (a), 


Note also that 2(7'/V)/aV in the formula to be proved is equal to 
1er T 
Vav vs 
In the second part of the question the condition of constant @ is the 
game as the condition of constant 7’. Hence from the formula proved 


in the first part, since 
7) = 7) = 
OV . av a , 


we have [a(1/V)/eV 1» =, 


‘or | 7) a2 
\ov/p V' 
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Thus for a change at constant pressure 
| dinT=din D, 
and therefore by integration T'=V/(P), (3) 


where f(P) is an integration constant which is a function of pressure. 
Similarly from the condition (@U/2V)g=0, together with equation 


(2°76), we obtain eP\ _P 
aT), TT’ 


and therefore T=Pf(V). (4) 
fP)_1) 
aan a 


Since the left-hand side depends only on P and the right- hand side only 
on V, this equation can be satisfied only if 


f(P)=P/e, 
SV)=Vie, 
aiereie ¢c is a constant. Combining with (3) or (4).we obtain PV =oT. 


Hence between (3) and (4) 


8. Similar principles to Problem 7 but easier. Note that the formula 
to be proved is to be applicable to any substance, not necessarily &@ gas. 
The only purpose of the gas, in the question as it is expressed, is to define 
the 6 scale of temperature. 

First prove for any substance 


aU\ _(aU\ __ (ap aP\ a0 
Gr),=(6r),-7(en),-P="() an“? 


where d6/dT is a complete differential, since 9 depends only on T. 
Now use the properties of the gas to transform (1) to the @ scale of 


temperature. Thus 
Ge) ,=-7(er),+” 


and putting this equal to zero for the gas 


oz) any (A eae 
ar}, \a0)/,aT T’ 


and applying the other condition, PV =nc§*, we obtain 
do 
ar 2T" 
This can now be substituted in (1). 
10. Let #, L and V be the moles of feed, of residual liquid and of 


vapour in unit time. Let 2,, 7, and zy be the mole fractions of com- 
ponent B in these three streams respectively. By mass balance 


F=L+V, (1) 
Fu,p=La,+ Vay. (2) 
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_ Substituting (1) in (2) to eliminate F 


(L+V) y= Le, + Vay, 
| , ty — tty _L 
and hence rearranging eon. i (3) 
By enthalpy balance Q+Fh,=Lh,+Vhy, (4) 


where Q is the input of heat and h,, h, and h, are the enthalpies per 
mole of the F, L and V streams respectively. Substituting from (1) to 
eliminate F and rearranging 


(L+ V)hy=Lh,+ V(ihy—q); 
where g=Q/V, the heat requirement per mole of vapour. Hence 


hy—(hy—q)_L (5) 


hy—hy ~v" 
Equating (3) and (5) 9 —"—"= hy—(hy~Q) (6) 
Uyp—Xy, h,~ ~—hy 


The left-hand side of this equation is equal to the ratio KM/GN on the 
i . The denominator of the right-hand side is represented by the 
length KN. Hence, by similar triangles, 


PM=h,—(hy—9@)- 
qg=PM + (hy—hy) 
=PM+MH 
=PH. (Q.B.D.) 


Which ssielheials construction would show Q/Z, the a of heat per | 
mole of the residual liquid? a 


CHAPTER 3 


1. As piston 1 moves out slowly and reversibly the pressure exerted 
on it is due entirely to gas B because it is permeable to gas A. Conversely 
with regard to piston 2. Calculate the work of the isothermal reversible 
expansion of each gas to the final state, using the gas laws. Also since 
AU =0 (the gases being assumed perfect) the work done is equal to the 
heat taken in. Hence obtain the entropy of mixing. : 


2. Use equation (2-55). The atmosphere must be assumed to be a 
perfect mixture. The equation is also limited to heights at which g is 
still sensibly constant. 


3. 1-25 107 cal/h. 
The minimum work required is that of a reversible process. This work’ 


is equal to the heat rejected since AU=0. AS, and hence the heat, can 


‘be calculated by use of equation (3-37) (with the sign reversed since we 
are here concerned with demizxing). 
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4. On the van dee Waals isotherms the critical point is where 
(5) and (Fa) are both zero. Hence applying these conditions to the 


WV) e oV"/- 
van der Waals equation: U,== 3b, 
8a 
T= 27Rb’ 
a 
P= oh 


The ‘reduced’ pressure is the ratio of the actual pressure of the gas to 
the critical pressure and is thus 4 dimensionless quantity. Similarly with 


regard to 7, and »,. 
P.=P/P, T,=T/Ty v,=0/vy 


Using these quantities the van der Waals equation can be expressed 
(, +- 3) (3v,— 1) = 8%. 


5. About 0:26°C/atm. (The observed value is 0-2655 in close agree- 
ment.) From the van der Waals equation obtain 2V/@T and substitute 
in equation (3-44). a and 6 are calculated from T, and P,,. 


6. 9-64atm, 41-7 atm. 
Note that if C is plotted against P the plot is almost linear, at dant up 
to 50atm. Hence from the gradient — 


C=1—0-36 x 10-8P. 
This allows of a direct integration of equation (3-52). 


7, 1:29kW; L17kW. 

It is implied in the question that it is a steady flow process. Hence 
equation (3-48) gives the minimum shaft work per mole. Use the results 
of Problem 6. 


8. 93-9 atm. 

Note that the value of RT in the appropriate units is the value of the 
_ Tight-hand side of the given equation as P +0. This expression is taken 
from International Critical Tables (vol. tn, p. 8), and much of the P-V-T 
data in the literature are quoted in this form. It is equivalent to the use of 
the Amagat unit of volume which is the volume of 1 mole of gas at 0°C 
- and 1 atm and is close to 22-41., but varies slightly from gas to gas. 


9. The equation proved in the first part of the question can be 
_ rearranged to give 
P=R(* 


y oht2000, 
2. 


Let P,, v, and v, have chosen values; then P, will have a certain value if 
the expansion or compression is conducted under reversible conditions 
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(S,=,) and will have a larger value if it is conducted under irreversible 
conditions (S,>S,). Hence the low-pressure side of the curve Pv’ =con- 
stant is adiabatically inaccessible. (Cf. the discussion of ‘impossible’ 
processes in §1-9.) The matter may perhaps be seen more clearly by 
obtaining the corresponding equation relating T,, V, and S, with T,, Vz 
and S,. In an irreversible compression more work is done on the gas 
than in a reversible compression and there is therefore a greater tem- 
perature rise for the same change in volume. Similarly in an irreversible 
expansion the gas does less work than in a reversible one and the fall in 
temperature is less. 


10. Only the third equality is conditional on the temperature being 
measured on an absolute scale. The proof of the first two equalities 
depends only on the definitions of C, and C, in terms of H and U, andis not 
- dependent on the second law (i.e. on the existence of entropy as a function 
of state). On the other hand, the proof of the third equality requires 
the second law. 


Note that oH\ _ 2) ) 
OV) 5 \@P)p\OV)_° 


oP é 
: — — ——} =-~—1, 
cad alm (7), (=), (er), 


The required equation of state is P(v—b)= RT, where 6 is a constant. 
The statement that at constant volume P is proportional to T may 
be written P=$T, (1) 


where ¢ is a function of volume. Hence (@P/8T),=¢=P/T. Using this 
result together with the other item of information, c,—c,=R, the first 
equality proved in the first part of the question may be written 
dv 
R=Pij—] . 
Pin ) 
Integrating at constant pressure 


RT=Pvif(P), . 


RT (P) 3 
Now by equation (1) R7/P is actually a function only of volume. 
The integration constant f(P) must therefore be of the form constant x P, 
in order that the right-hand side of (2) shall be a function only of volume. 
Hence P(v—b)=RT. 


or 


CHAPTER 4 | 


1. Relative to the elements the free energy of the system has a value 
— 693 cal at zero conversion (due to the free energy of mixing), a minimum 
value of about — 1555 cal at 57-6 % conversion and a value of — 1000 cal 
at 100% conversion. 
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2. Since heat-capacity data are not given it is necessary to assume, 
a8 & very rough approximation, that AH is constant over the temperature 
range. On this basis it is readily calculated that the value of K » at 
T= 173° K is 4 x 10-*. Consider an initial gas consisting of 1 mole CO and 
2moles H,. If the number of moles of CH,OH at equilibrium is 2, the 
corresponding number of moles of CO and H, are 1—z and 2(1— 2) 
respectively. Hence (3—22)*x 

4(1—2)8 P? 
A value of x of 0-1 is feasible for an industrial process, because unchanged 
CO and H, can be recirculated. Hence P= 260 atm. (A more accurate 
calculation, allowing for the change of AH, would give about 400 atm for 
the same degree of conversion.) 


=K,=4x 10-. 


3. K,=-7™*.. Chango the variables in this equation by putti 
or eq putting 
Ph, ; 


Pa, t+ Px, t+ Pru, =P, 
Pu,/Pxy=", 
thus obtaining K as a function of r, P and Pyu,:. Finally, differentiate 


at constant P and T and show that the condition for Pyu, to be a maxi- 
mum with respect to r is r= 3. 


4. From the given value of the true equilibrium constant K;, calculate 
the value of K,. This is 8-0 x 10-8 atm-!. Then proceed as in Problem 2 
and show that an initial mixture of 1 mole of N, and 3 moles of H, will 
give 0-86 mole of NH, at equilibrium. The yield is therefore 43 %, because 
this initial mixture could give two moles of NH, if conversion were 
complete. 


5. It occurs at a temperature at which AH is zero. 


6. The enhanced heat capacity is due to the heat of reaction. For 
simplicity assume that the mixture is perfect and let lg of mixture 
consist of wg of NO, and (1—w)g N,O,. Then the enthalpy per gram of 
mixture is wh +(1—w) H, 


where h and H are the enthalpies per gram of NO, and N,0, respectively. 
Differentiating with respect to temperature, the heat capacity per gram 
of the mixture is 


oh ow a ow 
“=elez),**(or),+0-» (zx), (en), 


=we-+(1—w) 0+ (h- HB), 


where c and C are the heat capacities per gram of N O, and N,O, respec- 
tively. It follows from Le Chatelier’s principle, or from equation (4-21), 
_ that the last term in this equation is positive. Hence ¢, is larger than 
would be expected if there were no reaction. (It is quoted in the literature 
as having the very large value of 1-65 cal/g°C at room temperature.) 
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 .. The theory can be developed in more detail by expressing dw/@T' in 
terms of the equilibrium constant and the AH of reaction. In this way 
it can be shown that c, passes through a maximum value at a certain - 
temperature—as is intuitively obvious. At low temperature there is 
very little NO, and at high temperature there is very little N,O,. Hence 
the contribution to c,, due to the shift in the equilibrium per unit rise in 
temperature, reaches a maximum at some intermediate temperature. 


1. Note that the addition of steam displaces the reaction 
, H,O+CO=H,+C0, 


to the right and produces hydrogen. However, each mole of added steam 
does not produce as much as 1 mole of hydrogen, because of the equi- 
librium. Beyond a certain excess of steam the gain in hydrogen ceases 
to pay for itself. sit os ; : 

In setting up the problem mathematically assume that x moles of 
steam are added to each mole of producer gas, and let this give rise to 
y moles of H,. The equilibrium gas is thus: 


H,O (x—y) moles CO (0:22—y) moles 
H, (0:14+y) moles CO, (0-07+¥y) moles 
Substitute in K,. 
The monetary profit P is 


P=constant x (ny—2), 


where the constant is a measure of the value of a mole of steam. Hence 


aP dy 
a5 = constant x (»32- 1) ; 


and at the optimum point dP/dz=0. Hence 


y 
ee]. 
"as 


Apply this condition to the K ss expression and thus obtain an equation 
' for the optimum value of x. — 


8. NO,, 4:7%; N,Oq, 1:7%; N,Ozq, 0-06 %; NO, 1-:9%. 

Note that each mole of N,O, and of N,O, counts as two moles as 
regards the alkali absorption. As regards the behaviour towards the 
oxidizing agent each-mole of N,O, behaves as two moles of NO, whilst 
each mole of N,O, behaves as one mole of NO, and one mole of NO. 


9. Poo/ph,=10° at 1200°K. Rather tedious but a useful exercise. | 
Note that 
Poo _. Pbo x PoosP a, x _Pxy0_ 


ph, Poo, PooPu,o Pu,Ph, 
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Therefore it is a question of working out the equilibrium constant of the 


reaction H, a 40,=H,0 
at 1200° K. 


_ 10. Note that, since AH is positive, K, becomes more favourable with 


rise of temperature. On the other hand, 550°C is about the highest tem- 


perature at which ordinary mild steel plant can be operated continuously. 
Hence work out K, at 550°C. —- 

For this purpose it is necessary to estimate a value for Ac,, and this 
may be done by the methods of § 12-12, using the principle of equi- 
partition. All molecules may be assumed to behave classically as r 
their translational and rotational degrees of freedom. On the other hand, 
the vibrational modes may be only partially excited. The upper limit for 
Ac, corresponds to complete vibrational excitation of the product mole- 
cules and no excitation of the reactant molecules. Conversely for the 
lower limit.t The limits can therefore be shown to be Ac, = —9 or 
+ 9cal/mole °C. The corresponding limits for K, at 823°K are 320 and 
9-5. Thus the ratio of partial pressures 7,/p, lies between 320% and 9-54. 


The percentage conversion is. aes and lies between 95 and 75%. 


PatDe 


12. This problem requires much numerical working, but it is instruc- 
tive in showing the difficulty in obtaining accurate values of AG and AH 
at T= 298° K by extrapolation from typical experimental results at high 
temperature. 

Use equation (4-31). The author finds AH{,,to be —19to — 22kg cal and 
AGI, to be —14 to —16kgcal. The uncertainty in the latter quantity 
could be reduced by using additional physical information concerning 
the heat of combustion of CH,. (See the treatment of Pring and Fairlies’ 
data given by Lewis and Randall, Thermodynamics, ch. XL.) 


-13. CH,OH:C,H,OH :H,O= 1:46:46. 
The independent reactions can be chosen as _ 
- CO+2H,=CH,OH, 
and for each mole of C,H,OH one mole of H,0 is also formed. 

The algebraic complexity which usually arises in solving simultaneous 
equilibria can be avoided in this instance. This is because the question 
asks merely to determine the ratio of the three reaction products. Now 
the equations above can be combined to give 


2CH,OH =C,H,OH + H,0. 


This is therefore the only equilibrium which needs to be considered, and 
the data quoted in the question on CO is actually irrelevant. 


14.. —39,980cal/mole. 


t The possibility of excitation of electronic degrees of freedom is neglected. 
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468 Principles of Chemical Equilibrium 
15. Reactions for which there is a considerable decrease in the standard 
free energy ere = gO, + H,O= HNO, +HNO,, 
3NO,+H,O=2HNO,+NO, 


and the second of these is thermodynamically more favoured than the 
first. Several other reactions, such as 


NO, = 4N, + Og, 


would also result in a decrease of free energy but are known to be ex- 
tremely slow. Under the conditions of an industrial nitrous gas absorption 
process it is the second reaction above which is of principal importance 
—together with the equilibrium 2NO, = N,O, which is rapidly established. 


16. 67% (wt.). 
Calculate first the value of K, at 20°C, using the value of AH in order 
to allow for the appreciable effect of change in temperature. Note that 


K 3 
» can be written a Dyo Pho, 
s=73 Xe 

Pyros Pu,o 


Now the absorption system is counter-current and the strongest acid 
which can possibly be made in the first absorption tower is that which 
would be at equilibrium with the gas entering this tower. For this gas 
the term pyo/Pxo, has a value of 10atm~*. 

Convert the vapour pressure data to atmospheres and plot PHN0s/ Pago 


(preferably its logarithm) against the acid concentration. Find the 


particular acid which satisfies the above equation. 


17. AH= —52kgcal; heat evolved = 5-5kg cal. 

With decrease of the p.d. across the terminals, below the reversible 
e.m.f., the heat evolved would increase and in the limit where the ter- 
minals are ‘shorted’, and no work is done by the cell, the heat evolved 
would become equal to — AH. 


18. Calculate the equilibrium constant of the reaction 
2Ag+40,=Ag,0. 


Now the total gas pressure in the process is stated to be only latm, 
and from the magnitude of the equilibrium constant it is evident that 
Poy would need to be very much larger than 1 atm in order that silver 
oxide should be formed. Hence this substance is not a stable product 
(at any rate not as bulk phase—the calculation does not exclude the 
possibility of chemisorbed oxygen). 


19. The lowest temperature at which the reaction 
BaCO,=BaO + CO, 


could be carried out at an appreciable speed in a furnace open to the 
atmosphere is that at which the partial pressure of the CO, becomes equal 
to latm. (This temperature is analogous to a boiling-point. At tempera- 
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‘ 
tures at which po, < 1 atm the process would be very slow, being deter- 
mined by the rate of diffusion of CO, out. of the neck of the furnace.) 
Hence find the temperature at which Kj, is 1 atm. : 


20. 0-039 % SO,. Sulphate is not formed. 
Consider the reaction SO, + 40,=SO,. It is readily calculated that 


Paes — 1-66 x 10-2, (1) 
Pao, Po, 
and from this equation it is evident that the concentration of SO, is 
very small, and ite formation does not significantly affect the concentra- 
tion of oxygen in the outgoing gas. 

Assume that ZnSO, is not formed. Then the only significant reaction 
as regards the materials balance of the system is ZnS +30,= ZnO + SO,. 
Since there is 7% SO, in the outgoing gas it can be readily calculated, 
by means of an oxygen balance, that there is 11-3% O, in the outgoing 
gas. The formation of a trace of SO, does not significantly affect this 
result. The figures po, = 0-07 and yo, = 0-113 can now be substituted in 
(1) to give po, = 3-9 x 10~*atm. (This kind of approximation, where it 
is valid, avoids the solution of simultaneous equations.) 

It remains to be confirmed that ZnSO, is not a stable product at the 
given temperature. For this purpose calculate the equilibrium constant 


of the reaction ZnO +SO,=ZnSO,, 


and show that the calculated partial pressure of SO, is far too low for the 
reaction to proceed from left to right. 

If the actual content of SO, in the gas leaving the process was found to 
be higher than the above calculated equilibrium value, a likely explana- 
tion would be that the SO, is an intermediate substance in the reaction 
mechanism. Its concentration would pass through a maximum before 
falling to the equilibrium value. 


21. 55%. 

Note that in the reaction A =B-+C increased yield could be attained 
by reduction of pressure. However, since it is specified that the process 
must be carried out at a total pressure of 1 atm, the same effect can be 
achieved by introduction of an inert gas X, which has the effect of 
reducing the partial pressures of A, B and C. This is the ‘device’ asked 
for in the question. 

On the other hand, too much of the inert gas will reduce the amount 
of B which can be condensed (the remainder is carried away in the gas 
stream). Therefore it is a question of maximizing the yield. 

Let p,, ete., be the partial pressures at the outlet of the reaction vessel. 
From the free-energy figure it is readily calculated that 


Pa= 10p}. (1) 
Also Pot+Pot+Po+Pe=latm, 
and therefore, using (1), 10p3+2p,+p,=1. (2) 
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In a given interval of time let 1 mole of this gas enter the condenser 
and let 2 moles emerge from it. Since the vapour pressure of B is 0:01 atm 
and the total pressure of the gas is 1 atm, we have from the perfect gas 
laws: 


Gas entering condenser: p, moles of A, p, (=P) moles of C. 
Py moles of B, py moles of X. 


Gas leaving condenser: |p, moles of A, p, moles of C. 
0-0lz moles of B, p, moles of X. 
Hence . pat O0la+p,+p.=2 


or 10p§ +p, +P.= 0-992, (3) 
by substitution from (1). . 

The output of liquid B, in the given time interval, is (p, — 0-01z) moles, 
and this has been obtained from p,+p, moles of A originally entering 
the reactor. Hence the yield of liquid B, expressed as a fraction, is 


_Po—9-0lx  py—0-01x 
Pat Py l0p§+Po" 
by (1). 
Subtracting (3) from (2) p,=1—0-992, (5) 
and eliminating x between (4) and (5) 
_ Plt 1) —T 
2 oat 10p§ +P, 
where r=0-01/0-99. 
-. Finally differentiate (6) and put dy/dp,=0 to obtain the maximum 


value of y. This is 0°55. If no inert gas were added it can be e readily 
calculated that the maximum yield would be only 0:29. 


(4) 


; (6) 


CHAPTER 5 


1. (@) 3; (8).2; (c) 2, together with the restriction py, = 3Py, (this is 
equivalent to saying that there is only one component and no restriction). 


9. There are n+ 2 independent variables. The experimentalist is free 
to choose.the n composition variables together with the temperature and 
either P,, or P,. (The difference, P,—P,,, is the osmotic pressure and is 
determined as ‘Soon as the other variables are fixed. ) The proof is as 
follows. 

The total number of variables i isn+4,ie. Py, P,, T.,, T, and then mole 
fractions. Bétween these variables there are two equalities, namely 
T=, together with the equality of the chernical potentials of the. 
solvent. Hence Pe 

=n+4— 2=n+ 2. 


. (a2) F=0. Note that along the length of the vapour- -liquid equi- 


eo curve we have F=1. However, the critical point is not any point 


along this curve but is the.epecial point, which is the termination of the 


Appendix ; AT 


curve, where the two phases have equal density and become indistin- 
guishable, Therefore there is a special restriction. Looked at from an 
alternative point of view, immediately above the critical point there is 
only one phase together with éwo emaere acs éP/aV =0 and 
@P/dV3=0. This again results in F =0. 

(6) F=1. 

(c) There are four independent reactions. If MNO,, MNO, and M,O. 
are immiscible there are four phases and F = 1; otherwise there are two 
phases and #'=3. Note that there are no stoichiometric restrictions on — 
the composition of any phase, despite tho fact that the system is prepared 
from nitrite omy: 


ee Four independent reactions. F'=3. 
5. (a) F=1 


(6) There are ° two independent reactions and these can be chosen : as 
FeO +CO=Fe+C0,, (A) 
Fe,0,+ Os =3FeO + CO,. — (B) 


The equilibrium temperature at letm total pressure will be the tem- 
perature at which the value -of the partial equilibrium constant, 
K, =Po0,/Poo is the same for both of the above reactions. Also 


Poot Poo, = latm. 
However, a simpler procedure is as follows. Subtract one of the above 
-equations from the other to obtain . 
a Fe,0,+Fe=4Fe0. : (C) 


_ Now thoes solid. substances will only be at equilibrium with each other 
at a temperature such that AG@ is zero. This temperature is =" 
‘calculated by integrating the equation — 


eAG/T AH 
| or 


and using the given date. The result is Z’=1120°K. The CO and co, 
will also be at equilibrium with the solids at this temperature provided 
that the ratio of their partial pressures satisfies the equilibrium condition. 

(c) It-.has been shown that F’=1. On the other hand, the equilibrium 

temperature will change only imperceptibly if the total pressure of CO 
and CO, is increased above 1 atm. This is because the free energy of the 
solid phases is not significantly affected by change of pressure. 

(d) The calculated result is much higher than the observed equi- 
librium temperature which is stated to be 840° K. The calculation depends 
on the difference between two large numbers, in regard to the free energy 
of FeO and Fe,O,, and this is probably the main source of the error. Also 
the value of c, for FeO is an estimated rather than a measured value and 
the temperature coefficient of Ac, has been neglected. 


/ 


CR Bacal ic CL a ik Te a A a i ee i 


472 Principles of Chemical Equilibrium 


6. This problem is concerned with the properties of the triangular 
diagram used for representing ternary systems. Use the ‘lever rule’ and 
notice that if the residue were mixed with the distillate at any moment 
it would give a mixture represented by point A. Note also that the 
composition of the distillate is always somewhere on XY because Z is 
not volatile. 


CHAPTER 6 
1. Involves an integration of the Clausius—Clapeyron equation. Also 


PoP. whiny Paw“? le 
1 iP; 
2. —0-133°C. Take care to use the correct energy units in this type of 
problem (e.g. cm® atm). 
3. dL/dT'=0-65cal/°Cg. (Use data from Problem 2.) 


4. 539cal/g. 


In p,/p, = 


5. Considering a fixed quantity of vapour: 


F) a 
| av= (77) ar+ (55) ap. 
av a OV\ (eF 
we ttn 6) =(),*() 


where the subscript sat. denotes a condition of equilibrium between 
liquid and vapour. Assume that the vapour is perfect and apply equation 
(6-8). Note that the equation to be proved shows that the coefficient of 
expansion is normally negative. Why is this? 


6. Of the order of 7 g/M®, but this result is only a rough approximation. 
The calculation depends on using the Trouton relation in order to esti- 
mate the latent heat. The Clausius—Clapeyron equation, together with 
the known boiling-point, can then be used to estimate the vapour pressure 
of the oil at 20°C. This is about 1-5x 10-*atm. The calculation of the 
weight of oil vaporized is then obtained from the gas law together with 
the known molecular weight. 


7. At any temperature at which the two phases are in equilibrium, 
the pressure has a fixed value. Hence V is a function only of T and q 
and an equation of the type of (2-78) can be applied: 


(or),-- (a),/ (a) 


Also we have V=qv’ +(1—g)v’, 


aA 
whence —)} =v’. ) 
é [a 
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8. Let s” be the specific entropy of the vapour phase. Then 


“=7(7),. 


where the subscript sat. denotes the condition of two-phase equilibrium. 


Hence f= (),+ (), (| 


-*§-G) i) 


by a Maxwell relation and (6-8). 

Similarly for the second relation. To obtain the third relation apply 
equation (6-13). 

The value of cf for steam at 100°C is negative and is about — 1- -O7cal/°Cg. 
Thus the temperature is raised by removal of heat from the steam, the 
pressure being increased at the same time to maintain saturation. (Note 
that the specific volume of the steam simultaneously ai by the 
result of Problem 5.) 


9. 53% condensed. 

For lack of other information it must be assumed that the NH, behaves 
as a perfect gas. The application of equation (6-24) therefore gives the 
vapour pressure as 15 atm at 250 atm total pressure. 

Consider the inlet gas to the condenser; this contains 0-12mole NH, 
to every 0-88 mole of N,+H,. In the outlet gas the partial pressure of 
NH, is estimated to be 15atm and its mole fraction is therefore 


15/250 = 0-06. There are therefore 0-06 mole of NH, to every 0-94 mole of 


N,+H,, or 
0-88 
—— = 0-056 
0-06 x ~ 04 0-0 


mole of NH, to every 0:88 mole of N,+H,. The fraction of the NH, not 
condensed is therefore 0-056/0-12=0-47, and the percentage condensed 


is 53%. (Notice the use of the inerts as reference substances in this type 
of calculation.) 


10. In the absence of P-V-T relations for the mixture, the Lewis and 
Randall tule must be used. 


CHAPTER 7 


2. Ht will be found best to plot the logarithms of the partial pressures. 
The data do not agree at all well with the Duhem—Margules equation, 
and it appears therefore that there is considerable experimental error. 


3. It is only at the minimum point that the compositions of the solid 
and liquid phases in equilibrium are equal. 
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6. Let fa, Hy and 4, be the chemical potentials of the solid hydrate, 


the liquid water and the salt in solution respectively. Then for equi-— 
librium between the solid hydrate and the solution, 


fa= Zfhy + fe 


ft, is a function of T and P. py and p, are functions of Z' and P together 
with the mole fraction 2 of the water in the solution. Differentiate the 
above equation with respect to the independent variables and proceed 
as in the treatment leading up to equation (7-21). 


CHAPTER 8 . 


1, 244, 252 and 260mm -Hg respectively. The corresponding mole 


fractions of benzene in the vapour are 0-27, 0-53 and 0-77 respectively. 
2. AH=6-8kgcal/mole. (The directly measured value is 6-7 kg cal.) 


3. Either hypothesis is equally applicable to the quoted results. 
Independent evidence indicates that the second hypothesis is more 
nearly correct. = 


4. The ideal solubility expressed as a mole fraction is 0-026. (The 


observed values are 0-018 in hexane and 0-028 in heptane.) Notice that 


both the boiling-point and the critical point lie on the vapour-pressure 
curve and can therefore be used for interpolating the vapour pressure at 
20°C by application of the Clausius—Clapeyron equation. 


5. AH=—4-9kgcal; 42 M°/h of water. 


.. The solubilities being very small, the figures quoted in the second line 


of the question can be taken as being proportional to the mole fractions 
of dissolved CO,. Apply equation (8:35). _ sas 
The least quantity of water required is that which would be just 


saturated by the CO, at its partial pressure (2 atm) entering the tower. 


6. B=AH+RT= ~3300+600= —2700cal/mole. The quantity B is 


equal to AU in the process of solution. 


Notice that ¢ is the solubility when the partial pressure of CO, is latm. 
Let m be the number of cm! of CO, per 100 em? of rubber when the partial 


-pressure is p. Then - m=pe or s=m/p a a qa 


by Henry's law. Because the solution is very dilute m is proportional to 
the mole fraction z of dissolved CO, and the above equation can also 
be watten e= constant x 2/p. (2) 


‘Phe first equation in the question then follows from equation (8-35), if 
-the temperature coefficient of the density of the rubber is neglected. 7 


‘Now pV =nRT, where n is the number of moles of CO, in a gas volume 
V. Hence Ceca _ 
| Ca =p = P/RT. : : (8) 
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Also m, in equation (1), is proportional to ¢,. Hence from () and (3) 
“2 — constant x — RT =constant x eT’. 
7 Ce P 
dine,/c, dine dinT 
ar ar tar 
AA. .1. 
“RET 
_AH+RT 


~ RT 

Therefore B=AH+RT= — 2700 cal/mole at = = 300° K (approx. 

In the process of solution 

a AH=AU+A(PV)_ |. 
=AU+O—RT, 

because V,, the volume in the dissolved state, is negligible. and because 
 P, V,, referring to the gaseous state, is equal to RT per mole. - -. ore 
Hence B=AH + RT is equal to AU. (Cf. the temperature coefficients 
_ of a reaction equilibrium constant expressed it in terms of partial pressures 
and in terms of concentrations in § 4-7.) 


Hence 


7. The problem shows the existence of apparent deviations from 
Raoult’s law, in an ideal solution, due to the occurrence of a reaction. In ‘ 


setting up the problem it is perhaps best to let x,, 2, and xg be the true 
mole fractions of A, B and C in the solution. The condition of equilibrium 
in the reaction 24 = B may be expressed as 


as will be discussed in more detail in Chapter 10. If the solution is ideal 
over the whole range, the same relation wilt poles in the pure liquid (i.e. 
‘when x,=0). 

The quantity N, which appears i in the third equation of the problem 
is, of course, the actual number of moles of the monomer in the solution. 
If N, is the corresponding number of moles of dimer then 

N,+2N,=N. 


(This problem is based on @ distissioii by’ Rushbrooke, Introduction to 
eae M echontes ie dente le oe 
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putting AG=0 at 1808°K at which there is equilibrium between solid 
and liquid iron. At any other temperature the equation gives the differ- 
ence between the free energy of liquid and solid iron when they are not 
at equilibrium. 


In the second part of the problem let 4 be the chemical potential of 
the liquid iron in the solution. Then 


p=p*+RTinzy, 


where all quantities refer to the iron. But 4 is equal to the free energy 
per mole of solid iron since there is equilibrium. Also 4* is equal to the 
free energy per mole of pure liquid iron. Hence * — 4 can be evaluated 

from the equation already obtained. Hence y = 1-06 (Basis y > 1 asa2—1). | 


4. The conditions of equilibrium a=, and y= 4, lead immediately 
to CaVa =m, Vs and ty Ye= 2,75 


5. 0-8990 (in very close agreement with the directly measured value). 
The data for this question were taken from J. A. V. Butler, Commentary 
on the Scientific Writings of Willard Gibbs, vol. 1, p. 140. 


‘6. To each side of (9°41) add dInx,. This gives 


I 
din (Y¥p%) = —7diny,+dinz, 


J ; 
= —7din (Yara). (1) 
_ From the defining equation for h 
1 In (¥q%q) ar 
=F dn (yaa) ree 
1 1 
=tain(y_%)-A— ae, (2) 
- Substituting (2) in (1) 
h-1 
din (ya) = —dh—-2— ay 
: = dh-adinedin’. 
‘ YoU 
On rearranging ain (7 )- —dh—hdlnr 
and therefore in (2058) = —w— [Par (3) 


In this equation the integrand is finite at the lower limit. The equation 
may be applied by plotting values of h/r against r and taking the area 
under the curve. 
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7. 195°$mm Hg (observed value 194-9 mm Hg). 
Let G*, etc., be the excess functions. Since S¥ =0 for the given solution, 


G4 =H* 
= (nN, +14) ba, 7, 


= bn, ny, 
Mtn, 


The application of equation (9-46) gives the required expressions. 

From the azeotropic data an activity coefficient can be worked out 
for each component at the azeotropic composition (equations (7-69) and 
(7-70)). When these are substituted in the given equations, two almost 
equal values of b are obtained. The data are thus not inconsistent with the 
postulates (but, of course, are quite insufficient to prove them). 

The equations, together with the value of 6, can finally be used to 
calculate the partial pressures of each component. Their addition gives 
the total pressure and this is 195-3mm Hg. 


8. A=0-:304, B=0-375. 

At the lower temperature the estimated azeotropic composition is 
60 % mole of ethyl acetate (observed value 60-1%) and the calculated 
total pressure is 413mm Hg. 


9. It is stated that the pressure p which is of interest lies between p, 
and p,. Thus p,>p>~p, and the pressure p is greater than the vapour 
pressure of component 1. This vapour will therefore be supersaturated 
and the compressibility factor for this component must be estimated 
indirectly, for example by extrapolation from the unsaturated region. 
(N.B. The compressibility factor referred to in the question is that defined 
in equation (3-51): C=pv/RT.) 

Consider component 2 whose mole fractions in liquid and vapour phases 
are x and y respectively. The condition of equilibrium for this com- 

nent is 
po | pm = yee, 

In view of (3-68) and (8-14) this can be rewritten as 
Hp t RT lny=ph+RT Inz, 


where 49, stands for the chemical potential of the pure gaseous com- 
ponent at the pressure » of the solution in question, and 4, is the corre- 
sponding chemical potential of the pure liquid component, also at this 
pressure. 

Now the pure component will be in equilibrium with its vapour at the 
pressure p,. Let 49, be the chemical potential of the liquid and vapour 
phases at this particular pressure. If this quantity is subtracted from both 
sides of the previous equation we obtain after rearranging 


RT In y/x = (uj, — H5,) — (45, — 45.) 
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The first bracket on the right-hand side is equal to v,(p—p,) by the 
integration of (2:111b). The second bracket on the right-hand side is 
similarly equal to " 
f vdp, 
It 


where » is the molar volume of the vapour of component 2. 
Now the compressibility factor is 


O=Rpaeat bee. 
Hence v= RT (= +) and the above integral is obtained as 


: nao, ne +6,(p =) . 
Hence finally 
RT in y/a=vi(p —P,)~ - RT ain? + nee Pa) 


which can be rearranged to give the second equation quoted in the prob- 
lem. The first equation, referring to component 1, follows at once in an 
analogous manner. It may be noted that the term v,(p— Pz)» in the last 
equation above, is equivalent to the very slight change in the vapour 
pressure of pure component 2 between the total pressures /p and 9,. 
(See footnotes on Pp. 222 and Pp. 248.) 


10. Per gels of the mixture the changes of G and H are 
AG= RIT (2, In vy + Xs In Ze) + AX, Xe, 


. AH =amyty a 

(CE. Problem: 7. a 9 
The second part of the problem raises important matters of principle. 
Using the numericel value for a, together with the equations above, it is 
readily worked out that the changes in G and H in the demizxing process 
are +380 and —25cal/mole of mixture respectively. Therefore the least 
amount of work required for separation is 380cal/mole. This may be 
thought of as being supplied by means of a reversible heat engine taking 
heat from the hot reservoir at 373°K and rejecting heat to the cold 
reservoir (the cooling water) at 293°K. Hence from equation (1-126) 
the minimum heat to be taken from the hot reservoir is 
373 


380 x 373 — 203 1770 cal, 


and the corresponding emount of heat to be rejected by the engine to the 
cold reservoir is 1770 — 380. = 1390 cal. 
‘In addition, there is the heat effect on separating the two componente, 


and this is not equal to the AH of demixing because the process involves . 
forms of work other than volume change (see § 2-2). The heat effect is, 
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of course, T' AS, since the process considered is reversible and isothermal. 
Now = =—s PAS=AH-AG | 

| | = —25—380= —405cal/mole. ; 
Since this is negative it corresponds to heat rejected to the cooling water, 


and thus the total heat rejected is 405+ 1300=1796cal/mole of the 


Notice the important clause in the question ‘if the energy of the 
reservoir is used at maximym efficiency’. This requires a reversible 
separation process such as has been discussed above. How could such a 
process be approximated in practice? 

An ordinary distillation is very far from being reversible and usually has 
an efficiency on the above basis of 5-20 %. This is due to finite temperature 
differences and also because the vapour entering any plate of the distilling 
column is not at equilibrium with the liquid which is on that plate. 


11. For the present purposes the term ‘regular binary solution’ may . 


be taken as meaning a solution having activity coefficients given by the 
expressions quoted. Dividing the first of these expressions by the second, 
we obtain (*)'=2% , 
ny, . ) . 
Now at the azeotropic composition the activity coefficients are given 
by equations (7-69) and (7-70): “4 
Ya=P/pi, Yo=Pip3, ; 
where P is the azeotropic pressure and pf and p% are the vapour pressures 
at the azeotropic temperature 7’. Hence 


fas 2 
(=) =n, /n. 
ow P: Py ‘ 


Now the azeotropic pressure P is 1 atm. Consider the integration of the 
Clausiue-Clapeyron equation for pure component 4 between tem- 
perature 7, and the boiling-point 7,. Assuming the latent heat to be 


constant, — <P Za (2 1) 


x 


ps RAT, 7,)’ 
and similarly for the other component. The substitution of these expres- 
sions in the previous equation, together with the use of the Trouton 


' . relation, gives the required equation. 


It may be remarked that this equation agrees quite well with experi- 
ment for a considerable number of azeotropic mixtures. This agreement 
does not imply, however, that these mixtures are accurately regular. 


‘CHAPTER 10 
— 1. +1650cal/mole; — 1080 cal/mole. 
2. 0-42mole; 0-55 mole at 200° C (the observed value is 0-67 ). 
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3. (a) —26,360cal/mole; (6) —19,890cal/mole; (c) — 22,270 cal/mole. 

It is stated that the vapour pressure is 76mm and also that at this 
pressure the solubility in water is 0-001 molal. It follows that the 0-001 
molal solution can be put into equilibrium with the substance as a pure 
liquid; i.e. under a pressure of 76mm there will be two phases, one con- 
sisting almost entirely of water and the other consisting of the pure (or 
almost pure) substance. The vapour-pressure curves are therefore an 
extreme example of those shown in Fig. 32 on p. 228. 


4. For Hg,Cl, AGZ,,= — 60,400 cal/mole. 
Consider first the equilibrium of 4molar-HCl solution with its vapour: 


bat + Pa- + RT In m*y4, =fxat RT In pga: 
Hence pBs+ +yG-— pha= — 8623 cal. 


The standard free energy of formation of the chloride ion is therefore 
— 8623 — 22,770 = — 31,393 cal/gion. 

This result is now combined with the quoted electrode potential to 
give the free energy of formation of mercurous chloride, as described 
in §$10-15a. 


5. (a) Show, for example, that the measured partial pressures satisfy 
equation (10-84). 

(b) It is necessary to use the Clausius-Clapeyron equation in order to 
estimate a value for the vapour pressure of HCl at 25°C. It will be found 
that the measured partial pressures over the solution are minute com- 
pared to those expected on the basis of Raoult’s law. It is therefore a 
case of very large negative deviations. (See also Fig. 29 on p. 225.) 


(6. p=7-5x 10-%atm; my, = 455. 


4, The molalities are: (a) dissolved chlorine 3:07 x 10-*; (6) HOCI, 
2-45 x 10-2; (c) Cl-, 2-45 x 10-2; (d) C1O™, 6-6 x 10-2". 

Because activity coefficients are not quoted it is necessary to assume 

that the solution is approximately ideal. The concentration of dissolved 


chlorine is obtained immediately from the condition of equilibrium 


between itself and the gaseous chlorine: 
18, + RT In mg, = 1, + RT In pay 


whence = RT n= 1650, 
and thus Ma, = 3-07 x 1072. 


Consider now the equilibria in solution. These can be chosen con- 
venienty a4 Cl, +H,O=Ht +Cl +HOCl, (A). 
HOCI=H*+Clo-. (B) 
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Using the free-energy data we obtain the values of the equilibrium 

constants ts 
‘Mat Man Moa _ 4.83 x 10-4, (1) 

Ma, Tx,0 
Ma+ Mao- = 6°7 x 10-19. (2) 
Myon 
From the second of these it is evident that the degree of ionization of the 
HOC1 is very small indeed. Hence to a very high degree of approximation 
My + = Mq~ = Myo (3) 
from the stoichiometry of reaction (A). Also %q,o=1. Hence (1) and (2) 
can be written ms 
— > = 4-83 x 10-4, 
Meaty 


Maug- = 6-7 x 10-7¢, 


| respectively. Since mg, has already been calculated we can obtain 
M,~ and hence also myo, from (3). 


8. The work to be done on the system is 20-1kgcal/mole of CaCl,. 
- The heat to be removed is 1-0kg cal. . 

A 0:5-molal solution contains 0-5 mole CaCl, and 55:51 moles of water. 
_ Hence to every 1 mole of CaCl, there are 111 moles H,O. The total free 
energy of a solution containing 1mole of CaCl, is therefore 


W11(ue + RT In ¥02q) + poet + 2uG- + RT In y8, mos mb-, 
where the subscript w refers to the water. The free energy after separatio: 
is * 

lily, + fy» : 
where 4, refers to the solid CaCl,. The increase in G on separation is 
therefore _ 

AG = fb, — PGs — 2G-~— RT(1111n ¥_2y_+1n 73, mors mh-). 

The numerical value of this expression is 

AG = 20-1 kgecal. - . 
In this calculation it is necessary to assume that y, is unity, as a figure 
is not given. (This actually introduces very little error, the deviation of 
the water from ideality being comparatively small.) The mole fraction 
of the water is ae 55-61 _ BBB! 
* 65°51+0-54+1-0 57-01" 


The AH of separation is —190-0+209-1= +19-1 kgcal. Hence 
TAS =AH—AG=—1-Okgcal, and the heat to be removed is 1-O0kg cal. 
This is clearly rather approximate as it depends on the difference of some 
large numbers. . . 
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9. About 10-1 atm. 

The concentrations of all ions are very low, and it will be satisfactory 
to assume that the solution is approximately ideal. The equilibrium 
constant for the reaction 

. CO, (g) + H,O = 2H* +COzF" 
is first worked out from the free-energy data and is found to be 


mMh+ Mook _ 19-18, 
: Poo,”H30 
Also we have y+ Mog- = 10-"4, 
Megs+ Mogg = 0-87 x 10-8 
Mogr+ MBx— = 0-0211 x (2 x 0-0211)? 
; =3-7x 10-5, 
Solving these equations and putting zz, = 1, we obtain 
Poo, = 2°4 x 107 atm. 


Of course in any actual experiment such a minute partial pressure could 
not be attained on account of the slowness of absorption. 


CHAPTER 11 


1. See the remarks on p. 78. 


CuartTerR 12 


1. It has to be shown that the number of translational quantum states 
per molecule, whose energy ¢; is such that e- WRT ig not insignificant, is 
much larger than the number of molecules in the vessel. When this con- 
dition is satisfied, terms of high index ¢ will make an appreciable con- 
tribution to the partition function Q of the whole system and the approxi- 
mation of dividing by M!, as adopted in § 12-1, is justified. 

Now e-“vA? will be significant if ¢, is of the order of magnitude kT or 
less. Putting e=kT in (12-88), the number of translational quantum 
states per molecule for which the energy is RT’ or less is 


(QmkT)\t 
inv — 


Consider a concentration of N particles per cm*. Hence 


number of quantum states per molecule _ + (2mkT)3 
number of molecules in vessel ~ NR 
Evaluate this expression numerically using (a) N=108, T=10°K and 
m= mass of a hydrogen molecule; (6) N= 10", 7'= 10° K, and m=mass 
of an electron. ; 


a Appendix | 483 
2. See, for example, Herzfeld’s article in Taylor and Glaastone’s 


Treatise on Physical baie New York, Van Nostrand, 1951, vol. m, 
p. 49. 


-” 


_ 3. Note that relatively more fast-moving molecules pass through the 
plane in unit time than slow-moving ones, and also that it is the fast- 
moving molecules which carry the most kinetic energy through the plane, 


CHAPTER 13 


l. The first excited mode is that for which the vibrational quantum 
number is unity and its energy is 


by equation (13-22). Hence from equation (13-43) the fraction of the 
modes which are in the first or higher excited levels is 

O= e~aalk? — 9-Ozi7 
This fraction increases with temperature and it increases most rapidly 
when d*¢/d7?=0. 


With regard to c, note the ne of the situation to that in 
Problem 3 of Chapter 12. 


\ 


2. See the remarks at the end of § 13-10. 


4. Consider I mole of substance and let f be the fraction which is 
present as vapour and 1—/f the fraction present as crystal. Then the 
internal energy of the system is 

u=fu,t+(1—f) ue 


where u, and %, are the internal energies per mole of the vapour and 
crystal respectively. Similarly the entropy is 


8=f8,+(1—f) a. 


From (12°56) and (13- ra. 
= ERT, 
u= Ey + 3RT'. 
Hence u= Hy+3RT —f(H,+4RT) 


(and in this expression Z, is a negative quantity). The internal energy of 
the system relative to the value when f is zero (as shown in Fig. 14) is 


therefore u—H,—3RT = —f(Hy+ §RT), 


and is proportional to f. The expression can be worked out numerically 
putting, say, H,= —4x 10" ergs, T= 10°°K. 


3r-2 


~ 
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Proceed similarly with regard to the entropy, using equation (12-64) 
and (13-47). The entropy of the system i is 


s=fa,+(1—f) 8, 
=fR(In MiT4 —In P— 1-16) +(1—f) 3R(1 +n RT /hd), 


where P is the pressure in atmospheres and 0, has been taken as unity. 
In this equation P can be expressed in terms of the fraction f together 
with the vapour phase volume V (cm) 


P=fRT/V 


where R in this expression is in cm*atm/°C. Choosing 7=10® and 
V=150cm!, then P= 550fatm. Let the molecular weight M be chosen 
as 20 and the frequency P as 1017. The above expression for the entropy 
can now be evaluated numerically. 

What is the fraction present as vapour when there is equilibrium? 


5. The value of S,,,., a8 calculated by use of the Sackur—Tetrode 
equation, is 61-5cal/°Cmole and the value of S,,,,, a8 obtained by 
graphical integration, is about 61-2 cal/° C mole. 
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